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In this paper, we investigate a time-dependent conformable Schrédinger equa-
tion of order 0 < B < 1, in fractional space domains of space dimension,
0 < Ds < 3. We examine a specific example within the realm of free particle
conformable Schrodinger wave mechanics, focusing on both N-Polar and N-
Cartesian coordinates systems. We find that the conformable quantities align
with the regular counterparts when g = 1.

1. Introduction

The concept of fractional dimension was intro-
duced by mathematician Felix Hausdorff in 1918.
This concept gained significant importance, espe-
cially after Mandelbrot’s groundbreaking discov-
ery of fractal geometry,! where he applied frac-
tional dimensionality to elucidate the connections
between fractional and integer dimensions using
the scaling method, specifically,

Tr%‘x|a—1

d%z =
I'(3)

der,0 < a<1.

(1)

Physically, the confinement of low-dimensional
systems has been successfully described using
fractional dimensional space. This approach by,
He?3 involves substituting an effective space for
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the actual confining structure, with the non-
integer dimension serving as a measure of its
confinement or anisotropy. Furthermore, re-
searchers across various scientific and technolog-
ical domains have dedicated considerable efforts
to exploring this study.* !

Many physical systems have been investi-
gated using methodologies involving fractional-
dimensional space. Research on critical phenom-
ena (see, for example,'?) fractal structures,'315
and the modeling semiconductor heterostructure
systems!® 17 usually takes into consideration the-
oretical schemes dealing with non-integer space
dimensionalities. Fractional Dimensions refer to
the general concept of non-integer dimensions
in various mathematical contexts, whereas Frac-
tal Dimensions are a specific type of fractional
dimension used to measure the complexity and
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self-similarity of fractals. In other words, all frac-
tal dimensions are fractional dimensions, but not
all fractional dimensions are fractal dimensions.

In these frameworks, fractional dimensionality.
Refers to an additional effective environment used
to represent the real system rather than the phys-
ical space itself. However, some authors have also
considered the possibility that genuine spacetime
has a dimension slightly different from four.!® 19

Observations suggest that spacetime dimension-
ality deviates from four in a minor manner.'® 19
Nonetheless, the question of whether the dimen-
sion of spacetime is an integer or a fractional
number is crucial due to its conceptual signifi-
cance. Moreover, intriguing implications arise if
spacetime has a dimension other than four. For
instance, it is well-known that, even with a tiny
deviation of elements, the logarithmic divergences
of quantum electrodynamics once the value of
four is exceeded.?? Furthermore, the deformation
of quantum mechanics in fractional-dimensional
space is explored in Ref.?!

One of the most fascinating recent topics in var-
ious physical scientific fields is the application
of fractional calculus. In 1695, L’Hospital and
Leibniz corresponded regarding the meaning of
non-integer order derivatives 32—3: when n = %.22
Hence, the concept of non-integer order deriva-
tives first emerged from those exchanges. Frac-
tional derivatives have been defined in various
ways throughout history, including Riemann-
Louville,??23  Caputo.?* Grunwald-Latnikov,?
Riesz?® Weyl?” and Riesz-Caputo.?® As most of
these definitions involve fractional integrals, they
all inherit nonlocal properties from integrals.

Khalil et al.?? introduced a novel derivative con-
cept called the conformable derivative a few years
ago, building upon the definition of the deriva-
tive. Therefore, the conformable derivative can be
viewed as an extension of the original definition
of a derivative. The term conformable derivative
(CD) is one definition used to describe the non-
integer derivative, employing the limit definition
of the derivative.?

Definition 2.1. Given a function f € [0,00) —
R. The conformable derivative of f with order 3
is defined by?”

ft+et'=8) —
€

f(t)

Tp(f)(¢) = lim

e—0

for all t >0, 5 € (0.1).

(2)
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The conformable derivative is straightforward in
that it fulfills the Leibniz and chain principles as
well as the general characteristics of the ordinary
derivative. In.30:3!

Properties?®

1-Ts(af+bg) = aTp(f)+bTs(g) for all real con-

stant a,b

2-Ts(f9) = fTs(9) + 9T5(f)

3-Tp(tP) = ptP=F for all p
Ts(f)—fT,

4_T,8(§) _9 B(f)ng 5(9)

5- Tg(c) = 0 with ¢ is constant.

In this paper, we adopt D?f to denote the con-
formable derivative (CD) of f of order 3, Ts(f)(t).

A strong mathematical tool that improves com-
plex system modeling in physics and engineering,
among other domains, is the conformable deriva-
tive. The reason for its usefulness is that it can
overcome the drawbacks of classical derivatives,
especially when nonlocal events and discontinu-
ities are involved. Below are references highlight-
ing its usefulness.?? 4

2. Conformable N-dimensional polar
coordinates

In this section, we aim to derive a concise expres-
sion for the conformable scalar Laplacian in N
dimensions. We rely on N-dimensional polar co-
ordinates as outlined in Ref,%%47 along with the
conformable trigonometric function described in
Ref,3? and conformable spherical coordinates de-
tailed in Ref.3® The conformable N-dimensional
polar coordinates are defined as follows

5 _ 18 eos 1

€Ty = F
B 08

xg =rPsi Elc SEQ
8 0P 05

xg =rPsin Elsinécosﬁ‘g,
2 3 3 B p

x]ﬁv_l = rPsin 0—1 sin 0—2 sin - - - -sin On—2 cos by

p g B p B
8 B B B

a:]Bv =P sme—lsme—Qsm 3 ...gin On—1
p B B p

Where 0 < 0, < m,(a = 1,2,3,--- ,N
9]\[,1 §27T
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rﬁ:\/xiﬁ—l—xgﬁ—i-"‘—kx?vﬁfl—i-x?\?

T
— = arccos ! ,
g e 42l a2l
05 x2
—£ = arccos ,
f \/x§ﬂ+-~-+x§§_1+xff
9? T3
— = arccos ,
B \/x§ﬂ+-~-+x§§_1+xff
0%, TN_2
——= = arccos ,
B \/:c?\,ﬁf2 + :c?vﬂfl + x%g
0]6\/—1 ITN-1
7 — arccos .
a:?vﬁfl + x?\,ﬁ

3)

Considering the scalar Laplacian operator in N-
Dimensional as suggested in Ref,*® and utilizing
the conformable gradient and conformable scalar
Laplacian operator in 3-D as employed in.3134 We
can express the Conformable scalar Laplacian op-
erator in N-Dimensional as

N
2 a; — 1
v =Y oyt g
i1 *
Let us analyze the conformable Schrédinger equa-
tion for any N, denoted by eq(4).

(4)

V2Dﬁ¢($i)

a1 — 1
(aﬁ? + 67851 + 0%
1

ag — 1

+ B0+ + O
Lo
TN

Choosing a as the single parameter for the non-
integer dimensions with a; =g =--- =ay_1 =
1,Ds = an + (N —1). In this case, equation (10)
can be expressed as form

Vivw) = (08 +0% 4% (5)
ay —1
+ g Nﬁ 35N> V(i)
TN

After performing the calculations, we obtain
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2
28 a5 BDs—=1) .5 B 98 (Ds—2) .5
Vo =0; t—— 0, + . 25 9y, + 9y,
tan?1
/82 203 (Ds 3) &)
+ Doy + "0,
r28¢in? 2 tan 2
B2 1 25, (Ds —4) 5
TTB . 295 . 205 893 + 95 8‘93 +
sin“ -+ sin“ -2 tan -2
B B
2
+ B B 8 (agfl—l
28 sin2 %1 gin? %2 .. .gin2 =2
D~ N
+ P 39N71
tan ]‘,’8*1

3. Conformable Schrodinger equation
in N-dimensional

In this section, our objective is to derive
the Conformable Schrodinger Equation in N-
Dimensional space. The time-dependent Con-
formable Schrédinger equation in 3-D is given
by32

28
B
2mpB

In a stationary state3? when

28 | vﬂ(:eﬁ)> Uy (@i, t) = il D) Ws(w;,t).
(7)

; B
_ i pBt.
E B

Vol 1) = V() T5(t5) = vg(as)e "2
07

(Va(Zp) — EB)) Yp(zi) = 0. (8)

This equation represents the time-independent
Conformable Schrédinger equation in 3-D.3? To
generalize of conformable Schrédinger equation to
N-Dimensions, we obtain

2

After substituting eq.(6), we have

omP

2P

(Vs(&s) — Eﬁ)) ¥p(xi) = 0. (9)
8
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B (Ds —2)

28 5(Ds — 1) 8 . 258 Ié]
0 + =0+ g |0+ O,
tanﬁl
B2 28, (Ds—3) 8
+ 7 |0, + 7 0p,
2 0
r26 sin? L tan%
B 1 25, (Ds—4)
i msmz ﬁs.m2 07 % * taunﬁ O |
B B
B2 28
+ 0
8 8 08 ( On—1
728 gin? %1 sin? %2 ...sin? %
D, — N
* : % 185N_1
tan 3
omP .
- hTB(VB(fEﬁ) — EP)yg(z;) = 0.
B

(10)

4. Free particle in N-dimensional space
Cartesian coordinates

In this section, we aim to particle in N-
dimensional space polar coordinates illustrate
the Conformable Schrédinger Equation in N-
dimensional space by solving it for Free particles.

For free particles V(23) = 0 the eq.(10) becomes:

B(Dg —1
031 (ae) + 22 = Doy 0,
B2 | 25 (Ds—2)
+TTB 89;3%—75 9[,, 851 wﬂ(ﬂfz)
tanﬁ1
B2 28 , (Ds—3)
+ B 6026"' - B 852 V(i)
28 ain2 91 0y
4P sin tan
B B
B 1 o5 (Ds—4) 05
+ TTB 2 Qf 2 6‘5 393 + 05 893 ¢6($z)
sin 7s1n 5 tanF
2
oot 696 o8 (agfffl
r28 gin? Z1 sin? 72 ..sin2 =2
D N
+ S 95 angl wﬁ(xz)
tan Nﬁ’l
2mpP
+ hTBE%ﬂ(xl) =0
(&}

(11)

Using the method of separation of variables, let us
express the wave function ¢g(z;) as the product
of radial and angular components:

bp(xi) = Re(r’) Y1 '0;5(0°). (12)

Substituting this into, eq.(11) and dividing both
sides by ¥g(x;) we get

[P B(Ds — 1)
s [@BRB + :75@?3/3
2 25 , (Ds—2) 8

—— |0 ———0, | ©

+ 126015 | % " tan o 0 o
B
2 Dg—3

TR A ety JC

1728044 sin’ + tan -3

,62 1 28 (Ds —4) 8

+ 3 8 B8 89( + 8 89 O3

2035 sin? %1 sin? %2 ’ tan %3 ’

B2 28
+ o + 95 eﬁ 9[3 (aoN—l
280 (y_1)g sin’ + sin? F . .sin? =2
D N
&)

+ = 08 8‘9N—1 @(N*1)5

tan Nﬁ”

2mP
+ TﬁE%B(@) =0

i

(13)

Now, all sides of the equation must be constants.
Let us denote this constant as A, the conformable
radial equation is:

L 128 B(Ds —1) 15
R—ﬁ 0" Rg + T@, Rg
omP B2\
— B - =0 14
h;ﬁ 2P (14)
and the conformable angular part is:
D, —2
A R S VS B )
tan ?1 sin? ?1
(15)
28 | (Ds—3) o8 A —
602 + 05 892 + )\1 - 295 @2/8 — O.
tan ?2 sin? %
(16)
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(Ds — (N —1)) And J_g,(p) it is called the second solution of the

23 B
1
aHN S tan 0%, agN -2 (17) conformable Bessel equation of order Bq
B
= P08 oo (-1 ()BT
ANz — L;? Op(n_2) = 0. J_pq(p) = p (=% 2 s—0 ST (s—q+1) (%) :
sin? GNB*Q (25)
after substituting % = %, we have
2’ o L DNy g Tk = S D R\ 26
On_1 ~B(N-1) tam 9%71 On_1 °BN-1) 5(1(T )_ Z S!F(S—l—q—l—l) 2 . ( )
6 s=0
+ AN—20gn-1)=0. (18 o) — i (—1)° ) O 27
—Ball _s:0 slf(s—q+1) \ 2 ’
We will now solve these equations separately for
Rﬁ(rﬁ ) and@zﬂ(&8 ) The solution of the radial part is represented as:

07 Rg + P Vo Ry + 82 [K2 — A5] R =0 Rs= (PR 5) [A gy (r ) + BJ_ g, (rK)] . (28)

(19) The constant B, must equal zero since the
where K2 = ;32?[32 EB. Tet P = % — af = Schrodinger equation’s solution must be finite and
) 5P 9 regular
K@g — 0% = K28pﬂ. Thus, we have
Ry = (rPK)(1='5) AJ (rK). (29)

25 ﬁ Ds_1 5 2 )\7" J—
9" Rg + ( B )ap Rg+p [1 - p2ﬁ] Rg=0. Tpe change of variable is employed to find the

(20)  solution of the angular part eq.(18). Let

Then,
Osv-1 = Xpw-1);
P02 Ry + Bap O Ry + B | — A Ry = 0(21) 0%, 5
cos 5 = Th_q1,
where a = (Ds—1) and ), is called separation con- 5
stant \, = £(£+ D — 3).% This equation is called Py _ 1 sin On_1 98
Conformable Bessel’s differential equation.®® ac- On—1 I} B v
cording to the solution for this equation in,** we 1 08
have 028 = —sin? ALy ,
On_1 ﬁQ B TN—-1
2B
1-a 28 . (I—an_q)
Rg=p" [ATsq(0) + B-q(p)] . (22) Opy—1 = Taﬂﬂg—l‘
, Thus, the eq.(18) becomes
where ¢ = —W“EZGH)‘T . After substituting

a=(Ds—1)and A\, = ¢({ + Ds — 3), we obtain

(1= a3 )%, Xav-)
\ ~ NN
Ry = 00~ %) (A3 (0) + BI_sg(p) . (23 ADe = N)hr-10hy_, Ko
+ BPAN_2Xgn-1) = 0. (30)
where ¢ = \/If—DS—i—l—Fﬁ(f—i—Ds—?)).

When comparing this equation with the Con-

it i lled the first soluti f th -
Jaalp) it s calle © st SoTHon O BHE €O formable Gegenbauer equation provided in Ref?!

formable Bessel equation of order 8q

28\ DB pBTIN-
Tsg(p) = pPO=5) yooo (1) <£>23+‘1 (1 =2®) D Dy Ty, (@) (31)

a =0 sT(s+¢+1) \ 2 oy 28(n-1 + D)2’ DETIN T ()
+ BPmy_s(my-z+2yv1 + DT " () =0.

75
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We find the eigenvalue A\y_o = my_s(my_3 +
Dy — N — 1) where yy_1 = w and the so-
lution of eq.(18) is given by

TN (2). (32)

Where Tgﬁ;{lis (x) is the Conformable Gegenbauer

polynomials.®!

Xgn-1) =

Now, let us solve eq.(17) by using the change of

variable:
Xpw-2) = Opw-2),
B
x]’B\P2 = oS GN_Q,
B
B
B _ 1 9N 2
gy, = —Bsm 5 8£N -
0,3
28 1 2 YN—2 42
8‘9N72 = ﬁsm 5 896@ -
23
528 . (1—ay_ 2)825
On_o - /82 TN-—2"

Thus, eq.(17) becomes

2
_ _ 2vN—
+ An-3— a3 2; ) Xpv—2) = 0.
11—z
N-2
(33)

where yny_9 = yny_1 + 2 %. To calculate
the eigenvalue A\y_3 let my_3 = 0. Thus, this

equation becomes

28

(1— 2% )02 Xav-2) (34)
— B(Ds—N+1)92,  Xgn_2)

+ )\N_gXB(N_Q) =0.

Again comparing this equation with the Con-
formable Gegenbauer equation,®® we obtain

_a(my_a+2yN_2+1)
mN_4(mN_4 + Dy — N)

AN-3 my
To solve eq.(33) we suppose

mN-3
2

Xpin_gy = (1 — 23 ) un-28,  (35)

where

Vol.15, No.1, pp.71-81 (2025)

my_3
D2 Xgn_a) (1—2%)"2

= 1(N=2)8
— my-_3B2°(1 —932'8)mN2_3 -
X uv-2)8; (36)
and
DS DS QXﬁ(N 2) (37)
= (-2 ) 7 DL DL o
— 2my_afal_y(1- %) T D uv_ays
— my-— 352(1—351\? 2>mz\£73_1u(N—2)ﬂ
+ my_s(my_z — 2)5%% ,
x (1- x?\?_Q)m]?S “Pun_a)s,

after multiplying this equation by (1 — 2%%), we
find

2
(1 - .1‘]\?_ )Dﬁ DQN 2XB(N—2)

(1—a% )"

(38)

N-3

1

* DﬁN 2
2 m
$NB 2)

mN_3
my_ 362(1—:102’8 9) 2

DgN S W(N-2)8

2mn_3Bry (1 — UW(N-2)8

ITN-2

U(N-2)p
2
my_3(my_3 —2)8 xN 9

) mN_3
(123 )

5 —

U(N=-2)8-

Substituting eqs.(35),(36), and (38) in
multiplying by (1 — 2?2 )%, we have

(33) and

Ié] B
(1—:13 Dy ,Di.

2)

2my— 3533N ZDQN 2U(N=2)8 — TMN- 352“(N—2)ﬁ

U(N—-2)3 (39)

+ my_s(my_s — 2)B%% (1 — a3 ) Tun oy
— 2B _y(yn- 2+ 1)DJ . un—2)s

+ 2B( -2+ Vmy-_3Bay ,(1— 2% ) un_p
+ B my_a(my_g+2yn_2+1)

my—3(my—_3+ 2v7v_2)

- 1_ x2ﬁ U(N-2)5-
Thus, we arrived to
(1- ZL‘ )DgN 2D5N72U(N—2)5

— 2B} _y(my—s+v—2+ 1)DE Juv_a)s
+ Bmy-a(my-q + 2yn-2 + 1) (40)
— my-_s(mn_3+ 2yv_2 + 1)]uy_25 = 0.

51

The Conformable Gegenbauer equation reads as
76
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2 _
- 26(71\7—2 + 1)x]ﬂV—2D£N72TgT]7\;;2—4(l‘)
+ 52mN74(mN74 + 2vN—2 + 1)Tgrj:]l;274 (x) =0.

Taking the conformable derivative of order my_s,
for (41), we find

DmN=sB[(1 — o3 DS - DP TN

TN-—2

T’YN—Q

- QB(WN—Q + 1)DmN_3B[$J%—2D£N—2 Bmy_4 (x)]

+ BPmy_a(my_a+2yN_2+ 1)T;,ﬁj_4 (z)
= 0.

after using conformable Leibniz rule,® we have

D381 — o3 DS DS TN-2

TN—2
(1-— xﬁvﬂd)DmN—sﬁDﬁDngg; (@)

— 2mN_3ﬁ$?V_2DmN’3BDngg&2_4 (v)

— my_s(my_g— 1)BZD"NSPTIN"2 () (43)

Dm=sBlal DS TN (2)] (44)
= af_,DmN=ADE TN ()

— my_3fDNSITIN 2 (1)

Substituting eqs(43)and (44) in (42), we have

DA

ITN-—-2

2
(1— 2% _,)D}

ITN-—2

DmN_SBTgN72

MN—4 (x

8]

DmN74[3T7N72 (

BmN—4

- 251715\/72(mN—4 + v + l)DB

TN -2

)

ons Dgmyy (7))

(42)

ons Dgmpyy (7))

" B2lmn—a(mn—14+27n—2 + 1)
— s e DT 0

- 0
(45)

comparing this equation with eq.(40) we find the
eq.(35) becomes

28 mN-3

Xgnv—g)y =1 —ay_5) 2 D’"N*SBTEZL(@

(46)

the separations constants take the values,*®

A W(+D—3), £=01,---, (47)
A1 mo(mo + D —4), (48)
mo=0,1,--- ,my <,
Ao = mi(my+ D —5), (49)
my=0,1,--- ,m; <my
(50)
AN—3 = my_a(my_g+ D —N), (51)
my—4=0,1,-- ,mn_g <mn_5,
AN—2 = my_s(my_s+D—-N-1), (52)

my-3=0,1,--- ;my_g <my_s.

The generalized quantum number n, ¢, mq,mo,
..., mN_2, clearly follows the following quantiza-
tion rule®

my-3<my_4<my_5---<mp<Ll<n (53)

4.1. Free particle in N-dimensional space
Cartesian coordinates

The time-independent conformable Schrédinger
equation in N-dimensional space in Cartesian co-
ordinates is written as

any —1
(02 + 0%+ -+ +8 00 (54)
N

mB
27125(‘/5(173) - Eﬁ)) ¥p(xi) = 0.
8

For free particle after using Dy = ay + (N — 1)
this equation becomes

D, — N
(ag? + 0P+ 40P 4 5;7555455)
N

2m/
h25Eﬂ> Yg(zi) = 0.
B

+

By employing the separation method vg(z;) =
HfilXiﬁ(a:B), we derive

1 1
—9PX —dPX
X150 1 + X5 22 28 +
1|0 D;— N _g
b Ry e I
2mP
+ hT(EflJrEfQJr-- +E8
5

Thus, we obtain
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029X15 + K2 Xi5=0, (57)
2m?
2
B
070 X3 + K2,X5p =0, (58)
2m/
2
B
Ds;— N
[aﬁﬁ + B Sxﬁ O+ K2 | Xng=0,
N
, 9P , (59)
Kﬁ?N = hQB Eﬂ?N
B
The solution to these equations are
_af
Xig = A exp zkxl? (60)
_al
Xig = Az, exp zkxz? (61)
B

TN_1

B

X(N—I)B = AIN_lexp (ikl’N—l

) (62)

For the solution of eq.(59), after multiplying by
28

Ty, we have
N 0% X + Baay 0l X + ki ay X = 0,
(63)
We then introduce the change of variables Let
s
ty = - = Oy = kg0 = 054 = k2,0,

This yields
P03 Xng + Bap’ ) Xng + p* Xng = 0. (64)

Here a = (Ds; — N). This equation is resembles to
eq.(21) when A\, = 0. Hence, the solution to this
equation is

Xng = pP 7 [Adsglp) + B _ge(p)],  (65)

where ¢ = 15% . After substituting a = (Ds — N)

of
.

andazjﬁv = , the solution becomes:

XNB = m?\?kf]% [Ang({ENk?xN) + B‘]—ﬂq(xNkwN)] >
(66)

78

where ¢ = #. To ensure the solution of
the Schrodinger equation is finite and regular, the
constant B must be set to zero.

— Pay.Bq

XNB N mNA‘Jﬁq(SUkaN)v (67)

The total wave function for free particles in N-
dimensional space is

V(i) Y, Xi5(2”)
= Xlﬂ(lﬁ)Xgﬁ(lLﬁ) . XNB(:UB)
= CallJgq(wnkay) (68)
B
T
x I exp (ikxj : 5J>
96@ xﬁ :rﬁ xﬁ
where k;; = kmlﬁl%—km%—i—- : '+kxN7N. The

total energy for free particles in N-dimensional
space is given by

EF = EJ +E} +--+E}
Y
= W[k§1+k§2+---+k§]v]. (69)

7y

8

For 3D, where N = Dy =3 — ¢ = %, the wave
B3 .
(i) Cxy? JB% (x3ksy) exp | iky,

function takes form

s
Note that Ref,>3 Tg1(wskas) = /-2 sin <k:p3x§>

Thus, we can rewrite the wave functions:
2 . zf )
\/;sm (k‘%g’) exp (z >
B
exp | ¢

)
kmz?
5. Conclusions
We used the separation of the variable method to
solve a time-dependent conformable Schrodinger
equation of order 0 < 8 < 1, in fractional space
domains of space dimension, 0 < Dy < 3. This
allows us to obtain the total energy for a free par-
ticle in fractional space dimensions for the general

7y

X exp (z’k:m2 5

B

s () kg

X
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case D < 3 and g < 1. For D is an integer and
B8 = 1, we arrive at the same results as in the
traditional solutions.
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