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In this paper, we investigate a time-dependent conformable Schrödinger equa-
tion of order 0 < β ≤ 1, in fractional space domains of space dimension,
0 < Ds ≤ 3. We examine a specific example within the realm of free particle
conformable Schrödinger wave mechanics, focusing on both N-Polar and N-
Cartesian coordinates systems. We find that the conformable quantities align
with the regular counterparts when β = 1.
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1. Introduction

The concept of fractional dimension was intro-
duced by mathematician Felix Hausdorff in 1918.
This concept gained significant importance, espe-
cially after Mandelbrot’s groundbreaking discov-
ery of fractal geometry,1 where he applied frac-
tional dimensionality to elucidate the connections
between fractional and integer dimensions using
the scaling method, specifically,

dαx =
π

α
2 |x|α−1

Γ(α2 )
dx, 0 < α ≤ 1. (1)

Physically, the confinement of low-dimensional
systems has been successfully described using
fractional dimensional space. This approach by,
He2,3 involves substituting an effective space for

the actual confining structure, with the non-
integer dimension serving as a measure of its
confinement or anisotropy. Furthermore, re-
searchers across various scientific and technolog-
ical domains have dedicated considerable efforts
to exploring this study.4–11

Many physical systems have been investi-
gated using methodologies involving fractional-
dimensional space. Research on critical phenom-
ena (see, for example,12) fractal structures,13–15

and the modeling semiconductor heterostructure
systems16,17 usually takes into consideration the-
oretical schemes dealing with non-integer space
dimensionalities. Fractional Dimensions refer to
the general concept of non-integer dimensions
in various mathematical contexts, whereas Frac-
tal Dimensions are a specific type of fractional
dimension used to measure the complexity and
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self-similarity of fractals. In other words, all frac-
tal dimensions are fractional dimensions, but not
all fractional dimensions are fractal dimensions.

In these frameworks, fractional dimensionality.
Refers to an additional effective environment used
to represent the real system rather than the phys-
ical space itself. However, some authors have also
considered the possibility that genuine spacetime
has a dimension slightly different from four.18,19

Observations suggest that spacetime dimension-
ality deviates from four in a minor manner.18,19

Nonetheless, the question of whether the dimen-
sion of spacetime is an integer or a fractional
number is crucial due to its conceptual signifi-
cance. Moreover, intriguing implications arise if
spacetime has a dimension other than four. For
instance, it is well-known that, even with a tiny
deviation of elements, the logarithmic divergences
of quantum electrodynamics once the value of
four is exceeded.20 Furthermore, the deformation
of quantum mechanics in fractional-dimensional
space is explored in Ref.21

One of the most fascinating recent topics in var-
ious physical scientific fields is the application
of fractional calculus. In 1695, L’Hospital and
Leibniz corresponded regarding the meaning of
non-integer order derivatives dnf

dxn when n = 1
2 .

22

Hence, the concept of non-integer order deriva-
tives first emerged from those exchanges. Frac-
tional derivatives have been defined in various
ways throughout history, including Riemann-
Louville,22,23 Caputo.24 Grunwald-Latnikov,25

Riesz26 Weyl27 and Riesz-Caputo.28 As most of
these definitions involve fractional integrals, they
all inherit nonlocal properties from integrals.

Khalil et al.29 introduced a novel derivative con-
cept called the conformable derivative a few years
ago, building upon the definition of the deriva-
tive. Therefore, the conformable derivative can be
viewed as an extension of the original definition
of a derivative. The term conformable derivative
(CD) is one definition used to describe the non-
integer derivative, employing the limit definition
of the derivative.29

Definition 2.1. Given a function f ∈ [0,∞) →
R. The conformable derivative of f with order β
is defined by29

Tβ(f)(t) = lim
ϵ→0

f(t+ ϵt1−β)− f(t)

ϵ
(2)

for all t > 0, β ∈ (0.1).

The conformable derivative is straightforward in
that it fulfills the Leibniz and chain principles as
well as the general characteristics of the ordinary
derivative. In.30,31

Properties29

1-Tβ(af+bg) = aTβ(f)+bTβ(g) for all real con-
stant a, b

2-Tβ(fg) = fTβ(g) + gTβ(f)

3-Tβ(t
p) = ptp−β for all p

4-Tβ(
f
g ) =

gTβ(f)−fTβ(g)

g2

5- Tβ(c) = 0 with c is constant.

In this paper, we adopt Dβf to denote the con-
formable derivative (CD) of f of order β, Tβ(f)(t).

A strong mathematical tool that improves com-
plex system modeling in physics and engineering,
among other domains, is the conformable deriva-
tive. The reason for its usefulness is that it can
overcome the drawbacks of classical derivatives,
especially when nonlocal events and discontinu-
ities are involved. Below are references highlight-
ing its usefulness.32–45

2. Conformable N-dimensional polar
coordinates

In this section, we aim to derive a concise expres-
sion for the conformable scalar Laplacian in N
dimensions. We rely on N-dimensional polar co-
ordinates as outlined in Ref,46,47 along with the
conformable trigonometric function described in
Ref,32 and conformable spherical coordinates de-
tailed in Ref.33 The conformable N-dimensional
polar coordinates are defined as follows

xβ1 = rβ cos
θβ1
β
,

xβ2 = rβ sin
θβ1
β

cos
θβ2
β
,

xβ3 = rβ sin
θβ1
β

sin
θβ2
β

cos
θβ3
β
,

· · ·

xβN−1 = rβ sin
θβ1
β

sin
θβ2
β

sin
θβ3
β

· · · sin
θβN−2

β
cos

θβN−1

β
,

xβN = rβ sin
θβ1
β

sin
θβ2
β

sin
θβ3
β

· · · sin
θβN−1

β
.

Where 0 ≤ θa ≤ π, (a = 1, 2, 3, · · · , N − 2), 0 ≤
θN−1 ≤ 2π.
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rβ =

√
x2β1 + x2β2 + · · ·+ x2βN−1 + x2βN

θβ1
β

= arccos
x1√

x2β1 + x2β2 + · · ·+ x2βN−1 + x2βN

,

θβ2
β

= arccos
x2√

x2β2 + · · ·+ x2βN−1 + x2βN

,

θβ3
β

= arccos
x3√

x2β3 + · · ·+ x2βN−1 + x2βN

,

· · ·

θβN−2

β
= arccos

xN−2√
x2βN−2 + x2βN−1 + x2βN

,

θβN−1

β
= arccos

xN−1√
x2βN−1 + x2βN

.

(3)

Considering the scalar Laplacian operator in N-
Dimensional as suggested in Ref,48 and utilizing
the conformable gradient and conformable scalar
Laplacian operator in 3-D as employed in.31,34 We
can express the Conformable scalar Laplacian op-
erator in N-Dimensional as

∇2β
D =

N∑
i=1

∂2βxi
+
αi − 1

xβ
i
β

∂βxi
. (4)

Let us analyze the conformable Schrödinger equa-
tion for any N, denoted by eq(4).

∇2β
D ψ(xi) =

(
∂2βx1

+ β
α1 − 1

xβ1
∂βx1

+ ∂2βx2

+ β
α2 − 1

xβ2
∂βx2

+ · · ·+ ∂2βxN

+ β
αN − 1

xβN
∂βxN

)
ψ(xi)

Choosing αN as the single parameter for the non-
integer dimensions with α1 = α2 = · · · = αN−1 =
1, Ds = αN + (N − 1). In this case, equation (10)
can be expressed as form

∇2β
D ψ(xi) =

(
∂2βx1

+ ∂2βx2
+ · · ·+ ∂2βxN

(5)

+ β
αN − 1

xβN
∂βxN

)
ψ(xi)

After performing the calculations, we obtain

∇2β
D = ∂2βr +

β(Ds − 1)

rβ
∂βr +

β2

r2β

∂2βθ1 +
(Ds − 2)

tan
θβ1
β

∂βθ1


+

β2

r2β sin2
θβ1
β

∂2βθ2 +
(Ds − 3)

tan
θβ2
β

∂βθ2


+
β2

r2β
1

sin2
θβ1
β sin2

θβ2
β

∂2βθ3 +
(Ds − 4)

tan
θβ3
β

∂βθ3

+ . . .

+
β2

r2β sin2
θβ1
β sin2

θβ2
β . . . sin2

θβN−2

β

(
∂2βθN−1

+
Ds −N

tan
θβN−1

β

∂βθN−1


(6)

3. Conformable Schrödinger equation
in N-dimensional

In this section, our objective is to derive
the Conformable Schrödinger Equation in N-
Dimensional space. The time-dependent Con-
formable Schrödinger equation in 3-D is given
by32

(
−

ℏ2ββ
2mβ

∇2β + Vβ(x̂β)

)
Ψβ(xi, t) = iℏββD

β
t Ψβ(xi, t).

(7)

In a stationary state32 when

Ψβ(xi, t) = ψβ(xi)Tβ(t
β) = ψβ(xi)e

− i

ℏβ
β

Eβ tβ

β

.
So,

(
∇2β − 2mβ

ℏ2ββ
(Vβ(x̂β)− Eβ)

)
ψβ(xi) = 0. (8)

This equation represents the time-independent
Conformable Schrödinger equation in 3-D.32 To
generalize of conformable Schrödinger equation to
N-Dimensions, we obtain

(
∇2β

D − 2mβ

ℏ2ββ
(Vβ(x̂β)− Eβ)

)
ψβ(xi) = 0. (9)

After substituting eq.(6), we have
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∂2βr +
β(Ds − 1)

rβ
∂βr +

β2

r2β

∂2βθ1 +
(Ds − 2)

tan
θβ1
β

∂βθ1


+

β2

r2β sin2
θβ1
β

∂2βθ2 +
(Ds − 3)

tan
θβ2
β

∂βθ2


+
β2

r2β
1

sin2
θβ1
β sin2

θβ2
β

∂2βθ3 +
(Ds − 4)

tan
θβ3
β

∂βθ3

+ . . .

+
β2

r2β sin2
θβ1
β sin2

θβ2
β . . . sin2

θβN−2

β

(
∂2βθN−1

+
Ds −N

tan
θβN−1

β

∂βθN−1


− 2mβ

ℏ2ββ
(Vβ(x̂β)− Eβ)ψβ(xi) = 0.

(10)

4. Free particle in N-dimensional space
Cartesian coordinates

In this section, we aim to particle in N-
dimensional space polar coordinates illustrate
the Conformable Schrödinger Equation in N-
dimensional space by solving it for Free particles.

For free particles Vβ(x̂β) = 0 the eq.(10) becomes:

∂2βr ψβ(xi) +
β(Ds − 1)

rβ
∂βr ψβ(xi)

+
β2

r2β

∂2βθ1 +
(Ds − 2)

tan
θβ1
β

∂βθ1

ψβ(xi)

+
β2

r2β sin2
θβ1
β

∂2βθ2 +
(Ds − 3)

tan
θβ2
β

∂βθ2

ψβ(xi)

+
β2

r2β
1

sin2
θβ1
β sin2

θβ2
β

∂2βθ3 +
(Ds − 4)

tan
θβ3
β

∂βθ3

ψβ(xi)

+ · · ·+ β2

r2β sin2
θβ1
β sin2

θβ2
β . . . sin2

θβN−2

β

(
∂2βθN−1

+
Ds −N

tan
θβN−1

β

∂βθN−1

ψβ(xi)

+
2mβ

ℏ2ββ
Eβψβ(xi) = 0.

(11)

Using the method of separation of variables, let us
express the wave function ψβ(xi) as the product
of radial and angular components:

ψβ(xi) = Rβ(r
β)ΠN−1

i=1 Θiβ(θ
β). (12)

Substituting this into, eq.(11) and dividing both
sides by ψβ(xi) we get

1

Rβ

[
∂2βr Rβ +

β(Ds − 1)

rβ
∂βrRβ

]

+
β2

r2βΘ1β

∂2βθ1 +
(Ds − 2)

tan
θβ1
β

∂βθ1

Θ1β

+
β2

r2βΘ2β sin
2 θβ1

β

∂2βθ2 +
(Ds − 3)

tan
θβ2
β

∂βθ2

Θ2β

+
β2

r2βΘ3β

1

sin2
θβ1
β sin2

θβ2
β

∂2βθ3 +
(Ds − 4)

tan
θβ3
β

∂βθ3

Θ3β

+ · · ·+ β2

r2βΘ(N−1)β sin
2 θβ1

β sin2
θβ2
β . . . sin2

θβN−2

β

(
∂2βθN−1

+
Ds −N

tan
θβN−1

β

∂βθN−1

Θ(N−1)β

+
2mβ

ℏ2ββ
Eβψβ(xi) = 0.

(13)

Now, all sides of the equation must be constants.
Let us denote this constant as λ, the conformable
radial equation is:

1

Rβ

[
∂2βr Rβ +

β(Ds − 1)

rβ
∂βrRβ

]
+
2mβ

ℏ2ββ
Eβ − β2λr

r2β
= 0. (14)

and the conformable angular part is:

∂2βθ1 +
(Ds − 2)

tan
θβ1
β

∂βθ1 + λr −
λ1

sin2
θβ1
β

Θ1β = 0,

(15)[
∂2βθ2 + (Ds−3)

tan
θ
β
2
β

∂βθ2 + λ1 − λ2

sin2
θ
β
2
β

]
Θ2β = 0.

(16)
...
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∂2βθN−2

+
(Ds − (N − 1))

tan
θβN−2

β

∂βθN−2
(17)

+ λN−3 −
λN−2

sin2
θβN−2

β

Θβ(N−2) = 0.

...

∂2βθN−1
Θβ(N−1) +

(Ds −N)

tan
θβN−1

β

∂βθN−1
Θβ(N−1)

+ λN−2Θβ(N−1) = 0. (18)

We will now solve these equations separately for
Rβ(r

β) andΘiβ(θ
β)

∂2βr Rβ + β(Ds−1)
rβ

∂βrRβ + β2
[
K2 − λr

r2β

]
Rβ = 0

(19)

where K2 = 2mβ

ℏ2ββ β2
Eβ. Let rβ = ρβ

K → ∂βr =

K∂βρ → ∂2βr = K2∂2βρ . Thus, we have

∂2βρ Rβ + β(Ds−1)
ρβ

∂βρRβ + β2
[
1− λr

ρ2β

]
Rβ = 0.

(20)

Then,

ρ2β∂2βρ Rβ + βaρβ∂βρRβ + β2
[
ρ2β − λr

]
Rβ = 0(21)

where a = (Ds−1) and λr is called separation con-
stant λr = ℓ(ℓ+Ds−3).49 This equation is called
Conformable Bessel’s differential equation.50 ac-
cording to the solution for this equation in,50 we
have

Rβ = ρβ
1−a
2
[
AJβq(ρ) +BJ−βq(ρ)

]
, (22)

where q =
√
a2+1−2a+4λr

2 . After substituting
a = (Ds − 1) and λr = ℓ(ℓ+Ds − 3), we obtain

Rβ = ρβ(1−
Ds
2 ) [AJβq(ρ) +BJ−βq(ρ)] . (23)

where q =

√
D2

s
4 −Ds + 1 + ℓ(ℓ+Ds − 3).

Jβq(ρ) it is called the first solution of the con-
formable Bessel equation of order βq

Jβq(ρ) = ρβ(1−
Ds
2 )∑∞

s=0
(−1)s

s!Γ(s+q+1)

(
ρβ

2

)2s+q
.

(24)

And J−βq(ρ) it is called the second solution of the
conformable Bessel equation of order βq

J−βq(ρ) = ρβ(1−
Ds
2 )∑∞

s=0
(−1)s

s!Γ(s−q+1)

(
ρβ

2

)2s−q
.

(25)

after substituting rβ = ρβ

K , we have

Jβq(rK) =
∞∑
s=0

(−1)s

s!Γ(s+ q + 1)

(
rβK

2

)2s+q

. (26)

J−βq(rK) =
∞∑
s=0

(−1)s

s!Γ(s− q + 1)

(
rβK

2

)2s−q

. (27)

The solution of the radial part is represented as:

Rβ = (rβK)(1−
Ds
2 ) [AJβq(rK) +BJ−βq(rK)] .(28)

The constant B, must equal zero since the
Schrödinger equation’s solution must be finite and
regular

Rβ = (rβK)(1−
Ds
2 )AJβq(rK). (29)

The change of variable is employed to find the
solution of the angular part eq.(18). Let

Θβ(N−1) = Xβ(N−1),

cos
θβN−1

β
= xβN−1,

∂βθN−1
= − 1

β
sin

θβN−1

β
∂βx1

,

∂2βθN−1
=

1

β2
sin2

θβN−1

β
∂2βxN−1

,

∂2βθN−1
=

(1− x2βN−1)

β2
∂2βxN−1

.

Thus, the eq.(18) becomes

(1− x2βN−1)∂
2β
xN−1

Xβ(N−1)

− β(Ds −N)xβN−1∂
β
θN−1

Xβ(N−1)

+ β2λN−2Xβ(N−1) = 0. (30)

When comparing this equation with the Con-
formable Gegenbauer equation provided in Ref51

(1− x2β)Dβ
xD

β
xT

γN−1

βmN−3
(x) (31)

− 2β(γN−1 + 1)xβDβ
xT

γN−1

βmN−3
(x)

+ β2mN−3(mN−3 + 2γN−1 + 1)T
γN−1

βmN−3
(x) = 0.
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We find the eigenvalue λN−2 = mN−3(mN−3 +
Ds − N − 1) where γN−1 = Ds−N−2

2 and the so-
lution of eq.(18) is given by

Xβ(N−1) = T
γN−1

βmN−3
(x). (32)

Where T
γN−1

βmN−3
(x) is the Conformable Gegenbauer

polynomials.51

Now, let us solve eq.(17) by using the change of
variable:

Xβ(N−2) = Θβ(N−2),

xβN−2 = cos
θβN−2

β
,

∂βθN−2
= − 1

β
sin

θβN−2

β
∂βxN−2

,

∂2βθN−2
=

1

β2
sin2

θβN−2

β
∂2βxN−2

,

∂2βθN−2
=

(1− x2βN−2)

β2
∂2βxN−2

.

Thus, eq.(17) becomes

[
(1− x2βN−2)∂

2β
xN−2

− β(Ds −N + 1)∂βxN−2

+ λN−3 −
mN−3(mN−3 + 2γN−2)

1− x2βN−2

]
Xβ(N−2) = 0.

(33)

where γN−2 = γN−1 +
1
2 = Ds−N−1

2 . To calculate
the eigenvalue λN−3 let mN−3 = 0. Thus, this
equation becomes

(1− x2βN−2)∂
2β
xN−2

Xβ(N−2) (34)

− β(Ds −N + 1)∂βxN−2
Xβ(N−2)

+ λN−3Xβ(N−2) = 0.

Again comparing this equation with the Con-
formable Gegenbauer equation,51 we obtain

λN−3 = mN−4(mN−4 + 2γN−2 + 1)

= mN−4(mN−4 +Ds −N).

To solve eq.(33) we suppose

Xβ(N−2) = (1− x2βN−2)
mN−3

2 u(N−2)β, (35)

where

Dβ
x1
Xβ(N−2) = (1− x2β)

mN−3
2 Dβ

x1
u(N−2)β

− mN−3βx
β(1− x2β)

mN−3
2

−1

× u(N−2)β, (36)

and

Dβ
xN−2

Dβ
xN−2

Xβ(N−2) (37)

= (1− x2βN−2)
mN−3

2 Dβ
xN−2

Dβ
xN−2

u(N−2)β

− 2mN−3βx
β
N−2(1− x2βN−2)

mN−3
2

−1Dβ
xN−2

u(N−2)β

− mN−3β
2(1− x2βN−2)

mN−3
2

−1u(N−2)β

+ mN−3(mN−3 − 2)β2x2βN−2

× (1− x2βN−2)
mN−3

2
−2u(N−2)β,

after multiplying this equation by (1 − x2β), we
find

(1− x2βN−2)D
β
x1
Dβ

xN−2
Xβ(N−2) (38)

= (1− x2βN−2)
mN−3

2
+1Dβ

xN−2
Dβ

xN−2
u(N−2)β

− 2mN−3βx
β
N−2(1− x2βN−2)

mN−3
2 Dβ

xN−2
u(N−2)β

− mN−3β
2(1− x2βN−2)

mN−3
2 u(N−2)β

+ mN−3(mN−3 − 2)β2x2βN−2

× (1− x2βN−2)
mN−3

2
−1u(N−2)β.

Substituting eqs.(35),(36), and (38) in (33) and

multiplying by (1− x2β)
m
2 , we have

(1− x2βN−2)D
β
xN−2

Dβ
xN−2

u(N−2)β (39)

− 2mN−3βx
β
N−2D

β
xN−2

u(N−2)β −mN−3β
2u(N−2)β

+ mN−3(mN−3 − 2)β2x2βN−2(1− x2βN−2)
−1u(N−2)β

− 2βxβN−2(γN−2 + 1)Dβ
xN−2

u(N−2)β

+ 2β(γN−2 + 1)mN−3βx
2β
N−2(1− x2βN−2)

−1u(N−2)β

+ β2 [mN−4(mN−4 + 2γN−2 + 1)

− mN−3(mN−3 + 2γN−2)

1− x2βN−2

]
u(N−2)β.

Thus, we arrived to

(1− x2βN−2)D
β
xN−2

Dβ
xN−2

u(N−2)β

− 2βxβN−2(mN−4 + γN−2 + 1)Dβ
xN−2

u(N−2)β

+ β2[mN−4(mN−4 + 2γN−2 + 1) (40)

− mN−3(mN−3 + 2γN−2 + 1)]u(N−2)β = 0.

The Conformable Gegenbauer equation reads as51
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(1− x2βN−2)D
β
xN−2

Dβ
xN−2

T
γN−2

βmN−4
(x) (41)

− 2β(γN−2 + 1)xβN−2D
β
xN−2

T
γN−2

βmN−4
(x)

+ β2mN−4(mN−4 + 2γN−2 + 1)T
γN−2

βmN−4
(x) = 0.

Taking the conformable derivative of ordermN−3,
for (41), we find

DmN−3β[(1− x2βN−2)D
β
xN−2

Dβ
xN−2

T
γN−2

βmN−4
(x)]

− 2β(γN−2 + 1)DmN−3β[xβN−2D
β
xN−2

T
γN−2

βmN−4
(x)]

+ β2mN−4(mN−4 + 2γN−2 + 1)T
γN−2

βmN−4
(x)

= 0. (42)

after using conformable Leibniz rule,52 we have

DmN−3β[(1− x2βN−2)D
β
xN−2

Dβ
xN−2

T
γN−2

βmN−4
(x)]

= (1− x2βN−2)D
mN−3βDβ

xD
β
xT

γN−2

βmN−4
(x)

− 2mN−3βx
β
N−2D

mN−3βDβ
xT

γN−2

βmN−4
(x)

− mN−3(mN−3 − 1)β2DmN−3βT
γN−2

βmN−4
(x) (43)

DmN−3β[xβN−2D
β
xN−2

T
γN−2

βmN−4
(x)] (44)

= xβN−2D
mN−3βDβ

xN−2
T
γN−2

βmN−4
(x)

− mN−3βD
mN−3βT

γN−2

βmN−4
(x)

Substituting eqs(43)and (44) in (42), we have

(1− x2βN−2)D
β
xN−2

Dβ
xN−2

DmN−3βT
γN−2

βmN−4
(x)

− 2βxβN−2(mN−4 + γ1 + 1)Dβ
xN−2

DmN−4βT
γN−2

βmN−4
(x)

+ β2[mN−4(mN−4 + 2γN−2 + 1)

− mN−3(mN−3 + 2γN−2 + 1)]DmN−4βT
γN−2

βmN−4
(x)

= 0.

(45)

comparing this equation with eq.(40) we find the
eq.(35) becomes

Xβ(N−2) = (1− x2βN−2)
mN−3

2 DmN−3βT
γN−2

βmN−4
(x)

(46)

the separations constants take the values,48

λr = ℓ(ℓ+D − 3), ℓ = 0, 1, · · · , (47)

λ1 = m0(m0 +D − 4), (48)

m0 = 0, 1, · · · ,m0 ≤ ℓ,

λ2 = m1(m1 +D − 5), (49)

m1 = 0, 1, · · · ,m1 ≤ m0

... (50)

λN−3 = mN−4(mN−4 +D −N), (51)

mN−4 = 0, 1, · · · ,mN−4 ≤ mN−5,

λN−2 = mN−3(mN−3 +D −N − 1), (52)

mN−3 = 0, 1, · · · ,mN−4 ≤ mN−5.

The generalized quantum number n, ℓ,m1,m2,
...,mN−2, clearly follows the following quantiza-
tion rule5

mN−3 ≤ mN−4 ≤ mN−5 · · · ≤ m0 ≤ ℓ ≤ n (53)

4.1. Free particle in N-dimensional space
Cartesian coordinates

The time-independent conformable Schrödinger
equation in N-dimensional space in Cartesian co-
ordinates is written as

(
∂2βx1

+ ∂2βx2
+ · · ·+ ∂2βxN

+ β
αN − 1

xβN
∂βxN

(54)

− 2mβ

ℏ2ββ
(Vβ(x̂β)− Eβ)

)
ψβ(xi) = 0.

For free particle after using Ds = αN + (N − 1)
this equation becomes

(
∂2βx1

+ ∂2βx2
+ · · ·+ ∂2βxN

+ β
Ds −N

xβN
∂βxN

(55)

+
2mβ

ℏ2ββ
Eβ

)
ψβ(xi) = 0.

By employing the separation method ψβ(xi) =

ΠN
i=1Xiβ(x

β), we derive

1

X1β
∂2βx1

X1β +
1

X2β
∂2βx2

X2β + . . .

+
1

XNβ

[
∂2βxN

XNβ + β
Ds −N

xβN
∂βxN

XNβ

]

+
2mβ

ℏ2ββ
(Eβ

x1
+ Eβ

x2
+ · · ·+ Eβ

xN
) = 0.(56)

Thus, we obtain
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∂2βx1
X1β + K2

x1
X1β = 0, (57)

K2
x1

=
2mβ

ℏ2ββ
Eβ

x1
.

∂2βx2
X2β + K2

x2
X2β = 0, (58)

K2
x2

=
2mβ

ℏ2ββ
Eβ

x2
.

...[
∂2βxN

+ β
Ds −N

xβN
∂βxN

+K2
xN

]
XNβ = 0,

K2
xN

=
2mβ

ℏ2ββ
Eβ

xN

(59)

The solution to these equations are

X1β = Ax1 exp

(
ikx1

xβ1
β

)
(60)

X1β = Ax2 exp

(
ikx2

xβ2
β

)
(61)

...

X(N−1)β = AxN−1 exp

(
ikxN−1

xβN−1

β

)
.(62)

For the solution of eq.(59), after multiplying by

x2βN , we have

x2βN ∂2βxN
XNβ + βaxβN∂

β
xN
XNβ + k2xN

x2βN XNβ = 0,
(63)

We then introduce the change of variables Let

xβN = ρβ

kxN
→ ∂βxN = kxN∂

β
ρ → ∂2βxN = k2xN

∂2βρ .

This yields

ρ2β∂2βρ XNβ + βaρβ∂βρXNβ + ρ2βXNβ = 0. (64)

Here a = (Ds−N). This equation is resembles to
eq.(21) when λr = 0. Hence, the solution to this
equation is

XNβ = ρβ
1−a
2 [AJβq(ρ) +BJ−βq(ρ)] , (65)

where q = 1−a
2 . After substituting a = (Ds −N)

andxβN = ρβ

kxN
, the solution becomes:

XNβ = xβqN k
βq
xN [AJβq(xNkxN ) +BJ−βq(xNkxN )] ,

(66)

where q = 1−Ds+N
2 . To ensure the solution of

the Schrödinger equation is finite and regular, the
constant B must be set to zero.

XNβ = xβqN k
βq
xN
AJβq(xNkxN ), (67)

The total wave function for free particles in N-
dimensional space is

ψβ(xi) = ΠN
i=1Xiβ(x

β)

= X1β(x
β)X2β(x

β) . . . XNβ(x
β)

= CxβqN Jβq(xNkxN ) (68)

× ΠN−1
j=1 exp

(
ikxj ·

xβj
β

)

where kxj ·
xβ
j

β = kx1

xβ
1
β +kx2

xβ
2
β + · · ·+kxN

xβ
N
β . The

total energy for free particles in N-dimensional
space is given by

Eβ = Eβ
x1

+ Eβ
x2

+ · · ·+ Eβ
xN

=
ℏ2ββ
2mβ

[k2x1
+ k2x2

+ · · ·+ k2xN
]. (69)

For 3D, where N = Ds = 3 → q = 1
2 , the wave

function takes form

ψβ(xi) = Cx
β 1

2
3 Jβ 1

2
(x3kx3) exp

(
ikx1

xβ1
β

)

× exp

(
ikx2

xβ2
β

)

Note that Ref,53 Jβ 1
2
(x3kx3) =

√
2

πxβ sin

(
kx3

xβ
3
β

)
.

Thus, we can rewrite the wave functions:

ψβ(xi) =

√
2

π
sin

(
kx3

xβ3
β

)
exp

(
ikx1

xβ1
β

)

× exp

(
ikx2

xβ2
β

)

5. Conclusions

We used the separation of the variable method to
solve a time-dependent conformable Schrödinger
equation of order 0 < β ≤ 1, in fractional space
domains of space dimension, 0 < Ds ≤ 3. This
allows us to obtain the total energy for a free par-
ticle in fractional space dimensions for the general
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case D ≤ 3 and β ≤ 1. For D is an integer and
β = 1, we arrive at the same results as in the
traditional solutions.
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