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ABSTRACT

The well-established non-Bloch band theory predicts exponential localiza-
tion  of  skin-mode  eigenstates  in  one-dimensional  (1D)  non-Hermitian
systems.  Recent  studies,  however,  have  uncovered  anomalous  algebraic
localization in higher dimensions. Here, we extend these ideas to Hermitian
bosonic  quadratic  Hamiltonians  incorporating quantum squeezing,  offer-
ing a genuine quantum framework to explore non-Hermitian phenomena
without external reservoirs. We construct a two-dimensional (2D) bosonic
lattice  model  with two-mode squeezing and study the  spectral  properties
of  its  bosonic  excitation within  the  Bogoliubov–de Gennes  (BdG)  formal-
ism.  We  demonstrate  an  algebraic  non-Hermitian  skin  effect  (NHSE),
characterized  by  quasi-long-range  power-law  localization  of  complex
eigenstates.  The  system  shows  ultra  spectral  sensitivity  to  perturbations
involving either two infinitesimal on-site impurities or a weak long-range
hopping  impurity,  while  remaining  insensitive  to  a  single  weak  on-site
impurity.  Analytical  treatment  via  the  Green’s  function  reveals  that  this
sensitivity originates from the divergence of the nonlocal Green’s function
associated  with  the  formation of  nonlocal  bound states.  Our  study estab-
lishes a framework for realizing novel higher-dimensional non-Hermitian
physics in Hermitian bosonic platforms such as superconducting circuits,
photonic lattices, and optomechanical arrays, with the demonstrated ultra
spectral  sensitivity  suggesting  potential  applications  in  quantum  sensing
and amplification.
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 1   Introduction

In  recent  years,  non-Hermitian  Hamiltonians  have
attracted  considerable  interest  for  their  ability  to  host
exotic  physical  phenomena  absent  in  their  Hermitian
counterparts [1–32]. These effects have been extensively
investigated  across  diverse  classical  and  quantum  plat-

forms,  including  ultracold  atoms  [33],  superconducting
qubits  [34],  quantum  [35]  and  electrical  [36]  circuits,
optical waveguides [37], and acoustic metamaterials [38].
Among the defining features of non-Hermitian systems is
the non-Hermitian skin effect (NHSE), characterized by
the accumulation of a macroscopic number of eigenstates
at  the  boundaries  [39–83],  giving  rise  to  an  anomalous 
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spectral  response  that  is  extraordinarily  sensitive  to
boundary conditions. The NHSE has been shown to give
rise  to  a  variety  of  critical  phenomena  [84–87]  and
anomalous dynamical behaviors [88–93] in one-dimensional
(1D) systems, lying beyond the scope of the conventional
Bloch  band  description.  These  effects  are  now  well
understood  within  the  generalized  Bloch  framework,
formulated  in  terms  of  the  generalized  Brillouin  zone
(GBZ) [39–42].

The  NHSE  has  been  thoroughly  explored  in  1D
systems.  When  generalized  to  higher  dimensions,
however, recent studies have revealed an even richer set
of unconventional phenomena. Notable examples include
the  geometry-dependent  skin  effect  [94–97],  where
boundary  accumulation  is  dictated  by  the  system’s
geometry, and the algebraic NHSE [42, 98, 99], in which
skin modes exhibit quasi-long-range behavior with power-
law  decaying  spatial  profiles,  in  sharp  contrast  to  the
exponential  localization  characteristic  of  1D  systems.
Uniquely emerging in higher-dimensional non-Hermitian
systems,  the  algebraic  NHSE  leads  to  striking  conse-
quences, such as ultra spectral sensitivity to impurities,
wherein the eigenenergy spectrum is dramatically altered
by two spatially separated impurities with infinitesimally
weak on-site potentials [100]. This sensitive effect arises
from  the  formation  of  non-local  bound  states  between
the impurities and is closely associated with a divergence
in the nonlocal back-and-forth Green’s function [100]. In
marked contrast to the perturbative robustness inherent
to Hermitian systems and 1D nonreciprocal non-Hermitian
counterparts,  this  phenomenon  reveals  the  genuinely
new physics that arises only in higher-dimensional non-
Hermitian Hamiltonians.

Non-Hermitian  Hamiltonians  have  been  widely  inves-
tigated in both classical and quantum settings, typically
through  engineered  couplings  to  external  dissipative
baths  [1],  which  poses  significant  experimental  chal-
lenges,  particularly  in  quantum  systems.  As  a  comple-
mentary approach, bosonic quadratic Hamiltonians with
quantum  squeezing  remain  fully  Hermitian  yet  can
emulate effective non-Hermitian dynamics, thereby offer-
ing a genuine quantum framework to explore non-Hermi-
tian  phenomena  without  relying  on  external  reservoirs
[101–118]. In this setting, effective non-Hermiticity arises
from  the  interplay  of  bosonic  statistics  and  anomalous
particle–hole  coupling,  rather  than  from  an  explicitly
non-Hermitian  microscopic  Hamiltonian.  Quantum
squeezing  therefore  provides  a  coherent  and  tunable
resource  for  engineering  non-Hermitian  Bogoliubov
dynamics, with pairing amplitudes and phases controlled
through  external  parametric  drives.  Importantly,  this
Hermitian-parent  construction  constrains  the  resulting
dynamics through the intrinsic particle–hole and pseudo-
Hermitian  structures  of  the  bosonic  Bogoliubov–de
Gennes BdG problem.

To  date,  investigations  of  the  NHSE  in  Hermitian
quadratic  bosonic  systems  have  focused  predominantly

on  one-dimensional  geometries.  It  therefore  remains  an
important  open  question  whether  this  constrained
bosonic  BdG  mechanism  can  realize  genuinely  higher-
dimensional  non-Bloch phenomena.  In  particular,  can a
2D  Hermitian  quadratic  bosonic  Hamiltonian  support
algebraic  skin  localization,  rather  than  conventional
exponential  skin  accumulation,  and  can  its  Bogoliubov
spectrum display a nonperturbative  response to  asymp-
totically weak local or nonlocal perturbations? Addressing
these questions would establish whether coherent quantum
squeezing can reproduce characteristic higher-dimensional
non-Hermitian  responses  within  a  Hermitian  bosonic
platform.

In  this  study,  we  investigate  Hermitian  quadratic
many-body  bosonic  Hamiltonians  that  do  not  conserve
particle  number.  The  bosonic  quadratic  Hamiltonian  is
implemented through quantum squeezing in a 2D lattice
model. By applying the BdG formalism, the many-body
problem  is  mapped  onto  an  effective  single-particle
Hamiltonian,  whose  quasiparticle  excitations  exhibit  a
complex eigenvalue spectrum, a hallmark of non-Hermitian
physics.  Unlike  their  one-dimensional  counterparts,  the
2D  bosonic  quadratic  Hamiltonian  on  a  square  lattice
hosts  the  algebraic  NHSE,  characterized  by  quasi-long-
range  power-law  localization  of  excitations  away  from
the boundary. Remarkably, although the complex eigen-
spectrum is insensitive to a single weak on-site impurity,
it becomes extremely sensitive to perturbations involving
either two infinitesimal on-site impurities or a weak long-
range hopping impurity. The manuscript is structured as
follows.  In  Section  2,  we  construct  the  2D  Hermitian
bosonic  quadratic  Hamiltonian,  incorporating  both  on-
site  and  off-site  quantum  squeezing.  In  Section  3,  we
demonstrate the emergence of quasi-long-range localization
in  this  2D Hermitian  bosonic  quadratic  model.  Finally,
in  Section  4,  we  illustrate  the  ultra  spectral  sensitivity
to  two  infinitesimal  impurities  and  elucidate  its  origin
using the Green’s function formalism.

 2   Model

We consider a quadratic Hamiltonian describing bosons
on  a  2D  lattice.  As  schematically  illustrated  in Fig.  1,
the lattice is subjected to on-site and off-site parametric
driving. The system Hamiltonian in real space is written
as 

ĤR =
∑
x,y

ω0â
†
x,yâx,y +

∑
x,y

(
Jxyâ

†
x+1,y+1âx,y +H.c.

)
+

∑
x,y

(
Jxâ

†
x+1,yâx,y + Jyâ

†
x,y+1âx,y +H.c.

)
+

∑
x,y

(
∆0â

†
x,yâ

†
x,y +∆xâ

†
x+1,yâ

†
x,y +H.c.

)
,

(1)
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ĤR

ω0 = 0

where  ( ) denotes the bosonic creation (annihila-
tion) operator at the lattice site ,  and  represent
the  nearest-neighbor  hopping  amplitudes  along  the 
and  directions,  respectively,  and  corresponds  to
next-nearest-neighbor  hopping  along  the  anti-diagonal
direction. The parameter  characterizes on-site quantum
squeezing,  while  accounts  for  off-site  quantum
squeezing  between  adjacent  sites  along  the  direction.
These  terms  break  global  symmetry,  violating
particle  number  conservation.  The  Hamiltonian  is
Hermitian, and its parameters can, in general, take real
or  complex  values.  Unless  otherwise  specified,  we  set

 throughout, which corresponds to working in the
rotating frame.

In  experimental  platforms,  the  pairing  terms  in
Eq.  (1)  can  be  realized  in  systems  such  as  quantum
superconducting  circuits  [119–121],  optomechanical
setups [117, 122, 123] and nanophotonic platforms [124,
125].  As  a  classical  analogue,  parametrically  modulated
split-ring-resonator  (SRR)  lattices  provide  a  possible
route for emulating the effective bosonic BdG dynamics
considered  here,  although  such  systems  do  not  realize
genuine quantum squeezing. SRR arrays are particularly
suitable  because  both  the  magnitude  and  sign  of  the
electromagnetic  coupling  can  be  controlled  through  the
relative  orientation,  separation,  and  arrangement  of
neighboring  resonators.  In  particular,  the  vertical  and
diagonal couplings demonstrated in coupled SRR lattices
[126] provide the geometric flexibility required to imple-
ment the 2D hopping network of our model. The anomalous

terms  could,  in  principle,  be  synthesized  by  temporally
modulating  the  capacitance,  inductance,  or  resonance
frequency  of  the  SRRs.  A  modulation  near  twice  the
resonance  frequency  generates  the  classical  analogue  of
an on-site parametric pairing term, whereas modulation
of  the  coupling  between  two  resonators  at  the  sum  of
their  resonance  frequencies  emulates  an  intersite  two-
mode pairing term. The amplitudes and phases of these
modulations  would  determine  the  corresponding  magni-
tudes  and  phases  of  the  effective  pairing  parameters.
After  expressing  the  resonator  amplitudes  in  a  rotating
frame,  the  coupled-mode  equations  acquire  a  Nambu-
space structure analogous to the bosonic BdG dynamical
equation  studied  here.  Consequently,  appropriately
designed and modulated SRR arrays could reproduce the
algebraic skin localization and impurity-induced spectral
reconstruction  at  the  level  of  classical  wave  dynamics.
We emphasize, however, that this construction is a classical
dynamical analogue: it emulates the linear BdG equations
but does not generate quantum-squeezed states or their
quantum correlations.

ĤR

The eigenvalue problem associated with the quadratic
bosonic Hamiltonian  in Eq. (1) can be reformulated
in terms of a BdG formalism [111, 115, 127], as 

ĤR =
1

2
Ψ̂†HBdGΨ̂, (2)

Ψ̂ = (â, â†)T âwhere , and  is a column vector of bosonic
annihilation operator, defined as 

â =
(
â1,1, â2,1 . . . , âLx,1, â1,2 . . . , âx,y, . . . , âLx,Ly

)
. (3)

Lx Ly
x y

HBdG

Here,  and  denote the number of lattice sites along
 and  directions  (see Fig.  1),  respectively.  The  BdG

Hamiltonian  takes the following matrix form with 

HBdG =

(
h ∆
∆† hT

)
, (4)

h = h†

∆ = ∆T
where  is a Hermitian matrix describing the single-
particle  hopping  and  on-site  energy  terms,  and 
is a symmetric matrix that encodes the pairing interac-
tions. This BdG Hamiltonian exhibits the bosonic analogy
of particle-hole symmetry [105] with 

τxH∗
BdGτx = HBdG, (5)

τµ µ = x, y, zwhere  ( )  are  generalized  Pauli  matrices
defined in Nambu space with 

τx =

(
O I
I O

)
, τy = i

(
O −I
I O

)
, τz =

(
I O
O −I

)
.

(6)

O IHere,  denotes  the  zero  matrix  and  is  the  identity
matrix.

When  periodic  boundary  conditions  (PBCs)  are
imposed, the system can be transformed into momentum
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Fig. 1  Schematic  of  a  two-dimensional  quadratic  bosonic
Hermitian  lattice  system. , ,  and  represent  single-
particle  hopping  amplitudes  along  the  direction,  direc-
tion, and anti-diagonal directions, respectively.  characterizes
on-site  quantum  squeezing,  and  accounts  for  off-site
quantum squeezing between adjacent sites along the  direc-
tion.
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ĤB = 1
2

∑
kΨ̂†

kHBdG(k)Ψ̂k + C Ψ̂k = (âk, â
†
−k)

T

C = −Tr[H0(k)]/2

HBdG(k)

space  and  described  by  the  Bloch  Hamiltonian
, where , and

 is  a  constant  energy  offset.  The
momentum-space BdG Hamiltonian  is given by 

HBdG(k) =

(
H0(k) ∆(k)
∆∗(−k) H∗

0(−k)

)
. (7)

H0(k)Here,  is single-particle hopping term, with 

H0(k) = Jxe−ikx + Jye−iky + Jxye−i(kx+ky) +H.c.,

(8)

∆(k) = 2∆0 + 2∆x cos kxand  denotes the pairing term.
HBdG(k)Within this formalism, although  is Hermitian,

the  system’s  dynamics  exhibit  a  subtle  non-Hermitian
character  [111, 115].  This  emergent  non-Hermiticity
becomes  explicit  in  the  Heisenberg  dynamics  of  the
bosonic Nambu spinor, 

i
∂

∂t
Ψ̂k(t) = [Ψ̂k(t), ĤB] = MB(k)Ψ̂k(t), (9)

MB(k) = σzHBdG(k)

σz

where  the  dynamical  matrix  is .  The
prefactor  originates  directly  from  the  canonical
bosonic commutation relations in Nambu space, 

[Ψ̂k,α, Ψ̂
†
k′,β ] = (σz)αβδk,k′ , (10)

σµ

{Ψ̂k,α, Ψ̂
†
k′,β} = δαβδk,k′ σz

with  denoting  the  Pauli  matrices  acting  in  the
particle-hole  space.  In  contrast,  for  fermionic  supercon-
ductors  the  canonical  anticommutation  relations  give

,  so  that  no  additional  metric
enters the fermionic BdG equation of motion.

 3   Quantum squeezing-induced algebraic
non-Hermitian skin effect

k → k̃ = k + iµ µ ∈ R

β = eik̃

eµ

The  non-Hermitian  skin  effect  in  1D  systems  is  well
understood  within  the  framework  of  non-Bloch  band
theory [39, 40]. In this framework, a complex deformation
of  the  Bloch  wavevector,  ( ),  gives
rise  to  the  generalized  Brillouin  zone  (GBZ),  where

 encodes the non-Bloch nature of the eigenstates.
Under open boundary conditions (OBCs), the eigenstates
of  1D  non-Hermitian  systems  take  thus  the  form  of
modified Bloch waves dressed with an exponential factor

.  This  results  in  the  characteristic  exponential  accu-
mulation of eigenstates toward the system boundaries.

µ = (µx, µy)

A  straightforward  extension  of  the  1D  concept  to
higher-dimensional nonreciprocal systems leads to expo-
nentially  localized  eigenstates  along  multiple  spatial
directions, characterized by a single vectorial attenuation
factor, e.g.,  in 2D system [81, 128]. However,
recent studies have revealed an unusual form of algebraic
NHSE  in  reciprocal  non-Hermitian  systems  [98, 99],
where  eigenstates  exhibit  power-law  rather  than  expo-

µ

nential  localization.  In  such  systems,  the  anomalous
localization  behavior  renders  the  conventional  GBZ
description,  based  on  a  single  attenuation  vector ,
inadequate. Instead, a distribution or set of attenuation
factors  may  be  needed  to  fully  characterize  the  system
[98, 99].  The  algebraic  localization  further  suggests  the
presence  of  long-range  correlations,  offering  new oppor-
tunities for manipulating quantum states. Despite these
recent developments, the manifestation of such algebraic
NHSE in Hermitian systems remains largely unexplored.
In the following, we investigate the emergence of algebraic
NHSE in bosonic quadratic Hermitian systems.

MB = τzHBdG

MB

ψi(r)

To demonstrate the emergence of the algebraic NHSE
in Hermitian systems with the bosonic quadratic Hamil-
tonian,  we  analyze  the  eigenspectrum of  its  elementary
excitation (or quasiparticle), governed by the dynamical
matrix  in  real  space. Figures  2(a)  and (e)
show  the  complex  eigenenergies  (orange  dots)  of 
under  OBCs  for  the  square  geometry  with  different
parameters,  while  the  gray  regions  indicate  the  spectra
under PBCs. The localization behavior of the full eigen-
spectrum can be quantitatively characterized by evaluating
the  fractal  dimension  of  the  eigenstate  under
OBCs [6, 129], defined as 

D[ψi] = −
ln
[∑

r

(
|ψp,i(r)|4 + |ψh,i(r)|4

)]
ln
√
LxLy

, (11)

r = (x, y) ψp,i(r) ψh,i(r)

ψi(r) MB i

Ei D[ψi] = 2

D[ψi] = 1

D[ψi] = 0

where ,  and , in the Nambu space,
represent  the  particle  and  hole  components  of  the
normalized  wavefunction  of ,  and  labels
specific  eigenstate  with  eigenvalue .  Here, 
signifies a fully extended state,  indicates strong
localization along the boundary, and  denotes a
state localized well at a corner.

D[ψi]

D[ψi] ≃ 1

D[ψi] ≃ 2

|Ψi(r)|2 = |ψp,i(r)|2 + |ψh,i(r)|2 r = (x, y)

D[ψi] ∈ [1.4, 1.6]

x

x

Figures  2(b)  and  (f)  present  the  eigenenergy-resolved
fractal dimension  corresponding to the parameters
used in panels (a) and (e), respectively. In both cases, a
small fraction of eigenstates correspond to well-localized
1D  edge  modes  with ,  while  others  form  2D
extended  states  with .  Strikingly,  the  majority
of  eigenstates  exhibit  intermediate  fractal  dimension
values between 1 and 2, indicating a hybrid localization
character  associated  with  quasi-long-range  localization.
The  probability  density  distributions  of  eigenstates,
given  by  with ,
are shown in Figs. 2(c) and (g). The chosen eigenstates
have fractal dimension with values , with
their  spatial  profiles  exhibiting  long  tails  along  the 
direction.  This  quasi-long-range  localization  is  further
confirmed by examining the layer density of eigenstates
along the  direction [94], defined as 

Pi(x) =
∑
y

(
|ψp,i(x, y)|2 + |ψh,i(x, y)|2

)
. (12)

Figures 2(d) and (h) display the layer-resolved densities
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P1(x)

E2

 and  on a logarithmic scale (red dots) for the
eigenstate  with  energy  from Fig.  2(a)  and  from
Fig. 2(e). For the eigenstate with , a power-law decay
fit  to  reveals  a  quasi-long-range  localization  of
algebraic form rather than exponential. For the eigenstate
with ,  a  comparison  between  exponential  (red  line)
and power-law (blue line) fits reveals a crossover behav-
ior: near the boundary, the decay follows an exponential
form, whereas farther away, the profile develops a power-
law  tail.  This  power-law  tail  signifies  quasi-long-range
localization. We note that the quasi-long-range localization
remains robust against boundary disorder and geometric
roughness,  as  demonstrated  in  Appendix  A.  Further-
more,  the  finite-size  analysis  presented  in  Appendix  B
shows  that  the  observed  slowly  decaying  tail  is  not
merely a finite-size artifact.

D[ψi] |Ψ(r)|2

To  further  examine  the  quasi-long-range  localization
in  different  lattice  geometry,  we  calculate  the  fractal
dimension  and probability density  for typical
eigenstates  in  two  oblique-square  lattices  with  different
tilt angles, shown in Figs. 2(i, j) and (k, l). The intermediate

D[ψi] ∈ [1.4, 1.6]fractal  dimension  values  indicate  that
strong quasi-long-range localization persists for different
lattice  geometries.  These  results  demonstrate  the  emer-
gence  of  the  algebraic  NHSE  independent  of  lattice
geometry in bosonic quadratic Hermitian systems.

 4   Ultra spectral sensitivity to impurities

 4.1   Numerical results

We  now  demonstrate  the  ultra  spectral  sensitivity  to
impurities  in  bosonic  quadratic  Hermitian  systems,  a
phenomenon  that  was  previously  identified  only  in
higher-dimensional non-Hermitian systems [100].

x

y x

y

The  quasiparticle  excitation  spectrum  is  strongly
influenced  by  boundary  conditions,  as  seen  by  the
contrast between Figs. 3(a, e) under PBCs along both 
and  directions  and  (b,  f)  under  OBC  in  direction
and PBC in  direction. Even more strikingly, the eigen-
spectrum  of  the  bosonic  quadratic  Hermitian  system
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MB

(Jx, Jy, Jxy,∆0,∆x) = (1i, 1, 3i,−1, 2i) (Jx, Jy, Jxy,∆0,∆x) = (0, 1i, 4i, 3, 2)
D[ψi]

|Ψi(r)|2 = |ψp,i(r)|2 + |ψh,i(r)|2 E1 = −0.97 + 2.43i E2 = 2.09 + 9.23i
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E4 = −0.97 + 2.77i

Fig. 2  (a, e) Complex eigenenergies (orange dots) of quasiparticle excitations computed from  under the square geometry
with OBCs for (a) , and (e) . Gray regions mark the PBC
spectra.  The  corresponding  eigenenergy-resolved  fractal  dimensions  are  shown in (b,  f). (c,  g) Probability  densities

 for the eigenstates with  from (a) and  from (e). (d, h) Layer-
resolved densities  and  for  and ,  shown on a logarithmic scale (red dots).  Red and blue curves represent
exponential  and  power-law  fits,  respectively. (i,  k)  under  oblique-square  geometries  with  varying  oblique  angles  for

. (j, l) Corresponding probability densities  for eigenstates with 
from (i), and  from (k).
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r1 r2
Ĥ = ĤR + V̂

shows remarkable sensitivity to impurities with sufficiently
weak  strength.  To  illustrate  this,  we  introduce  on-site
impurities at positions  and , where the Hamiltonian
takes the form , with
 

V̂ = V1â
†
r1
âr1

+ V2â
†
r2
âr2

, (13)

V1 V2where  and  denote the on-site potentials.  The full
Hamiltonian  of  the  impurity  lattice,  expressed  in  the
Nambu spinor basis, is written as 

Ĥ = ĤR + V̂ =
1

2
Ψ̂†HΨ̂, (14)

H = HBdG + V V

x

y

where , with  being the BdG representation
of  the  impurity  potential.  Unless  otherwise  specified,
here,  we  consider  OBC along the  direction  and PBC
along the  direction.

V1 = 0.01 V2 = 0

V1 = V2 = 0.01

We  plot  the  quasiparticle  excitation  spectra  for  two
sets of parameters in Figs. 3(c, d) and (g, h), corresponding
to  a  single  impurity  with  sufficiently  weak  strength
[ , ,  see Figs.  3(c,  g)]  and  two  distant
impurities  with  sufficiently  weak  strength
[ , see Figs. 3(d, h)]. Whereas a single impurity
with sufficiently weak on-site potential leaves the eigen-
spectrum almost unchanged [see Figs. 3(c, g)], introducing

two impurities  with sufficiently weak strength produces
a marked alteration of the quasiparticle excitations [see
Figs.  3(d, h)],  as evident from the comparison with the
single-impurity  case.  Specifically,  the  two  infinitesimal
impurities  not  only  create  additional  eigenstates  [black
arrows in Figs. 3(d, h)], but also eliminate existing ones,
such as the state indicated by the red arrow in Fig. 3(d).
This  behavior  demonstrates  that  the  bosonic  quadratic
Hermitian system, studied here, exhibits an ultra spectral
sensitivity  to  infinitesimal  impurities,  a  feature  that  is
generally  absent  in  particle-conserving  Hermitian
systems.

In  addition  to  the  on-site  impurity,  the  bosonic
quadratic Hermitian system can also exhibit ultra spectral
sensitivity to a long-range hopping impurity. To illustrate
this,  we  consider  the  following  form  of  long-range
hopping impurity 

V̂ = tp(â
†
x1,y1

âx2,y2
+H.c.). (15)

x

y

(x1, y1) = (1, 1) (x2, y2)

(x2, y2) = (3Lx/5, Ly/2)

With  OBC  imposed  along  the  direction  and  PBC
along the  direction, we compute the complex quasiparticle
eigenenergies  by  fixing  the  impurity  position  at

 and  varying  the  second  site  to
explore different hopping ranges. The results are shown
in Fig.  4(a)  for  and  in Fig.  4(b)
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Impurity Impurity

Pre-existing states
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V1 = 0.01 V2 = 0

V1 = 0.01 V2 = 0.01

(Jx, Jy, Jxy,∆0,∆x) = (1i, 1, 3i,−1, 2i) (Jx, Jy, Jxy,∆0,∆x) = (0, 1i, 4i, 3, 2)
Lx × Ly = 50× 50 r1 = (1, 1) r2 = (Lx, Ly/2)

Fig. 3  Complex eigenenergies of quasiparticle excitations (a, e) under PBCs along both the  and  directions, (b–d) and
(f–h) under OBC along the  direction and PBC along the  direction. Panels (c, g) correspond to a single impurity with
sufficiently weak on-site potential  ( ) coupled to the left edge, while panels (d, h) correspond to two distant
impurities with sufficiently weak on-site potentials  and , each coupled to the left and right edges, respec-
tively, as indicated by green dots in the top schematic plot. In (c), the red arrow marks pre-existing states that disappear
upon introducing  the  two impurities,  while  in  (d,  h),  the  black  arrows  mark  impurity-induced  states.  The  parameters  are

 for  (a–d)  and  for  (e–h).  The  lattice  size  is
, with impurities positioned at  and .
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(x2, y2) = (Lx, Ly/2)

tp

for , both obtained under a sufficiently
weak  hopping  strength .  Despite  the  weakness  of  the
hopping  strength,  the  eigenspectrum  exhibits  impurity-
induced  states,  indicated  by  the  black  arrows  in
Figs.  4(a,  b),  once  the  hopping range exceeds  a  critical
length [see Fig. 4(a)].

 4.2   Physical mechanism

To gain deeper insight into the ultra spectral sensitivity
of bosonic quadratic Hermitian systems to impurities, we
employ  the  Green’s  function  formalism,  which  offers  a
powerful  framework  for  analyzing  their  response  to
perturbations [100].

The eigenvalue equation of the full system in the presence
of impurities is written as 

(Eτ0 −M)Ψ = 0, (16)

τ0 M = τzH

Eτ0 −M

where  is identity matrix, and . The Green’s
function in a bosonic BdG system can be defined as the
inverse  of  this  linear  operator .  Explicitly,  the
full Green’s function in real space takes the form as 

G = (Eτ0 −M)−1 = (τ0 − G0Vz)−1G0, (17)

Vz = τzV G0 = (Eτ0 −MBdG)
−1

E MBdG G0

where ,  and  denotes  the
Green’s function of the pristine lattice in the absence of
impurities. In this work, we restrict our analysis to energies

 outside  the spectrum of ,  for  which  remains
generally non-singular.

(τ0 − G0Vz)−1

G0

G0Vz G

The  effect  of  sufficiently  weak  impurities  is  captured
by  in  Eq.  (17),  which  renormalizes  the
unperturbed propagator . When all eigenvalues of the
response matrix  remain much smaller than unity, 

G0 M

G M

G0 MBdG

stays  close  to  and  the  perturbed  spectrum  of  is
essentially  unchanged.  In  contrast,  once  even  a  single
eigenvalue  approaches  or  exceeds  unity,  the  system
enters  a  non-perturbative  regime  in  which  both  the
Green’s  function  and  the  associated  spectrum  of 
exhibit  strong  departures  from their  unperturbed  coun-
terparts  and .

ρ G0VzBy  defining  the  spectral  radius  of  [100],  a
quantitative  criterion  for  the  spectral  stability  against
infinitesimal impurities can be formulated as 

ρ(G0Vz) = max |σ(G0Vz)| ≪ 1, (18)

σ(·)where  denotes  the  set  of  eigenvalues.  Violation  of
this criterion can lead to non-perturbative changes, even
for weak impurities.

G
Jx = 0 Jy = ity

Jxy = itxy ∆0 ∆x

ty txy
MBdG

To obtain an analytical result for the Green’s function
 in Eq. (17) and gain an intuitive understanding of the

ultra  spectral  sensitivity,  we  set , ,  and
 with  real  pairing  amplitudes  and ,

where  and  are  real.  Under  these  conditions,  the
dynamical  matrix  can  be  unitarily  transformed
into a block-diagonal form (see details in Appendix C.1)
with 

UMBdGU
† =

(
Mp O
O Mm

)
, (19)

U = (τ0 − iτx)/
√
2 U† = U−1 Mp Mmwhere  with ,  and 

represent the decoupled matrices in real space.

M
M̄ = UMU†

G

We now apply the same unitary transformation to the
dynamical matrix  in the presence of impurities, yielding

.  Under  this  transformation,  the  Green’s
function  in Eq. (17) becomes 

Ḡ = (Eτ0 − M̄)−1 = (τ0 − Ḡ0V̄z)−1Ḡ0, (20)

Ḡ0 = (Eτ0 − UMBdGU
†)−1 V̄z = UVzU†where , and .

The unitary transformation of the Green’s function in
Eq. (20) gives rise to a modified spectral stability criterion
for infinitesimal impurities in Eq. (18), expressed via the
reduced spectral radius with 

ρ(Ḡ0V̄z) ≪ 1. (21)

V̂ = V1â
†
r1
âr1

As  shown  in  the  Appendix  C.2,  for  a  single  on-site
impurity  with ,  the  spectral  radius  is
obtained as 

ρ(Ḡ0V̄z) = |
√
ξ| = |V1

√
Ḡp0 (r1, r1;E)Ḡm0 (r1, r1;E)|,

(22)

Ḡp/m0 (ri, rj ;E)where the unperturbed Green’s function  is
given by 

Ḡp/m
0 (ri, rj ;E) = ⟨ri| (E −Mp/m)−1 |rj⟩ . (23)

Ḡp/m0 (ri, rj ;E) x

We  explicitly  evaluate  the  Green’s  function
 under  OBC  along  the  direction  and
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(x1, y1) = (1, 1)

(x2, y2) = (3Lx/5, Ly/2) tp = 0.01 (x1, y1) = (1, 1)

(x2, y2) = (Lx, Ly/2) tp = 0.005

(Jx, Jy, Jxy,∆0,∆x) = (0, 1i, 4i, 3, 2)
Lx × Ly = 50

Fig. 4  Complex quasiparticle eigenenergies in the presence
of  a  long-range  hopping  impurity  under  OBC  along  the 
direction and PBC along the  direction. Panels (a) and (b)
correspond  to  different  hopping  ranges:  (a) ,

 with ,  and (b) ,
 with .  The  arrows  indicate  the

new  states  arising  from  the  long-range  hopping  impurity.
The  other  parameters  are 
with .
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y

βx = eikx+µx x

ky y

PBC along the  direction for the cylindrical geometry.
To capture the NHSE and perform the momentum-space
integration  in  GBZ,  we  introduce  the  non-Bloch
wavevector  along  the  direction,  while
keeping  the  Bloch  wavevector  along  the  direction
[100]. The Green’s function then reads (see Appendix D) 

Ḡp/m
0 (ri, rj ;E)

=

∫ 2π

0

dky
∮
βx∈GBZ

dβx

βx

eiky(yi−yj)β
xi−xj
x

E − E±(βx, ky)
, (24)

E±(βx, ky)where  reads 

E±(βx, ky) = ± i∆x

(
βx + β−1

x

)
+ ity

(
eiky − e−iky

)
± 2i∆0 + itxy

(
βxeiky − β−1

x e−iky
)

+ ity
(
eiky − e−iky

)
.

(25)

Ḡp/m0 (r1, r1;E)

E

MBdG

V1 → 0

According  to  Eq.  (24),  the  local  Green’s  functions
 in  Eq.  (22)  remain  finite  because  the

energy  is  chosen  off-resonant  from  all  eigenstates  of
the unperturbed dynamical matrix . Consequently,
the  spectral  radius  in  Eq.  (22)  vanishes  in  the  limit

, corresponding to an infinitesimal impurity. This
indicates  that  the  system’s  spectrum  remains  robust
against a single sufficiently-weak impurity perturbation,
with  no  emergence  of  additional  eigenvalues,  consistent
with the numerical results in Figs. 3(c, g).

V̂ = V1â
†
r1
âr1 + V2â

†
r2
âr2

Furthermore,  in  the  presence  of  double  sufficiently-
weak on-site impurities with , the
spectral radius (see Appendix C.2) is written as 

ρ(Ḡ0V̄z) = max(|
√
ξ±|), (26)

where 

ξ± =
1

2

(
BC11 + BC22 ±

√
(BC11 − BC22)2 + 4BC12BC21

)
,

(27)

BC 2× 2and  is the  matrix, with its elements given by 

BC11 = V 2
1 Ḡ

p
0 (r1, r1;E)Ḡm

0 (r1, r1;E)

+ V1V2Ḡp
0 (r1, r2;E)Ḡm

0 (r2, r1;E), (28)
 

BC12 = V1V2Ḡp
0 (r1, r1;E)Ḡm

0 (r1, r2;E)

+ V 2
2 Ḡ

p
0 (r1, r2;E)Ḡm

0 (r2, r2;E), (29)
 

BC21 = V 2
1 Ḡ

p
0 (r2, r1;E)Ḡm

0 (r1, r1;E)

+ V1V2Ḡp
0 (r2, r2;E)Ḡm

0 (r2, r1;E), (30)
 

BC22 = V1V2Ḡp
0 (r2, r1;E)Ḡm

0 (r1, r2;E)

+ V 2
2 Ḡ

p
0 (r2, r2;E)Ḡm

0 (r2, r2;E). (31)

Ḡp/m0 (ri, ri;E)

i = 1, 2 Ḡp/m0 (ri, rj ;E)

i ̸= j

As shown in Eqs. (26)–(31), unlike the single impurity
case,  the  spectral  radius  for  two  impurities  depend  not
only  on  the  local  Green’s  function 
( ), but also on the propagators  with

.

E − E±(βx, ky) = 0

E Mp/m

β±
1,2(ky) |β±

2 (ky)| > |β±
1 (ky)|

Ḡp/m0 (ri, rj ;E) i ̸= j

To carry  out  the  contour  integral  for  the  propagator
in  Eq.  (24),  we  solve  characteristic  equations

 in  the  subspace  defined  in  Eq.  (19),
where  is  outside  the  eigenspectrum  of .  The
corresponding  roots  of  the  characteristic  equations,

, are ordered such that . Then,
using the residue theorem and the thermodynamic limit,
the  propagators  ( )  are  approximated
(see details in Appendix D) as 

Ḡp/m
0 (r2, r1;E) ≃

∫ 2π

0

dky[β±
1 (ky)]

Leikyδy , (32)
 

Ḡp/m
0 (r1, r2;E) ≃

∫ 2π

0

dky
[

1

β±
2 (ky)

]L
e−ikyδy , (33)

L = x2 − x1 δy = y2 − y1where  and .
ρ(Ḡ0V̄z)

x

L

δy

Our goal is to estimate the spectral radius  in
Eq.  (26)  for  a  large  lattice  size  along  the  direction,
and to demonstrate that this quantity deviates from the
spectral stability criterion in Eq. (21) in the presence of
two  infinitesimal  on-site  impurities,  thereby  revealing
the  ultra  spectral  sensitivity  of  Hermitian  bosonic
quadratic systems. For large , the integrals in Eqs. (32)
and (33) can be approximated by choosing values of 
that  cancel  the  oscillatory  phase  in  the  integrands  (see
Appendix D). These stationary-phase points provide the
dominant contributions to the integrals.

E

E

For  the  new  eigenvalue  with  positive  imaginary
part,  for  instance,  the  eigenvalue  indicated  by  the
orange circle in Fig. 3(h), the integrals in Eqs. (32) and
(33) can be estimated as  

Ḡp
0 (r2, r1;E) ∼ eµ

+
max,1L,

Ḡm
0 (r2, r1;E) ∼ eµ

−
max,1L ∼ 0,

Ḡp
0 (r1, r2;E) ∼ e−µ+

min,2L,

Ḡm
0 (r1, r2;E) ∼ e−µ−

min,2L ∼ 0,

(34)

with 

µ±
max,1 = max

ky∈[0,2π]
ln |β±

1 (ky)|, (35)

and 

µ±
min,2 = min

ky∈[0,2π]
ln |β±

2 (ky)|. (36)

µ+
max,1 > 0 µ−

max,1 < 0 µ+
min,2 < 0 µ−

min,2 > 0Here, , , ,  and  are
typically  satisfied  in  the  parameter  regime  of  interest
[see red and blue dots in Figs. 5(a1) and (a3)],  thereby
facilitating the demonstration of the ultra spectral sensi-
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tivity.

E

Therefore,  for  double  on-site  impurities,  the  spectral
radius  associated  with  the  induced  new  eigenvalue 
with positive imaginary part can be approximated by 

ρ(Ḡ0V̄z) ∼ V e
µ+

max,1L

4 e−
µ+

min,2L

4 . (37)

V1 = V2 = V

Here, we consider the case where the two on-site impurities
have identical on-site potentials with .

E

E

For  the  new  eigenvalue  with  negative  imaginary
part,  for  instance,  the eigenvalue  marked by the red
circle  in Fig.  3(h),  the  integrals  in  Eqs.  (32)  and  (33)
can be estimated as  

Ḡp
0 (r2, r1;E) ∼ eµ

+
max,1L ∼ 0,

Ḡm
0 (r2, r1;E) ∼ eµ

−
max,1L,

Ḡp
0 (r1, r2;E) ∼ e−µ+

min,2L ∼ 0,

Ḡm
0 (r1, r2;E) ∼ e−µ−

min,2L,

(38)

µ+
max,1 < 0 µ−

max,1 > 0 µ+
min,2 > 0 µ−

min,2 < 0

E

where , , ,  and  are
typically  satisfied  in  the  parameter  regime  of  interest
[see  red  and  blue  dots  in Figs.  5(b1)  and  (b3)].  The
corresponding  spectral  radius  associated  with  the
induced new eigenvalue  with negative imaginary part
is 

ρ(Ḡ0V̄z) ∼ V e
µ−

max,1L

4 e−
µ−

min,2L

4 , (39)

V1 = V2 = Vwhere  is assumed.
In  contrast  to  the  single  weak  on-site  impurity  case,

the  presence  of  two  infinitesimal  on-site  impurities  can
cause  the  propagators  to  diverge  for  large  lattice  sizes
[see  Eqs.  (34)  and  (38)].  Consequently,  the  spectral

radius  in  Eqs.  (37)  and (39)  deviates  from the  spectral
stability criterion in Eq. (21), thereby revealing the ultra
spectral  sensitivity  of  Hermitian  bosonic  quadratic
systems. The underlying mechanism is directly analogous
to that uncovered in the non-Hermitian case discussed in
Ref. [100]: the nonperturbative spectral response originates
from  the  enhancement  of  nonlocal  Green’s-function
propagation between spatially separated impurities.

γ

This  ultraspectral  response  can  be  probed  through
linear-response spectroscopy. For a weak coherent probe
and  an  approximately  uniform  damping  rate ,  the
retarded susceptibility is 

χR(ω) = [(ω + iγ/2)τ0 −M]
−1

, (40)

M

χR(ω)

where  is the bosonic dynamical matrix. The impurity-
induced  spectral  reconstruction  modifies  the  poles  of

 and  can  therefore  manifest  as  the  emergence,
disappearance,  or  displacement  of  resonances,  together
with  pronounced  changes  in  transmission,  reflection,
spatial  response,  and  phase-sensitive  amplification.  In
superconducting-circuit,  photonic,  and  optomechanical
implementations,  a  direct  protocol  is  to  compare  the
pristine, single-impurity, and double-impurity configura-
tions.  Whereas  one  weak  impurity  produces  only  a
perturbative response, adding a second distant impurity
can  strongly  reconstruct  the  resonance  spectrum  and
enhance  the  nonlocal  response  between  the  impurity
positions.  These  changes  are  directly  resolvable  when
they exceed the relevant linewidth; otherwise, they may
remain  detectable  through  the  transmission  phase  or
spatially  resolved  susceptibility.  Spatially  resolved
measurements  can  also  reveal  the  slowly  decaying
boundary profile associated with the algebraic NHSE.
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Fig. 5  Two  roots  and  of  characteristic  equations  and  with
, where  is outside the eigenspectrum of  with (a1–a4)  indicated by the orange circle in

Fig. 3(h), and (b1–b4)  indicated by the red circle in Fig. 3(h). The red and blue dots represent the maximum
values , and minimum values of .
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 5   Conclusions

In  this  work,  we  demonstrate  the  algebraic  NHSE  and
non-perturbative  spectral  sensitivity  to  impurities  in
Hermitian  bosonic  quantum  many-body  systems.  We
construct a 2D Hermitian bosonic quadratic Hamiltonian
on a square lattice, realized through both on-site and off-
site  quantum  squeezing.  By  numerically  investigating
the  bosonic  excitations  within  the  BdG  framework,  we
reveal  a  quasi-long-range  power-law  localization  of
complex eigenstates, in stark contrast to the exponential
localization  observed  in  the  1D  counterpart.  Further-
more,  the  2D Hermitian  bosonic  quadratic  Hamiltonian
is  insensitive  to  infinitesimal  single  impurities,  yet
exhibits  ultra  spectral  sensitivity  to  either  double
infinitesimal  on-site  impurities  or  a  weak  long-range
hopping  impurity.  Specifically,  for  double  infinitesimal
on-site  impurities,  the  eigenspectrum  either  develops
new eigenstates  or  causes  certain  eigenstates  to  vanish.
Using  the  Green’s  function  formalism,  we  analytically
uncover  the  mechanism  underlying  this  ultra  spectral
sensitivity,  which  arises  from the  formation  of  nonlocal
bound states between impurities, leading to the divergence
of the nonlocal Green’s function.
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Appendix A: Effects of boundary disorder
and roughness on quasi-long-range
localization

To determine whether the algebraic non-Hermitian skin
effect depends on an ideally clean and smooth boundary,
we have performed additional numerical calculations for
two  representative  classes  of  boundary  imperfections:
random  boundary  on-site  potentials  and  geometric
boundary  roughness.  In  both  cases,  the  Hamiltonian  in
the interior of the sample is left unchanged.

First,  we  introduce  random  on-site  potentials  on  the
outermost boundary, 

Ĥon =
∑
r∈∂Ω

Vrâ
†
râr, Vr = Wonξr, (A1)

ξr
[−1, 1] Won

where  the  independent  random  variables  are
uniformly  distributed  over ,  and  controls  the

disorder strength.

χr ∈ {0, 1}

Second,  we  model  geometric  boundary  roughness  by
randomly removing sites  from the  outermost  boundary.
For each boundary site,  we introduce a binary variable

 satisfying 

Prob(χr = 0) = pr, Prob(χr = 1) = 1− pr, (A2)

prwhere  is  the  removal  probability.  The  hopping  and
pairing amplitudes are then modified according to 

Jrr′ → χrχr′Jrr′ , ∆rr′ → χrχr′∆rr′ . (A3)

In the numerical implementation, each removed site and
all  bonds  connected  to  it  are  deleted  directly  from  the
real-space dynamical matrix. This procedure produces a
genuinely  irregular  physical  boundary,  rather  than
representing  a  missing  site  through  an  artificially  large
local potential.

l

Nev = 16

For each disorder realization , we construct the corre-
sponding finite-size bosonic dynamical matrix and calculate

 eigenmodes  in  the  vicinity  of  the  target
complex energy 

Etar = 2.09 + 9.23i. (A4)

Because  boundary  disorder  shifts  and  rearranges  the
complex  eigenspectrum,  following  a  fixed  eigenvalue
index  of  the  clean  system  would  not  provide  a  reliable
state-by-state comparison. We therefore select the mode
whose eigenenergy is closest to the target value with 

n∗l = argmin
n∈Sl

|En,l − Etar| , (A5)

Sl
l

where  denotes  the  set  of  the  16  candidate  modes  in
the th disorder realization. The selected right eigenvector
is normalized as 

⟨ψR
n∗
l
|ψR

n∗
l
⟩ = 1, (A6)

consistent with the normalization adopted for the clean
system. Its layer-resolved density is then calculated as 

Pl(x) =
∑
y

[
|ψp,l(x, y)|2 + |ψh,l(x, y)|2

]
. (A7)

Because the skin modes accumulate near two opposite
boundaries,  we  characterize  their  decay  using  the
distance from the nearest boundary, 

d = min(x, Lx + 1− x), (A8)

d

x

and  combine  the  densities  of  layers  having  the  same
value  of .  For  notational  simplicity,  this  boundary
distance is denoted by  in Fig. A1. The disorder-averaged
profile is 

P(x) =
1

Ndis

Ndis∑
l=1

Pl(x), Ndis = 100. (A9)
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The error bars in Figs. A1(a, c) quantify the sample-to-
sample fluctuations among the 100 independent disorder
realizations and therefore represent physical fluctuations
induced  by  boundary  disorder,  rather  than  numerical
uncertainties of the eigensolver.

Won = 0.3 0.6 0.9

Won = 0.9

Figure A1(a) shows the disorder-averaged profiles  for
boundary  on-site  disorder  with , ,  and .
The  disorder  modifies  the  short-distance  density  and
increases  the  realization-to-realization  fluctuations.
Nevertheless,  even  at  the  largest  disorder  strength
considered,  the  profile  retains  a  pronounced  slowly
decaying  tail  and  deviates  systematically  from  the
straight-line  behavior  expected  for  purely  exponential
localization on the semilogarithmic plot. The corresponding
representative  real-space  density  distribution  at

,  shown  in Fig.  A1(b),  continues  to  exhibit
boundary  accumulation  accompanied  by  substantial
penetration into the interior.

pr = 0.01 0.05 0.10 pr

Figure  A1(c)  presents  the  corresponding  results  for
geometric boundary roughness with removal probabilities

, , and . Increasing  produces stronger

pr = 0.10

pr = 0.10

spatial fluctuations and a more pronounced deformation
of  the  disorder-averaged  profile,  particularly  at  large
distances  from  the  boundary.  At ,  the  large
error  bars  reflect  substantial  realization-to-realization
variations  caused  by  the  irregular  boundary  geometry.
Despite  these  fluctuations,  the  profile  does  not  cross
over  to  conventional  short-ranged  exponential  decay.
Instead,  an  extended  non-exponential  tail  remains  visi-
ble.  The  representative  density  distribution  at 
in Fig. A1(d) likewise shows that the mode remains pref-
erentially accumulated near the irregular boundary while
maintaining appreciable weight deep inside the sample.

These results  demonstrate that the long-ranged,  non-
exponential  character  of  the  skin  localization  is  not  an
artifact  of  an  ideally  clean  and  geometrically  smooth
boundary.  Boundary  on-site  disorder  mainly  perturbs
the local  density near the boundary,  whereas  geometric
roughness causes stronger mode mixing, spatial inhomo-
geneity and sample-to-sample fluctuations.

 Appendix B: Finite-size effect

Lx = 80, 100, 120, 160, and 200,

Ly = 40

To  examine  whether  the  slowly  decaying  tail  arises
merely  from  a  finite-size  crossover,  we  have  performed
an  additional  longitudinal  finite-size  analysis  for

 while keeping the transverse
size  fixed  at .  The  results  are  summarized  in
Fig. A2.

Lx

E = 1.853 + 9.255i Lx = 80

E = 1.848 + 9.242i Lx = 200

Figures  A2(a–e)  show the  complex  eigenspectra  color
coded  by  the  corresponding  fractal  dimensions.  The
overall  eigenenergy-resolved  fractal-dimension  structure
remains  qualitatively  unchanged  as  increases.  To
compare spatial profiles associated with the same spectral
branch,  for  each  size  we  select  an  eigenstate  from  a
common  neighborhood  of  the  complex-energy  plane,  as
marked  by  the  black  dots.  The  selected  eigenenergies
vary  only  weakly,  from  at  to

 at .
The  corresponding  layer-resolved  densities  are

presented in Figs. A2(f–j). For every size considered, the
profile  displays  two  distinguishable  spatial  regimes.
Close  to  the  left  boundary,  the  density  initially  follows
an approximately exponential decay, 

P(x) ∝ e−x/ξ, (B1)

represented by the red straight lines on the semilogarithmic
plots. At larger distances, the numerical profile deviates
systematically  from  this  exponential  extrapolation  and
develops a substantially slower tail consistent with 

P(x) ∝ x−α. (B2)

α ≃ 0.12

The blue curves show a common algebraic envelope with
 over the resolved long-distance regime.

Lx 80 200As  increases  from  to ,  the  available  spatial
window  becomes  progressively  larger.  Nevertheless,  the
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Etar = 2.09 + 9.23i

Fig. A1  (a,  c) Disorder-averaged  layer-resolved  density
 as  a  function  of  the  distance  from  the  nearest

boundary  for  different  disorder  strengths.  The  top  and
bottom  rows  correspond  to  boundary  on-site  disorder  and
geometric  boundary  roughness,respectively.  Symbols  denote
averages  over  independent  disorder  realizations,
and  the  error  bars  quantify  the  corresponding  sample-to-
sample  fluctuations.  The dotted blue  curves  and dotted red
straight lines are guides illustrating algebraic and exponential
decay, respectively. (b, d) Representative real-space density
distributions  for  the  two  types  of  boundary  disorder  at  the
largest disorder strengths considered. In each realization, the
displayed mode is  selected as the eigenmode whose complex
eigenenergy  is  closest  to  the  target  value .
All  remaining  parameters  are  the  same  as  those  used  in
Fig. 2(f).
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numerical profiles do not approach the rapidly decreasing
red  exponential  extrapolation.  Instead,  the  slow  tail
persists and remains broadly consistent with the algebraic
envelope.  For the largest sizes,  weak spatial  oscillations
are  superimposed  on  the  slowly  varying  background;
these modulations do not restore conventional exponential
decay.

These  results  provide  a  nontrivial  finite-size  check  of
the  algebraic-skin  interpretation.  In  particular,  the
persistence of the slowly decaying tail over an expanding
longitudinal  interval  disfavors  the  possibility  that  it  is
solely  a  short-distance  crossover  caused  by  the  smaller
lattices.  Together  with  the  stable  eigenenergy-resolved
fractal-dimension pattern, the results are consistent with
algebraic,  quasi-long-range  boundary  localization  over
the system sizes accessible to our calculations.

 Appendix C: Details on Green’s function
and reduced spectral radius

 C.1   Green’s function in bosonic BdG system

We begin by writing the full Hamiltonian in the presence
of impurities, expressed in the Nambu basis as 

Ĥ = ĤR + V̂ =
1

2
Ψ̂†HΨ̂, (C1)

Ψ = (â, â†)Twhere .

According  to  Eq.  (9),  the  eigenvalue  equation  of  the
full system is written as 

(Eτ0 −M)Ψ = 0. (C2)

Eτ0 −M
The  Green’s  function  of  the  bosonic  BdG  system  is

then  defined  as  the  inverse  of  the  operator .
Explicitly, the full Green’s function reads 

G = (Eτ0 −M)−1 = (τ0 − G0Vz)
−1G0, (C3)

Vz = τzV G0 = (Eτ0 −MBdG)
−1where ,  and  denotes  the

Green’s function of the unperturbed system.

G ρ

Jx = 0 Jy = ity Jxy = itxy
∆0 ∆x ty txy

To  obtain  an  analytical  expression  for  the  Green’s
function  and the  spectral  radius ,  and thereby gain
an intuitive understanding of the ultra spectral sensitiv-
ity, we set , , and  with real pairing
amplitudes  and , where  and  are real. Under
these conditions, the momentum-space BdG Hamiltonian
is written as 

HBdG(k) = [2ty sin ky + 2txy sin(kx + ky)]σz

+ (2∆0 + 2∆x cos kx)σx. (C4)

MBdG(k) = σzHBdG(k) E±(k)

Consequently,  the  eigenvalues  of  the  dynamical  matrix
,  denoted ,  are  readily

obtained as 

E±(k) = ± 2i∆0 ± 2i∆x cos kx + 2ty sin ky
+ 2txy sin(kx + ky). (C5)
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Fig. A2  (a–e) Complex  eigenspectra  color  coded  by  the  fractal  dimension  for  a  fixed  transverse  size  and
longitudinal  sizes , , , ,  and ,  respectively.  The black  dots  identify  eigenstates  selected from the  same
spectral  branch  for  the  layer-resolved  density  analysis:  (a) ,  (b) ,  (c) ,
(d) , and (e) . (f–j) Corresponding layer-resolved densities  measured from the left
boundary. Black dots denote the numerical results. The red straight lines illustrate the near-boundary exponential behavior,

,  whereas  the  blue  curves  show the  algebraic  long-distance  envelope, .  The increasing
longitudinal size enlarges the spatial window over which the non-exponential tail can be resolved. All other parameters are
the same as those used in Fig. 2(f).
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MBdG(k)Moreover,  the  dynamical  matrix  can  be
unitarily transformed into a block-diagonal form with
 

UkMBdG(k)U
†
k =

(
E+(k) 0

0 E−(k)

)
, (C6)

Uk = (σ0 − iσx)/
√
2where .

MBdGIn real space, the dynamical matrix  can likewise
be expressed in a block-diagonal form
 

UMBdGU
† =

(
Mp O
O Mm

)
, (C7)

U = (τ0 − iτx)/
√
2 U† = U−1 Mp Mmwhere  with ,  and 

denote the decoupled matrices in real space.

M
M̄ = UMU†

G

We now apply the same unitary transformation to the
dynamical matrix  in the presence of impurities, yielding

.  Under  this  transformation,  the  Green’s
function  in Eq. (C3) becomes
 

Ḡ = (Eτ0 − M̄)−1 = (τ0 − Ḡ0V̄z)
−1Ḡ0, (C8)

Ḡ0 = (Eτ0 − UMBdGU
†)−1 V̄z = UVzU†where , and .

 C.2   Spectral radius for on-site impurities

V̂ = V1â
†
r1
âr1 + V2â

†
r2
âr2

Here,  we  focus  on  the  spectral  radius  in  a  bosonic
quadratic Hermitian system perturbed by on-site impuri-
ties  in Eq. (13).

The unitary transformation of the Green’s function in
Eq. (C8) gives rise to a modified spectral stability criterion
for infinitesimal impurities in Eq. (18), expressed via the
reduced spectral radius with 

ρ(Ḡ0V̄z) ≪ 1. (C9)

ρ(Ḡ0V̄z)
We now turn to a detailed discussion of the calculation

of this spectral radius .
Ḡ0V̄zIn  position  representation,  the  response  matrix 

can be written as
 

Ḡ0V̄z =



0 0 0 · · · 0 iV1Ḡp
0 (r1, r1;E) iV2Ḡp

0 (r1, r2;E) 0 · · · 0

0 0 0 · · · 0 iV1Ḡp
0 (r2, r1;E) iV2Ḡp

0 (r2, r2;E) 0 · · · 0

...
...

...
. . .

...
...

...
...

. . .
...

0 0 0 · · · 0 iV1Ḡp
0 (rN , r1;E) iV2Ḡp

0 (rN , r2;E) 0 · · · 0

−iV1Ḡm
0 (r1, r1;E) −iV2Ḡm

0 (r1, r2;E) 0 · · · 0 0 0 0 · · · 0

−iV1Ḡm
0 (r2, r1;E) −iV2Ḡm

0 (r2, r2;E) 0 · · · 0 0 0 0 · · · 0

...
...

...
. . .

...
...

...
...

. . .
...

−iV1Ḡm
0 (rN , r1;E) −iV2Ḡm

0 (rN , r2;E) 0 · · · 0 0 0 0 · · · 0


=

(
O B
C O

)
,

(C10)

where  the  element  of  the  unperturbed  Green’s  function
is given by 

Ḡp/m
0 (ri, rj ;E) = ⟨ri| (E −Mp/m)−1 |rj⟩ . (C11)

Ḡ0V̄z
BC

As discussed in detail in Appendix C.3, the eigenvalues
of  the  reduced  response  matrix  in  Eq.  (C10)  are
determined  by  the  matrix  product ,  where  the
response matrix possesses two (four) non-zero eigenvalues
for  single  on-site  impurity  (double  on-site  impurities)
[see Appendix C.3].

V1 ̸= 0, V2 = 0

BC
When a single impurity is  introduced ( ),

the matrix  has only one non-zero eigenvalue 

ξ = V 2
1 Ḡ

p
0 (r1, r1;E)Ḡm

0 (r1, r1;E), (C12)

N − 1

Ḡ0V̄z
±
√
ξ 2N − 2

while  the  remaining  eigenvalues  are  zero.  Conse-
quently,  the  response  matrix  has  two  non-zero
eigenvalues, ,  and  zeros.  Then,  the  spectral

radius is derived as 

ρ(Ḡ0V̄z) = |V1
√
Ḡp
0 (r1, r1;E)Ḡm

0 (r1, r1;E)|. (C13)

V1, V2 ̸= 0 BC
2× 2

Furthermore,  when  two  impurities  are  introduced
( ), the matrix  has non-zero entries solely in
the upper-left  block with 

BC =


BC11 BC12 0 · · · 0
BC21 BC22 0 · · · 0
0 0 0 · · · 0
...

...
...

. . .
...

0 0 0 · · · 0

 , (C14)

BCwhere four non-zero elements of the matrix  are written
as 

BC11 = V 2
1 Ḡ

p
0 (r1, r1;E)Ḡm

0 (r1, r1;E)

+ V1V2Ḡp
0 (r1, r2;E)Ḡm

0 (r2, r1;E), (C15)
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BC12 = V1V2Ḡp
0 (r1, r1;E)Ḡm

0 (r1, r2;E)

+ V 2
2 Ḡ

p
0 (r1, r2;E)Ḡm

0 (r2, r2;E), (C16)
 

BC21 = V 2
1 Ḡ

p
0 (r2, r1;E)Ḡm

0 (r1, r1;E)

+ V1V2Ḡp
0 (r2, r2;E)Ḡm

0 (r2, r1;E), (C17)
 

BC22 = V1V2Ḡp
0 (r2, r1;E)Ḡm

0 (r1, r2;E)

+ V 2
2 Ḡ

p
0 (r2, r2;E)Ḡm

0 (r2, r2;E). (C18)

BCThe  matrix  has  two  non-zero  eigenvalues,  which
are given by 

ξ± =
1

2

(
BC11 + BC22 ±

√
(BC11 − BC22)2 + 4BC12BC21

)
.

(C19)

Therefore, the spectral radius of the response matrix for
two on-site impurities is 

ρ(Ḡ0V̄z) = max(|
√
ξ±|). (C20)

 C.3   Details on eigenvalues of response matrix

Ḡ0V̄z
Here, we provide a detailed discussion of how the eigen-
values  of  the  response  matrix  in  Eq.  (C10)  are
obtained,  which  is  written  in  the  off-diagonal  block-
matrix form as 

Ḡ0V̄z =

(
O B
C O

)
, (C21)

O B Cwhere  denotes the zero matrix, while  and  represent
the upper-right and lower-left subblocks of the response
matrix, respectively.

The  eigenvalue  problem  of  the  response  matrix  is
written as  (

O B
C O

)(
x
y

)
= λ

(
x
y

)
, (C22)

which yields the coupled equations  {
By = λx,

Cx = λy.
(C23)

x yBy  eliminating  either  or  from  these  equations,  we
obtain reduced eigenvalue problems with 

BCx = λ2x, CBy = λ2y. (C24)

λ

λ2 = ξ ξ

BC CB
ξ

λ = ±
√
ξ

This relation shows that the nonzero eigenvalues  of
the original block matrix must satisfy , where  is
a nonzero eigenvalue of the matrix product  (or ).
As  a  result,  for  each  nonzero ,  the  response  operator
has a pair of eigenvalues .

BC CBIf  either  or  possesses  zero  eigenvalues  (i.e.,

ξ = 0

B
C dim(ker(B)) + dim(ker(C))

B C
dim(ker(B))+dim(ker(C))=2N−2 dim(ker(B))+

dim(ker(C)) = 2N − 4

2N − 2 2N − 4

BC

),  these  translate  directly  into  zero  eigenvalues  of
the original off-diagonal block matrix in Eq. (C21). The
total  number of  such zero eigenvalues is  determined by
the  nullity  (dimension  of  the  kernel)  of  the  matrices 
and .  Specifically,  gives  the
number  of  independent  zero  eigenvectors  of  the  block
matrix. For the matrix  and  defined in Eq. (C10), it
follows that  (

)  for  one  impurity  (two  impurities).
Therefore, the block matrix has exactly  ( )
zero  eigenvalues  for  one  impurity  (two  impurities).
These zero modes arise from the localized nature of the
on-site  impurities,  which  affect  only  a  restricted  subset
of  the  response  matrix.  For  spectral  analysis,  however,
the  focus  is  on  the  nonzero  eigenvalues.  The  physically
relevant part of the spectrum is governed by the matrix

,  and  all  spectral  radius  calculations  are  therefore
performed with respect to this matrix.

 Appendix D: Analytical approximation of
the propagator

Mp/m

x y βx = eikx+µx

We apply the GBZ Green-function method of Ref. [100]
to the particle and hole blocks . Under OBC along
 and  PBC  along ,  we  introduce  and

obtain 

Ḡp/m
0 (r1, r2;E)

= ⟨r1| (E −Mp/m)−1 |r2⟩

=

∫ 2π

0

dky
∮
βx∈GBZ

dβx

βx

eiky(y1−y2)βx1−x2
x

E − E±(βx, ky)
. (D1)

E±(βx, ky)

Here, the constant prefactor is omitted and consistently
neglected  in  the  following  derivations,  and 
reads 

E±(βx, ky) = ± i∆x

(
βx + β−1

x

)
+ ity

(
eiky − e−iky

)
± 2i∆0 + itxy

(
βxeiky − β−1

x e−iky
)

+ ity
(
eiky − e−iky

)
.

(D2)

E M

σcyl Mp/m E /∈ σcyl

E − E±(βx, ky) = 0

Ḡp/m0 (r1, r2;E)

β±
1,2(ky)

|β±
2 (ky)| > |β±

1 (ky)|

For the contour integral in Eq. (D1), we consider the
new  eigenvalue  of  the  dynamical  matrix ,  in  the
presence of on-site impurities, outside the eigenspectrum
(indicated by ) of  (i.e., ) in the cylindrical
geometry.  To  carry  out  this  contour  integral,  we  solve
characteristic equations  for the propa-
gators  in  the  subspace  defined  in
Eq.  (C7).  The  corresponding  roots  of  the  characteristic
equations, ,  are  ordered  such  that

. Then, the equation (D2) becomes 

E − E±(βx, ky) =

[
βx − β±

1 (ky)
] [
βx − β±

2 (ky)
]

βx
. (D3)
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|β±
1 (ky)| = |β±

2 (ky)|
Note  that  the  GBZ  is  determined  by  standing-wave
condition .

MT
p/m ̸= Mp/m

x2 > x1

Since ,  the  two  directional  propagators
are unequal. For , 

Ḡp/m
0 (r2, r1;E) =

∫ 2π

0

dkyeiky(y2−y1)

×
∮
βx∈GBZ

dβx
βx2−x1
x[

βx − β±
1 (ky)

] [
βx − β±

2 (ky)
] ,
(D4)

and 

Ḡp/m
0 (r1, r2;E) =

∫ 2π

0

dkyeiky(y1−y2)

×
∮
βx∈GBZ

dβx
1

βx2−x1
x

[
βx − β±

1 (ky)
] [
βx − β±

2 (ky)
] .

(D5)

β±
1 (ky)

β±
2 (ky)

x2 > x1

Ḡp/m0 (r2, r1;E) β±
1

Ḡp/m0 (r1, r2;E) β±
1

0

By applying Vieta’s formulas to the quadratic polyno-
mial  in  Eq.  (D3),  we  can  verify  that  lies  inside
the  GBZ  contour,  whereas  lies  outside  it,  as
shown  in Fig.  A3.  When ,  the  integrand  of

 therefore possesses one pole  inside the
contour,  and  has  two  poles  [see
Fig.  A3(a)],  and  inside  the  contour  [see Fig.  A3(b)].
Applying  the  residue  theorem  along  the  GBZ  contour,
we obtain 

Ḡp/m
0 (r2, r1;E) =

∫ 2π

0

dky
[β±

1 (ky)]
x2−x1eiky(y2−y1)

β±
1 (ky)− β±

2 (ky)
,

(D6)

and 

Ḡp/m
0 (r1, r2;E) =

∫ 2π

0

dky
[β±

2 (ky)]
x1−x2eiky(y1−y2)

β±
1 (ky)− β±

2 (ky)
.

(D7)

L = x2 − x1 δy = y2 − y1

L

For  and ,  the  nonexponential
denominators can be omitted when estimating the leading
large-  behavior: 

Ḡp/m
0 (r2, r1;E) ≃

∫ 2π

0

dky[β±
1 (ky)]

Leikyδy , (D8)
 

Ḡp/m
0 (r1, r2;E) ≃

∫ 2π

0

dky
[

1

β±
2 (ky)

]L
e−ikyδy . (D9)

≍
ρ(Ḡ0V̄z)

Here,  denotes  equality  at  leading  exponential  order.
These propagators are subsequently inserted into 
to determine the two-impurity spectral response.

E

E

For  the  new  eigenvalue  with  positive  imaginary
part,  for  instance,  the  eigenvalue  indicated  by  the
orange circle in Fig. 3(h), the integrals in Eqs. (D8) and
(D9) can be estimated as  

Ḡp
0 (r2, r1;E) ∼ eµ

+
max,1L,

Ḡm
0 (r2, r1;E) ∼ eµ

−
max,1L ∼ 0,

Ḡp
0 (r1, r2;E) ∼ e−µ+

min,2L,

Ḡm
0 (r1, r2;E) ∼ e−µ−

min,2L ∼ 0,

(D10)

with 

µ±
max,1 = max

ky∈[0,2π]
ln |β±

1 (ky)|, (D11)

and 

µ±
min,2 = min

ky∈[0,2π]
ln |β±

2 (ky)|. (D12)

µ+
max,1 > 0 µ−

max,1 < 0 µ+
min,2 < 0 µ−

min,2 > 0Here, , , ,  and  are
typically  satisfied  in  the  parameter  regime  of  interest
[see red and blue dots in Figs. 5(a1) and (a3)],  thereby
facilitating the demonstration of the ultra spectral sensi-
tivity.

E

Therefore,  for  double  on-site  impurities,  the  spectral
radius  associated  with  the  induced  new  eigenvalue 
with positive imaginary part can be approximated by 

ρ(Ḡ0V̄z) ∼ V e
µ+

max,1L

4 e−
µ+

min,2L

4 . (D13)

V1 = V2 = V

Here, we consider the case where the two on-site impurities
have identical on-site potentials with .

E

E

For  the  new  eigenvalue  with  negative  imaginary
part,  for  instance,  the eigenvalue  marked by the red
circle in Fig. 3(h), the integrals in Eqs. (D8), and (D9)
can be estimated as  

Ḡp
0 (r2, r1;E) ∼ eµ

+
max,1L ∼ 0,

Ḡm
0 (r2, r1;E) ∼ eµ

−
max,1L,

Ḡp
0 (r1, r2;E) ∼ e−µ+

min,2L ∼ 0,

Ḡm
0 (r1, r2;E) ∼ e−µ−

min,2L,

(D14)

µ+
max,1 < 0 µ−

max,1 > 0 µ+
min,2 > 0 µ−

min,2 < 0where , , ,  and  are

 

0

∞
GBZ(k )y GBZ(k )y

β1
±

β2
±

β2
±

β1
±

(a) (b)

 

β±
1 (ky)

β±
2 (ky)

Fig. A3  Schematic illustration of the isolated singularities
associated  with  the  contour  integrals (a) for  Eq.  (D4)  and
(b) for Eq. (D5). The GBZ trajectories (black curves) define
the integration contours, while the polesof the integrand are
indicated  by  dots.  lies  inside  the  GBZ  contour,
whereas  lies outside it.
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E

typically  satisfied  in  the  parameter  regime  of  interest
[see  red  and  blue  dots  in Figs.  5(b1)  and  (b3)].  The
corresponding  spectral  radius  associated  with  the
induced new eigenvalue  with negative imaginary part
is 

ρ(Ḡ0V̄z) ∼ V e
µ−

max,1L

4 e−
µ−

min,2L

4 , (D15)

V1 = V2 = Vwhere  is assumed.
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