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Sliding Mode Consensus Control for Discrete-time
Multi-agent Systems Under Markov Switching Topologies

CAO Sa, XIE Jing', ZHAO Yang
(School of Information and Control Engineering, Qingdao University of Technology , Qingdao,Shandong 266520, China)

Abstract; The mean-square leader-following consensus problem for discrete-time multi-agent systems with the Mark-
ovian switching topologies was studied by the sliding mode control. The Markovian switching topologies were introduced to
describe the random information interaction between agents. The sliding mode surface with respect to the stochastic switc-
hing topologies was constructed utilizing the consensus error. An equivalent controller was obtained according to the ideal
quasi-sliding mode condition, and then the consensus problem of discrete-time multi-agent systems was transformed into the
stability problem of leader-following error systems. A sufficient condition of the mean-square leader-following consensus was
obtained for discrete-time sliding mode dynamics by the construction of Lyapunov function and the matrix theory, and the
controller gains were designed. Then a discrete-time sliding mode controller was derived by using the reaching law principle
to ensure that the following errors reached the area of the giving sliding mode surface in a finite time. How to deal with the
Markov switching topologies with unknown partial transition probabilities and the design of sliding surface associated with
stochastic switching topologies are two difficulties. Finally, a numerical example was given to illustrate the feasibility of the
proposed method.

Key words: discrete-time multi-agent system; stochastic switching topology; Markov chain; sliding mode control; mean-

square consensus

W 7% B #7:2023—06—20

BB F 51 AR RS FAIRRT AR (23—2—1—156—zyyd—jch)

YEHE B W 1999—) 4 ) g B PHN B0 W93 2 BF 5T 7 1) = 5 80 20 8 R A ) T A o
TIBEB R A,Email; tiantian1210x@163. com



543 B 3

B9, 45 - Markov Y14t £h T BIHCE B B 1K R 8 B — Bk £ 9

ZREMBERG S BB RERH L B AT R
J1 8 AR R A 2 0 S T N TR 2 A
TEC s ) A e AL A K T BL A N S5 B T 4 o
Z B BEAR 2R G o [ 42 o 1) 3 2 SEUAR . 3 AR MU
TRAHSBAE Bk Bt BB AR AR A9 23 A 4% 1 2%
PLSC B4 Jay B bR . 18 A 1 B ] 42 ) 5 1 oy L — 3K
PEE RIS T ZhsE . X 2R IR R G R
A Y BT R — B A AR RS e % )
S T A PR A A2 2 L R BB AR 2 ) Y 3 15 R Fh 4
FFEAE A BEOR 5 [ 5 - H Al A M BCR £
FIOLASHa R [ 72 U146 ok 32 7 52 B 345 30 58 19 &2
k. 0 Guo S5 Xf BAT 52 # # FhAIIG ) 45 B I Y
P 28 L BLAT S 1] {5 JE VR 3 A IR A2 14 1) 4% R R A
P TR, SEIL T 2R R 1A AR G Y 465 BB
— BN R Y A A [ A DR D) A4 Fh
T T AR BEPL 2 2 BB K 28 42 14 18] g I [i) — Sk
[ JE LS R 3 15 PR R R 4R 0 22 1) A 45 B i
SEBEALAY L BT LB 5T 22 4 JT 46 51 A Markov i # ok
SEORE B M 7 A A 2 ) A BE AL DT BB AL, Liu 5§
WF5E 1 Markov Ffi 1L U] 46 (9 4% b 8 HC ) 48 1 2
BRER & S8 P [R) i H 9 4 1) EY . Pei 45 H
A Markov P Fh i) BB Z B RE K RS 4
TR R BOME R A AR AR AR
J&, SCHRC3 TSR L4 B o 58 /9 Markov Y146 41 4
ZER R A R AR B A S e R T A . SR AE 5
B 107 FH e o AR o A b 3 B i A e B A R A
BB 2 IR 0 e R M SR U T A T )
B, HH A B E B2 R AN Markov
D1 IS G5 A8 04 BIF 53 SR AR R 3520 %k 3 4 % # W
RN 2 eI R 50— BUPE ) ) 75 Ak SE A 5T
I B AR 3T A SCTE B EO 18] T 2 B A R O i
oML AR FIH) Markov P) 44k 2549 , 0T 58 2 4 hiE
TR R 8 — SvE A5 ] 1) R, X AR ST B — MR

B EZ R BRERENER C AL T
Z RS L LA AT B O ] 2 RE IR R
Gt el o) 8 R T T — s B9 BF s, Yan 5
h T R G E AR A S T 2 AP RS
(I B L 2 R RE AR R G 4R A T — b S e A
il &5 . Chen SXI B 2 RBIA R G T4 S
— R I g BN L P DA T T A A S —Fh
A RCHE DR AR S v R T 25, B RN T B L
I H) 28 BEAA RGBT . SO T H X S 808
PSP ER T DA BURAFE R A TR T2 N
AT Markov BE7A2 248 b, (H A B O B 45 1 07
20 A #] Markov V) #edh$h T B EL 2 B e 1A R 48

T 5 P B SR GE AR D X R B0 T B B B RE A
ARG — BE R EA R IEATHE ST . EA SO B L
T I A T — AT T 2 RE AR R L RE
PO AR ol e L B B . IR A
SO ANt #1 D) 48 1R 8 — 5 T AR S o (o L
BEATLI FD I8 A 5 » DA P A5 4 1 5 ik 52 B
B RE R R 58 (0 38 05 O — BBl — BOE 42 ] L ix
JEA SO AN AL

e LRI 2 A b AR SO X R A Markoy 3]
e FD 14 B R 1] 22 8 RE AR AR 48 1A T R 47 o i)
PEATIFE

1 #0454 & 0 e f3 R

1.1 Aig

BT AR A R RN AE 1, I HL 3 AT RE BE & ¥ fh
PBRAS M R s . RIRBEVLER K GGr(k)) =
(VLEG (k) s AGr(k))) B HET [H] 57 Ik Markov 5%
{r(k) ke Z +) il AV = {y v} EEH
NN EMES, Eb)) € VXV BINES.
AGr(R) = (a; (B) oy B GGr(R)) 1A 12 5 B
a; (k) € {0,1} FAAEE : a; = 0 Fos N A4-F
IR RKRETEREEE:RZ, a5 =1, N, =
{j € Via; € EG(R) ) FoRBREIR IR ES .
D(r(k)) = diag{d (), .dy(k)}) € R & A

N
GG (R) W AEREIE, d, (k) = >)a; (k) , Markov
=1

BE (k€ 7 ) TEA IR A 2] T = (0.1,
oo o) IR FURA BRI P = () L+

T ? ot TCm
? .
J— 22 T R mXm
T = . € ,
Tl Tt Mm

Hh g, =P {r(k+1) =j | r(k) =i} =0,
i) € THRMRM B WSR2 " IR BN

AR IFH Zn,, = 1. BUB R B R ARIC

Koy GEXLT = am, BT = {jain, £
A o R T A M TY = {ai bt sat) S H
e FoR YO PLENEE. T AEMie T,
Gr(k)) WHEH A B B L, R 8 XN Loy
= D(r(k)—AGr (k) . BRMEHE 545 E& Z [
B RB N A B, = diag{b (r(k)), -+,
by (r(k)) ) Foom , IR H | 5015 FHEHN b, =
1,82 b =0,

1.2 [E@#ER

F R ) 2R R R RGN



10 RS A

2024 4F 9 H

2,(k+1) = Az, (k) + Bu, (k) ,
i=1.2,,N (D
H, 2, (k) € R" Flu, (k) € R” 4y MFRE i A
BRERAERS 2] b HRE T H A AE R 1 B
€ Ry Il J2 25 G0 40 [ R AR I
0 (k+1) = Az, (k) (2)
Hrp 2, (k) € R" FRFHELERZ] R BHRE . N
AN REAR Z [ 3 15 17 DL A R AGr(R)) Refliads -
an (r(k)) ay (r(k))
AGr(R) = :
ani (r(k))
€ RYVY,
R T SR 2 A R A — SO T AR R
WL s A R R E X
Big 1 HEFEXT (ALB) ZAT 45119, H rankB =

ANN (V(k))

m
ES YT XS T AT Al ) 4R 45 1 B RE A
AR IR 25 0 2
LimE{ | 2 (k) — 2 (k) || *} =0,
i=1,2,,N, (3)

D4 DA s (o) FESA 7 B L S T 45—
PR il — 3 .

5 Bh Kronecker £, 30 (1) 19 4 Jm) B L 2 & g
LSIFWIE. o

X(k+1) = AX (k) + Bu(k) (1)

Hp X(b) = [T (B) 2k (] A=1y®
A.B=1y®@B,ulk) = [ul (k)i (k)]",

2 EHIERET

N TGS R ) — Ok ) x4
A (k) € T o R AR IR BE IR 250N -
0: (k) = Dlay (r(k)) [ (B) — a; () ]+

JEN,
b (r(k)) [ x; (k) — 20 (k)] (5)
WXt r(k) € v iR (G)a[f5 .

B> ay; (r()) [u; (k) — u; (B) ]+

JEN,
b:(r(k)) [u; (k)] (6)
3 6) AT RLUS AR T 42 JRy 9 — BBl 1R 22
EX
8k +1) = As (k) + BC, u (k) 7
:/H;‘EP!

Cr =1, @ [Lr(k) + Br‘(k):l’ H L., =

k

- N .
Zalj(/@) _alz(/@) _alc\V(k)
=1
N
—an (k) Dlay (k) — asy (B)
i=1
. :
_a“\q(k) _aNZ(k) Zan(k)
L j=1 .

LG R B X R G (DA i A
BREVR BT TR 53R 22 (5) 4 5% 1R 1L B B
] A5 T

si(k) = G&,(k) —GBK, &,(k—1) ®

H i G RN GB RN, K, 2
T BT R S AR . BRI TR ARG W) .
ML AT AR R N

s(k) = G (k) —GBK, 6(k— 1) (9

S |

s(B) = [sT(k) sk (], G =1y QG
K,.k = Iy ® K,-k o

H = (9) AT LA 3]

s(k+1) = G(A—BK, )6(k) +GBC, u (k)

(10

R e L AEL B D S A 2 AT AR

stk+1) = s(k) =0 (1D

AT DA B 25 R G0 IR A B ik A B AR AR
I o A5 A0 A i 0

u, =—[GBC, J'G(A—BK,)é(k)  (12)

SRJE R (12) W AR ZE R G (T) [ 153 51
PR iR 22 R GE N -

S(k+1) = (M, A+ H,K, )5k (13)

Hor

3 FEHER

EIE1 FEEHHEZHERASE (12
MHERGS-RWEIRERE(D. IR Vie T,
Vi€ T AEAE— A FRIE A FE X, X, e Xy
BE BB R Y, W

— X, —v. () —vG) —vG) —,0)

* o —W,(1) 0 0 0

* * — ¥, (1) 0 0 >
* * * — ¥, (1) 0

* % * % — ¥, (1)

0, 14



543 B 3

#3045 : Markov Ul iR $h F B2

B RER R G A — Bk 11

Horp
T, () = [V2X, (MA)T, - /2X, (MA)T],
¥, (1) = [fY-H T W2YH T
v, (i) = dzag{ Xl ; --,LI.XZ} ,
ag
¥, (i) = diag! =X —— X
1*(11 17(1(

B 4% 20 8 RE 1R 2R GEAE A 304 i 1 (12) R T
PASE B 5 36 S A 0 — R B — B e

W K = YIX .
WEH K 7 R 48 (13) 9 Lyapunov BR %A B AL
LN
V(SR) ykyry)= 8T (R)P, L0 (k) (15
H P, HEIE Q’Eé&%ﬁlﬁ

B Vr(le) =i € T, ISR,
EA{V(SGk+ 1D k+ 1) | 8B r, =
iV V(R ki) = 8T (B[ (MA +

HEK)D" > n;P;(MA + HK ) — P,]6(k)
i=1

(16)
W e B MR35 00 A S PR AL, AT DLROR AT
En,,P, = 2 7, P+ 2 7, P an
i jer" jer"

fﬁf)ﬁt(m)&%wﬁ%z(lm,k LIRS
E{V(SGk+1Dk+ 1m0 | 8k or =
iV V(SR ki) = 8T (B[ (MA +

H;K,‘)T( 2 7‘(1'ij +

jer?
(1— sz mP oA+
jGT(” ”() - Z 7‘(1]
. JG’I‘
H,K,-)—P,]B(k) 18)
HFOS <1 3
R I
jGT JGT
[P V2MAT -2 MA)T V2 (MAT V2 (MAYT
— @i P)—1 0 0 0
0 0 0
— (migPyp)—1 0 0
—((1—m1) P11 0
0
(1 —mig) Pp—L
x x
Lo« * * ¥ %

1. 4kmis.
E{V(a(k+1)’k+1’rk71) ‘ 5(/3);77,1
iV =V ki) < 5 (W[ (MA +

HE)' (> n;P, +

jer?
(1— > 2)P)H)(MA + HEK) — P, 16(k)
/ET(”
(19)
N T B BB R G AR AR 0 4 R B —
Bopk 7 AL

EBLV(3Ck+ 1) k+ 1) | 8k, =
T AL (200 B 2
(MA+HK)D"C >, x; P, +
jer®
(1— > x)PHMA + HK)

jET“J

(20)

— P, <0

2D
i (21) AT S
(MA +HEK)D"[ 2 m; Py
jer”
(1— E ﬁij)P]](MiA + H[Ri) -
IET(")
< 2(MA)T D) 7P, MA +
jer?
2(MAYT(1— D) a ) PMA +
Jé,r(n
Z(H;R;)T 2 ﬂ;ijHIK,‘ +
jer”
2(HK)"™(1— > x)P,HK,

Je,r(l)

— P, <0

(22)
M Schur #h5 | HUAT A, A SEK (22 54 T F
FIAEER(23),

VZ(HKDT - J2(HKDT JZ (HKDT JZ (HK)T
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0 >0
(il PD)=1 o 0 0 0
* 0 0 0
x o = (rigPp)—1 0 0
* * (A—m P~ 0
x . 0
x * * = (A =mPpH—1]

(23



12 HHEEARYS A3 2024 4F 9 A

el e b AT e 2P (MADT 2P (MADT e —ZPE MiADT 2P (HIRDT e 2P0 GRDT 2P0 (HIRDT e —JZP7 (HiKiTT]
— (i1 P11 0 0 0 0 ¢ 0 0
0 0 0 0 0 0 0
(Grig PO~ 0 0 0 0 0 0
— ((I—mil)P1)—1 e 0 0 0 0 0
0 0 0 0 0

(A —mig )PgH—1 0 0 0 0 o

(xil P1)—1 0 0 0
0 0 0
— Gtim Pm)—1 0 0
x (A =mDPD~T o 0
0

L o« (A= mip P11

T O AR A A XD AL W
Ui [H) S BFE M = diag {— P;' 1.+, 1} A 15 iR
e (24)

MFEAEFEXCH,EX X, = P, #Eihl#H
#Hwiki R K = (P.Y)T . 48R 5K Q40 MIF. B
RoAEXCOTTHRL. B, —EFE—T L%
AN R = W Y

E{V( 8k +1)k+1ar) | 8k = i) —

VR ki) <—e || 2 (k) — a0 (k) || ?
(25)
X Vr=i,ie T W4

e> ) Bl 12, (k) — 2, (k) | 2 ]<
k=0

DBV (3R sri))—

k=0

E(V (6(k+ 1)7“\1 ) )]:
[V (80 sr )= EB(V (SN + 1) yry)) 1<

V(50 .r) (26)
Ak A5 2
ImE[ || 2. (k) —x0(k) || 2 ]=0 27

koo

MR E ST AR B i Z B R R R 48 (1) (2) 3k
N7 T G- RE— B R ] 58

PRk N T B R B O SRS R T Ik Y
FATREBE T — A 3 Y e 0 A A B B ] P ik )
RIS [ T A TR ) DX

EEE 2 R R eR K (8D L R
TH A

[1—¢T—p || <1 (28)

Hp g =>0,¢>0,1—qT >0 . H IR
VA

u(k) =—[GBC, J'[G(A—BK, )6(k) —(1—
gT)s(k) 4B | sCk) | sgn (s(&))] (29)

R 2 4 Jay 05— B B 1% 22 3R 40 (7)) RE 8 7E i L

24)

P (29) T A IR I E] N 5 AR 22 0 B Ok T
SR BT X T R AR

UEHT 5 SCINTR f 48 Bk i

sChk+1) —s(k) =— ¢Ts (k) — Bsgn(s(k))

(30)

Hpp>0,¢g>0,1—¢T >0

HIAF 5 BB AR 1 B I R A (30D Fh AN i
SapUn] LAF 45 1 A Y 2 A PR AR A 25 7 A B
WA . YRGW P AT T B shm . 3 45 p R
LA R PRI S . SR)E B/ H B B35 W
M. XFERHR G . I R — A
T

Bk) = B || sCk) | 3D

SEI B R AT LA R Ry

sCh+1) —s(k) =— ¢Ts (k)

— B |l sCB) || sgn(s(k)) (32)
MR (32) 1] 15
stk+1) = (1 —qT — By)s(k) (33)
#H—H, LGOI RE R
[sGe+DI _ oy

H s(B) H H 1 (IT ﬂo H (34)

A1 3 (28) Fl Sarpturk 20 25 HY 1 313k 55
ARV ST R R A 29 B BB R S5
(1) (2) By /T LAFE A FR A I a] P 9 3K 3y 218
SRR B XS8R 5 Bt S PR R 7E L P DT 58 B T X
ZE B IR .

4 HEEDH
AT gyt — D BUE ] TR e B 1A AL

Peo HOE. A — A O R 2R R IR R SE . R
SN -

0.02 1.04 0
=l oalmlowl
0 0.1 0. 92



55 43 B4 3 )

B9, 45 - Markov Y14t £h T BIHCE B B 1K R 8 B — Bk £ 13

% 8 — A i YA B A — O A
ZRERRRGE . G HELF TN 0. BREEE 55 23
Jy 1.2 3.4, ENTRE AN AR A 1 TR
(1 = AR Fh A5G R 4% B =B Markov 55 P) 4, 45 5
A A RE B B R A — A T A

oo
0“00“6
DO O

()@ {5 1 (b)iEfE#H I 2

(c)EFHhHH 3
Bl AAIAREHEXNBLIEIAE

i I P T RT RAAS 2 X6 R A L 8 7 407 R A
SRR 22 18] (4 40 4 [ )

ro 0 0 0

—1 1 0 0
le

—1 0 1 0

—1 0 0 1

ro 0 0 07

—1 1 0 0
L, = s

—1 0 2 —1

Lo —1 0 1]

ro 0 0 07

0 1 0 —1
L;;:

—1 0 1 0

Lo —1 0 1]

B, = diag {1,1,0,0},B, = diag {1,0,1,0},
B; = diag {1,0,0,1} ,
% = By Markov i 1 7% % ME 5 50 FF 2 LR

0.2 0.3 0.5

=7 0.1 72 | Ho“ 2" RRIEEBER
? 0.4 7

RN,

R 5 HICRE ) 3 T (8) BT K . & G =
(2. 1.1 o B2 M4 s B 1 B9 0y 5 FE5 38 A
Matlab T HAf 9 LMI 0] LUK f# %5 B f) 5 45
ol 38 45

K, = [0.0052 0.28317 ,

K, = [0.0016 0.08097 .

K, = [0.0017 0.08987 .

BIZ R RER S B I w1 b IR & %o = [0,0]7,
xy =[1,4]"x, =2, —1]",x, =[—3,0]",x, =
(3,907 . JB4fis Bl Matlab 7] L3 47 B6 HL 5O 11
SR L BRI Oy g R & 2~ 18] 6 fTR
2 J& B = A Markov Wl (55 . & 3 WoR
T E R 4 AR RS PT B RE . SRR
B e 2s B IA) 9 T A 0 R B A 4 0T L 5 400 % o T
Bo A RN R IR B 2 ) R R 2 L AR
2s JRIRFIRERABTE, XBEWREHILEHRE
BRER RGBT — 3. B 5 & 4 A BB 1
W L. B 6 B T X 4 AN EREE TR
Tl B P . ph O T T R 4 B TE 3S 5 #P
TREERE . BICE I e 1 A kg e s
BRI RGN — B AN .

35
5 L L
glo
A
b
R0l
0.5
0 1
0 1 2 3 4 5 6 7 8 9 10
B2 m#HEgEX
—— ek 1
. Rk
@ 9 ——FHeiR 3
N —— R 4
- —— R O
T 0 "
B |
0 2 4 6 8 10
t/s
10

x,(0,i=0,1,2,3,4
Ak i 2

t/s

B3 HMyEfd A ARMEGHANARSESE



14 HEEARS A

2024 4F 9 H

—— Bk 1
1 LM 2
<+ 24 —— A ReR 3
::, A —— R 4
]‘"0‘ B S
&2
0 2 4 6 10
t/s
10 ¢
O |
3&
;“:n() A ——
u'“_5,
4 6 8 10
t/s
B4 BRBREEZHAAKRSSE
2.0
‘ —— ek 1
1.5 Rtk 2
—— ek 3
Lo —— FHEAk 4
b \
- \
0.5
Il
;:{ 0 A
=
0.5
-1.0
=1.5
0 2 4 6 8 10
t/s
B5 4R EFEED
600 T
111!
500 1 FRetAk 2
‘ « RHEEI 3
4001 o etk 4
- 300
o~ \
T 2004 |
= 100}
Ol,t)-—‘o....-..‘......‘;
«1003/
—200‘ . i
2 4 6 8 10
t/s
B 6 4 NSREEHEegdsd
5 & &

A B I (] R ) T ek B T BOA
Markov YJ#e4 #1149 85 1 2 3 e 1R &R 4 i 3 07 &
SC B4R — B R L, T R R AR Ay
B AEFR A F 0 D0 o 75 SOk 14 0T () 5 A

T HE At L Fr 48 H 0 T A A 1 T 3k BE A8 L A PR AR I
[ Py 1 B B 5 5 O o S B O — Btk AR B
Lyapunov e& 0. 45 & M B B MR A8 5 1 768
SRR S B S — B e A5 F . HAT
KT R R G A I ik S i T
A GUfiiA s A D)5 SO — 2 TR R AR SO
F8 A — P A 1 05 0k 9 B F 9T R A A R O
B RIROR BT X, JE 2t ik — 2B
FRATTHY 7 15 2 3 2357 F 58 R

S % 3k

[1] GUO Ling, NIAN Xiaohong, PAN Huan. Leader-following
consensus of multi-agent systems with switching topologies
and time-delays[]J]. Control Theory and Applications, 2013,
11(2): 306—310.

(2] BRttWI, By, AR REDL 28 A 0 2R 48 00 B 5 i ) — 3
RO, P39S 5 0 . 2021, 38(4): 540—546.

[3] LIU Zili, YAN Weisheng, LI Huiping, et al. Cooperative
output regulation problem of discrete-time linear multi-agent
systems with Markov switching topologies[ J|. Journal of the
Franklin Institute, 2020, 357(8): 4795—4816.

[4] PEI Yongquan, SUN Jitao. Consensus of discrete-time linear
multi-agent systems with Markov switching topologies and
time-delay[J]. Neurocomputing, 2015, 151(2); 776—781.

(5] XUREAR, WReR. 37 3000 il i o5 i 2 8 e ik — o0 — 8otk
(0. AR S A g, 2021, 40(2): 91—98.

[6] YAN Ziwei, HAN Liang, LI Xiaoduo, et al. Event-Trig-
gered formation control for time-delayed discrete-Time multi-
Agent system applied to multi-UAV formation flying[]J].
Journal of the Franklin Institute, 2023, 360(5): 3677 —
3699.

[7] CHEN Shijie, DAI Jiahao, YI Jingwen, et al. An optimal
design of the leader-following formation control for discrete
multi-agent systems[]]. IFAC PapersOnLine, 2022, 55(3):
201—206,

(8] Stmh. sHFMALHEARENHE L —8I] HE
HARS A, 2022, 41(2):19—22.

[9] SABER R O, MURRAY R M. Consensus protocols for net-
works of dynamic agents[ C]. Proceedings of the 2003 Amer-
ican Control Conference, Denver, CO, USA, 2003;: 951 —
956.

[10] HAN Yuegiao, KAO Yonggui, GAO Cunchen. Robust ob-
server-based H.. control for uncertain discrete singular sys-
tems with time-varying delays via sliding mode approach[]J].
ISA Transactions. 2018, (80): 81 —88.

[11] SARPYURK S Z, ISTEFANOPULOS Y, KAYNAK O. On
the stability of discrete-time sliding mode control systems
[J]. Automation and Remote Control, 1987, 32(10);: 930—
932.



