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a b s t r a c t

Currently, most models for multiple fractured horizontal wells (MFHWs) in naturally fractured
unconventional reservoirs (NFURs) are based on classical Euclidean models which implicitly as-
sume a uniform distribution of natural fractures and that all fractures are homogeneous. While
fractal theory provides a powerful method to describe the disorder, heterogeneity, uncertainty and
complexity of the NFURs. In this paper, a fractally fractional diffusion model (FFDM) for MFHWs in
NFURs is established based on fractal theory and fractional calculus. Particularly, fractal theory is
used to describe the heterogeneous, complex fracture network, with consideration of anomalous
behavior of diffusion process in NFURs by employing fractional calculus. The Laplace trans-
formation, line source function, dispersion method, and superposition principle are used to solve
this new model. The pressure responses in the real time domain are obtained with Stehfest nu-
merical inversion algorithms. The type curves of MFHW with three different outer boundaries are
plotted. Sensitivity analysis of some related parameters are discussed as well. This new model
provides the relatively more accurate and appropriate evaluation results for pressure transient
analysis for MFHWs in NFURs, which could be applied to accurately interpret the real pressure data
of an MFHW in field.

Copyright © 2017, Southwest Petroleum University. Production and hosting by Elsevier B.V. on
behalf of KeAi Communications Co., Ltd. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Multiple fractured horizontal wells (MFHWs) were widely
used for improving the productivity of unconventional reser-
voirs. Even though a great deal of work has been devoted to
develop an analytical/semi-analytical model to provide a more
accurate pressure response for MFHWs in naturally fractured
unconventional reservoirs (NFURs) [1e12], all of which are based

on classical Euclidean models by implicitly assuming a uniform
distribution of natural fractures and that all fractures are ho-
mogeneous. So the heterogeneous, complex fracture network
remain a challenge to characterize correctly and exactly.

Although some attempts have been made to incorporate the
discrete fracture network(DFN) models of naturally fractures to
the seepage model of naturally fractured system [13e16], but the
complication and computing costs of the DFN model makes it
difficult to directly apply. Accordingly, developing a faster, more
efficient and more flexibility analytical/semi-analytical seepage
model to account for the heterogeneity, uncertainty and
complexity of the detail structure of fractures is very desirable,
which is the basis for a more accurate and approximate evalua-
tion results for pressure transient analysis for MFHWs in NFURs.

There have been evidence shown that the pressure transient
response in a naturally fractured reservoirs often behaves non-
uniform responses. While fractal theory is an efficient tool to
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incorporate the non-uniform pressure response, which makes
the assumption that the fracture networks are fractal in nature.
From this point, the fracture network system was no longer
characterized by two distinct scales: embedded matrix and
fracture. The permeable fracture network was assumed to have a
fractal structure, whichwas heterogeneous at all of the lengths of
the scales. Chang and Yortsos [17] were the first authors intro-
ducing the fractal theory to describe the pressure response of a
naturally fractured reservoir. Acuna et al. [18] obtained the
simplified fractal model of a naturally fractured reservoir. Beier
[19] extended the fractal model to a vertical fractured in reser-
voirs with a fractal structure. Both of them observed that the
wellbore pressure is a power-law function of time during the
linear and radial flow periods. Olarewaju [20] used fractal theory
to develop the heterogeneous reservoir permeability for flow
simulation. Lopez and Velazquez [21,22] derived the short and
long time asymptotic approximations of the analytical solution
from the fractal model with or without matrix participation.
Zhao and Zhang [23] developed the pressure-transient type
curves in reservoirs of fractal structure. Cossio et al. [24,25]
introduced fractal geometry to vertical fractured wells, an
improved fractal tri-linear flow model based on fractal perme-
ability and porosity relationship was derived. Wang et al. [26,27]
applied the fractal tri-linear flowmodel to MFHWs in shale/tight
oil reservoirs. Sheng et al. [28] and Zhang et al. [29] presented a
semi-analytical model for vertically fractured wells by employ-
ing fractal porosity and permeability. Tan et al. [30e33] develop
transient flow models of tree-shaped fractal reservoirs by
embedding a tree-shaped fractal fracture network into a matrix
system.

However, as the diffusion process of complex and disordered
systems, including fractal system is history dependent, the
memory of flow and non-locality are pivotal in all stages of
production, for which the classical diffusion equation is no
longer applicable, which is called anomalous diffusion. There
have been many studies showing that the flow of tight reservoir
deviates from Darcy flow behavior [34,35]. As its difficult to
capture the memory of a flow in fractal system via integer-order
calculus, while fractional calculus incorporates the hereditary of
complex processes by introducing a kernel function. Specifically,
in the last two decades, there are many works done on modeling
anomalous diffusion of fractally fractured reservoirs by applying
the fractional calculus to consider the complexity of anomalous
diffusion process in fractured system [36e41].

Recently, in the light of the source solution, Raghavan and
Chen [42e46] introduced fractional derivatives to study anom-
alous diffusion performance of vertical fractured wells and
MFHWs in reservoir with single porosity, by considering the
continuous time randomwalk (CTRW) in the hydraulic fractured
reservoir. Ozcan et al. [47,48] incorporate the anomalous diffu-
sion model into the trilinear flow model to study the pressure
transient response in a fractal unconventional reservoir. While
their models do not strictly reflect the sense of fractal geometry.

Ren and Guo [49] improved the model proposed by Raghavan
and Chen to double porosity model for MFHWs in shale gas
reservoirs with consideration of anomalous diffusion. However
their models are on the basis of classical Euclidean geometry,
that is, their models haven't taken into account of the disorder,
heterogeneity, uncertainty and complexity of the naturally
fractures.

By using fractional calculus to consider the complexity of
anomalous diffusion process in fractal system, several authors
have developed some fractional diffusion models on the basis of
the fractal geometry, which we can be called fractally fractional
diffusion model (FFDM). Velazquez et al. [50] developed a FFDM

for naturally fractured reservoirs with fractal fractures, and
investigate the production decline behavior in a naturally frac-
tured reservoirs of single porosity and double porosity system
with fractal fractures networks, which includes the generaliza-
tion of diffusion equations with a temporal fractional derivative.

Razminia et al. [51e53] obtained an appropriate analytical
solution of productivity for FFDM in double-porosity reservoirs
with fractal fractures, and fractal radial composite single-
porosity reservoirs. Razminia et al. [54] then analyze the pres-
sure behavior of a vertical well with an infinite conductivity
vertical fracture in a fractal single-porosity reservoir on the basis
of temporal fractional derivative, by employing the line source
function.

Based on the tri-linear flow model, Wei et al. [55] and Wang
et al. [56] also use the fractal theory to describe the fracture
network in SRV, and consider the flow characteristics of anom-
alous diffusion in the complex system by employing fractional
calculus, they both improve the tri-linear flow model to fractally
fractional tri-linear flow model for MFHWs in unconventional
reservoirs.

In this paper, a FFDM for MFHWs in NFURs is established
based on fractal theory and fractional calculus. Laplace trans-
formation and the line source function are adopted to obtain the
basic line-source solution, then the pressure response of MFHWs
in NFURs is derived by dispersion method, and superposition
principle based on the line-source solutions. Type curves are
then plotted by employing Stehfest numerical inversion algo-
rithm, and different flow regimes of MFHWs in NFURs are
identified. The effects of relevant parameters, especially the
fractal dimension and anomalous diffusion index on transient
pressure response are analyzed.

The presented FFDM take a comprehensive consideration of
fractal nature of natural fractures and fractional anomalous
diffusion of the dual-porosity system by applying the temporal
fractional derivative, which provides a new understanding of the
pressure response of MFHWs in NFURs, and can be applied to a
more accurate and appropriate interpretation of the real pres-
sure data in field.

2. Physical model

Fig. 1 is the schematic of MFHW in an NFUR from top view.
The simplified schematic illustration in Fig. 2 shows that an
MFHW with completely penetrating hydraulic fractures in an

Fig. 1. Schematic of MFHW in NFURs from top view.
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NFUR. Fig. 3 shows a front view of an MFHW in an NFUR with
impermeable top and bottom boundaries.

The assumptions are given as follows:

3. Mathematical model

In terms of seepage model for MFHWs in NFURs, the source
function is the most classical method to deal with this problem
with any complex boundary condition. Based on the basic line
sink solution and by discretizing hydraulic fractures, the pressure
responses of MFHWs in NFURs can be obtained.

3.1. Fractally fractional diffusion model

3.1.1. Fractal permeability and fractal porosity
It is well known that the flow distribution and pressure

propagation of naturally fractured reservoirs (double porosity
systems) is mainly controlled by the relatively high-conductivity
natural fractures. We only consider the natural fractures as the
fractal object.

Considering the complex distribution of the natural fractures,
we use the simplified fractal formalism for matrix and fractures
proposed by Chang and Yortsos (1990) and modified by Acuna
and Yortsos (1994), in which the fractal permeability and fractal
porosity are described as power-law functions in a radial

coordinate system. Based on the fractal geometry, the fractal
permeability and fractal porosity are introduced to describe the
fracture network. The fractal permeability and porosity of the
fractures are given by introduced a reference lengthLref .

kf ðrÞ ¼ kfr

 
r

Lref

!dmf�d�q

(1)

ff ðrÞ ¼ ffr

 
r

Lref

!dmf�d

(2)

wherekfr andffr are the permeability and porosity, at the refer-
ence length; Lref is the reference length; d is the Euclidean
dimension, and for cylindrical-symmetry reservoirs,d ¼ 2; dmf is
the mass fractal dimension of nature fractures, which represents
the complexity of the structure of the fractal nature fractures; q
denotes the anomalous diffusion index, which is also called
conductivity index, responsible for the anomalous degree
departing from conventional diffusion process; r is the radial
coordinate of arbitrary point in the system.

3.1.2. Fractally fractional diffusion equations
We can obtain the fractally fractional diffusion (FFD) equa-

tions by applying fractal permeability, fractal porosity, and
temporal fractional derivatives:

FFD equations

kfr
m

 
r

Lref

!dmf�q�2 
v2pf
vr2

þ dmf � q� 1
r

vpf
vr

!
þ akm

m

�
pm � pf

�

¼ ctfffr

 
r

Lref

!dmf�2
vgpf
vtg

(3)

Fig. 2. Simplified physical model for MFHW.

(1). The NFURs are dual-porosity medium including matrix and natural fracture system. The natural fractures are fractal objects, which is embed in the Euclidean
matrix.

(2). The distribution of initial pressure is uniform in NFURs. The naturally fractured unconventional reservoir has impermeable top and bottom boundaries, which
can be seen as a cylindrical system, by ignoring the flow in the vertical direction.

(3). The flow of the fluid in the Euclidean matrix and the fractal natural fractures both follows temporal fractional anomalous diffusion. The anomalous diffusion
index of the Euclidean matrix is assumed equal to that of the fractal natural fractures.

(5). The hydraulic fractures are assumed to be regular shaped fractures with infinite conductivity, and the number of hydraulic fractures is M.
(6). The MFHW produces at a constant rate, whereas the flow rate of each hydraulic fracture is distinct.

Fig. 3. Profile of impermeable top and bottom boundaries.
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ctmfm
vgpm
vtg

¼ akm
m

�
pf � pm

�
(4)

For gas
As the gas viscosity and compressibility factor are functions of

the pressure and temperature conditions, the pseudo-pressure of
gas in an isothermal reservoir can be defined as

j ¼
Zp
0

2p
mgZ

dp (5)

where j is the pseudo-pressure of gas (Pa/s), mg is the gas vis-
cosity (Pa s), and Z is the compressibility factor of gas
(dimensionless).

Then, substituting the gas density and pseudo-pressure into
Eqs. (3)e(6), we can also obtain the FFD equations and the
boundary conditions for unconventional gas reservoirs.

The Caputo fractional order derivative is introduced to
equations above.

vgp
vtg

¼ 1
Gðm� gÞ

Zt
0

ðt � tÞm�g�1pmðtÞdt (6)

where½g� ¼ m2Zþ, m� 1<g<m. G denotes the Gamma func-
tion, that is:

GðvÞ ¼
Z∞
0

e�ttv�1dt (7)

The order g of the temporal fractional derivative has a rela-
tionship with the anomalous diffusion index as follows:

g ¼ 2=ð2þ qÞ (8)

Initial condition

pf ðr;0Þ ¼ pmðr;0Þ ¼ pi (9)

The inner boundary condition for a line sink:

lim
r/0

2ph
mB

kfr

 
r

Lref

!dmf�q�2�
r
vp
vr

�
¼ �bq (10)

where bq is production rate of the line sink, m3/s;
The outer boundary condition
For infinite outer boundary (IOB)

pf ðr/∞;0Þ ¼ pi (11)

For constant pressure outer boundary (CPOB)

pf ðre;0Þ ¼ pi (12)

For closed outer boundary (COB)

vpf
vr

����
r¼re

¼ 0 (13)

Before discussing the mathematical model above, we define
some dimensionless variables as shown in Table 1.

With the definition of these dimensionless variables, the
dimensionless forms of the FFD equations above can be pre-
sented as follows:

FFD equations

1
rqD

v2pDf
vr2D

þ b

rqþ1
D

vpDf
vrD

¼ u
vgpDf
vtgD

þ ð1� uÞr2�dmf

D
vgpDm
vtgD

(14)

b ¼ dmf � q� 1 (15)

whereb ¼ dmf � q� 1, g ¼ 2=ð2þ qÞ.
For the convenience of solving the FFD equations, we can

ignore the term,r2�dmf

D , thoughdmf is not equal to 2. Then Eq. (14)
can be simplified as the following form:

pDf ðrD;0Þ ¼ pDmðrD;0Þ ¼ 0 (16)

Dimensionless initial condition

pDf ðrD;0Þ ¼ pDmðrD;0Þ ¼ 0 (17)

Dimensionless inner boundary condition:

rbD
vpDf
vrD

����
rD/0

¼ �bqDðtDÞ (18)

Dimensionless outer boundary condition:

pDf ðrD/∞; tDÞ ¼ 0; for IOB (19)

pDf ðreD; tDÞ ¼ 0; for CPOB (20)

vpDf ðr; tDÞ
vr

����
r¼re

¼ 0; for COB (21)

The Laplace transformation is used to deal with the present
model, we can obtain the formation of FFDM in the Laplace
domain:

FFD equations

1
rqD

v2pDf
vr2D

þ b

rqþ1
D

vpDf
vrD

¼ uugpDf þ ð1� uÞugpDm (22)

ugpDm ¼ l

ð1� uÞ
�
pDf � pDm

�
(23)

The inner boundary condition for a line sink:

lim
rD/0

rbD
dpDf
drD

¼ �bqD (24)

lim
rD/∞

pDf ðrD;uÞ ¼ 0; for IOB (25)

Table 1
Definition of the dimensionless variables.

Dimensionless pressure pD ¼ 2phkf
qmBl

ðpi � pðr; tÞÞ
Dimensionless time tD ¼ kfr t

ðfmctmþffr ctf ÞmL2ref
Dimensionless radial distance rD ¼ r

Lref

Storativity ratio u ¼ ffr ctf
fmctmþffr ctf

Interporosity coefficient l ¼ a km
kfr
L2ref

Dimensionless wellbore storage CD ¼ C
2phðfmctmþffr ctf ÞL2ref

Skin factor S ¼ 2phkf
qmBl

Dps
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pDf ðreD;uÞ ¼ 0; for CPOB (26)

vpDf ðr;uÞ
vr

����
r¼re

¼ 0; for COB (27)

3.2. Solution of the FFDM

The general solution of the FFD equations is:

pDf ðrD;uÞ ¼ rð1�bÞ=2
D

�
AIv

� ffiffiffiffiffiffiffiffiffi
f ðuÞ

q
gðrD;uÞ

�
þ BKv

� ffiffiffiffiffiffiffiffiffi
f ðuÞ

q
gðrD;uÞ

�	
(28)

where:

f ðuÞ ¼ uð1� uÞug þ l

ð1� uÞug þ l

gðrD;uÞ ¼
2ug=2

2þ q
rð2þqÞ=2
D

v ¼ 1� b

2þ q

With three different outer boundaries, we can obtain the
three line source solutions in Laplace space as follows:

For IOB case

pDf ðrD;uÞ ¼ B1bqDrð1�bÞ=2
D Kv

� ffiffiffiffiffiffiffiffiffi
f ðuÞ

q
gðrD;uÞ

�
(29)

where:

B1 ¼ 2

Gð1� vÞð2þ qÞ1�vuvg=2
� ffiffiffiffiffiffiffiffiffi

f ðuÞ
p �v

For CPOB case

pDf ðrD;uÞ ¼ rð1�bÞ=2
D

�
A2Iv

� ffiffiffiffiffiffiffiffiffi
f ðuÞ

q
gðrD;uÞ

�
þ B2Kv

� ffiffiffiffiffiffiffiffiffi
f ðuÞ

q
gðrD;uÞ

�	
(30)

where:

A2 ¼ X2

X1X4 þ X2X3
bqD

B2 ¼ X1

X1X4 þ X2X3
bqD

X1 ¼ Iv

� ffiffiffiffiffiffiffiffiffi
f ðuÞ

q
gðreD;uÞ

�

X2 ¼ Kv

� ffiffiffiffiffiffiffiffiffi
f ðuÞ

q
gðreD;uÞ

�

X3 ¼ sinðð1� vÞpÞ
p

Gð1� vÞ
� ffiffiffiffiffiffiffiffiffi

f ðuÞ
q �v

 
u

g

2

2þ q

!v�1

u
g

2

X4 ¼ Gð1� vÞ
2

� ffiffiffiffiffiffiffiffiffi
f ðuÞ

q �v
 

u
g

2

2þ q

!v�1

u
g

2

For COB case

pDf ðrD;uÞ ¼ rð1�bÞ=2
D

�
A3Iv

� ffiffiffiffiffiffiffiffiffi
f ðuÞ

q
gðrD;uÞ

�
þ B3Kv

� ffiffiffiffiffiffiffiffiffi
f ðuÞ

q
gðrD;uÞ

�	
(31)

where:

A3 ¼ X6

X5X8 � X6X7
bqD

B3 ¼ X5

X5X8 � X6X7
bqD

X5 ¼ u
g

2r
1þq�b

2
eD

ffiffiffiffiffiffiffiffiffi
f ðuÞ

q �
I1�v

� ffiffiffiffiffiffiffiffiffi
f ðuÞ

q
gðreD;uÞ

�
þ 2
p
sinðð1� vÞpÞ,K1�v

� ffiffiffiffiffiffiffiffiffi
f ðuÞ

q
gðreD;uÞ

�	

X6 ¼ u
g

2r
1þq�b

2
eD

ffiffiffiffiffiffiffiffiffi
f ðuÞ

q
K1�v

� ffiffiffiffiffiffiffiffiffi
f ðuÞ

q
gðreD;uÞ

�

X7 ¼ sinðð1� vÞpÞ
p

Gð1� vÞ
� ffiffiffiffiffiffiffiffiffi

f ðuÞ
q �v

 
u

g

2

2þ q

!v�1

u
g

2

X8 ¼ Gð1� vÞ
2

� ffiffiffiffiffiffiffiffiffi
f ðuÞ

q �v
 

u
g

2

2þ q

!v�1

u
g

2

3.3. Pressure responses solution for MFHWs

By discretizing fractures and applying principle of super-
position, we can obtain the pressure responses of MFHWs.

As shown in Fig. 4, which is the top view of Fig. 2, both of the
left and right wing of each fracture are discretized into N equal
segments, so we can get 2N discrete segments in each fracture.
The midpoint coordinates for the jth segment of the ith fracture,
ðbxi;j; byi;jÞ , are:8>><>>:
bxi;j ¼ �2N � 2jþ 1

2N
LFLi sin ai

byi;j ¼ yi þ
2N � 2jþ 1

2N
LFLi cos ai

;1 � j � N (32)

8>><>>:
bxi;j ¼ 2j� 2N � 1

2N
LFRi sin ai

byi;j ¼ yi �
2j� 2N � 1

2N
LFRi cos ai

;N þ 1 � j � 2N (33)

The endpoint coordinates of the jth segment of the ith frac-
ture ðxi;j; yi;jÞ,are:
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8>><>>:
xi;j ¼ �N � jþ 1

N
LFLi sin ai

yi;j ¼ yi þ
N � jþ 1

N
LFLi cos ai

;1 � j � N (34)

8>><>>:
xi;j ¼

j� N � 1
N

LFRi sin ai

yi;j ¼ yi �
j� N � 1

N
LFRi cos ai

;N þ 1 � j � 2N (35)

The point in the ith fracture meets the following equation:

ywi ¼ � cotðaiÞxwi þ yi (36)

We can change the equation above to dimensionless form as
follows

ywDi ¼ � cotðaiÞxwDi þ yDi (37)

Assumed that the linear flux density of at any position of the
same discrete fracture segment is equal, the pressure responses
caused by the jth segment of the ith fracture can be obtained by
integrating the continuous line source along the segment.

pDi;jðxD; yDÞ ¼ qDi;jðuÞ
Z
Gi;j

Rð1�bÞ=2
D


�
AIv

� ffiffiffiffiffiffiffiffiffi
f ðuÞ

q
gðRD;uÞ

�

þ BKv

� ffiffiffiffiffiffiffiffiffi
f ðuÞ

q
gðRD;uÞ

�	�
dl

(38)

where:

RDðxD; yD; xwDiÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxD � xwDÞ2 þ ðyD � ywDÞ2

q

dl ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðdxÞ2 þ ðdyÞ2

q
We can change the integral form to the following:

pDi;jðxD; yDÞ ¼ qDi;jðsÞ
ZxDi;jþ1

xDi;j

Rð1�bÞ=2
D PðRD;uÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cot2ðaiÞ

q
dxwDi

(39)

where:

PðRD;uÞ ¼ AIv

� ffiffiffiffiffiffiffiffiffi
f ðuÞ

q
gðRD;uÞ

�
þ BKv

� ffiffiffiffiffiffiffiffiffi
f ðuÞ

q
gðRD;uÞ

�

RDðxD; yD; xwDiÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxD � xwDiÞ2 þ ðyD þ cotðaiÞxwDi � yDiÞ2

q
By applying the superposition principle, the pressure re-

sponses at any point ðxD; yDÞ in the reservoir caused by M � 2N
segments of M fractures can be obtained as follows:

pDðxD; yDÞ ¼
XM
i¼1

X2N
j¼1

pDi;jðxD; yDÞ (40)

If we choose the discrete fracture segment ðbxk;v; byk;vÞ
(1 � k � M, 1 � v � 2N) as the ðxD; yDÞ, then the pressure re-
sponses at the discrete fracture segmentðbxDk;v; byDk;vÞ caused by
M � 2N segments of M fractures is:

pD
�bxDk;v; byDk;v� ¼

XM
i¼1

X2N
j¼1

pDi;j
�bxDk;v; byDk;v� (41)

Permeability of hydraulic fractures is much higher than that
of the unconventional reservoirs, so hydraulic fractures can be
considered as infinite conductivity. As we have assumed that
there is no pressure drop of the fluid flow in the horizontal
wellbore, it can be known that the pressure at the discrete
fracture segment of any fracture is equal to the bottom-hole
pressure, thus we can have:

pwDH ¼
XM
i¼1

X2N
j¼1

pDi;j
�bxDk;v; byDk;v� (42)

We can obtain M � 2N equations by taking different values of
k, v((k ¼ 1,2 … …M; v ¼ 1,2 … …2N)). What's more, there's a

Fig. 4. Schematic of discretion of a MFHW in top view.
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subsidiary equation given by the assumption of constant flow
rate, that is:

XM
i¼1

X2N
j¼1

h
qi;jðuÞDLFi;j

i
¼ qsc

u
(43)

where DLFi;j is length of the discrete segment (i, j).
By dimensionless treatment, Eq. (43) becomes

XM
i¼1

X2N
j¼1

"
qi;jðuÞLref

qsc

DLFi;j
Lref

#
¼ 1

u
(44)

That is:

XM
i¼1

X2N
j¼1

h
qDi;jðuÞDLFDi;j

i
¼ 1

u
(45)

So there are M � 2N þ 1 equations, with exactly M � 2N þ 1
unknowns, which includingpwDH , andM� 2N EX ¼ F at the same
time, which compose a (M � 2N þ 1) order linear algebraic
equations system which can be expressed in matrix form as
follows:

EX ¼ F (46)

Namely:

266664
E1;1ð1;1Þ E1;2ð1;1Þ / EM;2Nð1;1Þ �1
E1;1ð1;2Þ E1;2ð1;2Þ / EM;2Nð1;2Þ �1

« « « « «
E1;1ðM;2NÞ E1;2ðM;2NÞ / EM;2NðM;2NÞ �1
DLFD1;1 DLFD1;2 / DLFDM;2N 0

377775

�

266664
qD1;1
qD1;2
«

qDM;2N
pwDH

377775

¼

266664
0
0
«
0

1=u

377775 (47)

The integral calculation of the element of the coefficient
matrix,E, can be achieved by numerical integration method. As
the coefficient matrix is a dense matrix, the linear algebraic
equations can be solved directly. Then we can get the pressure
responses of MFHWs in NFURs.

According to Van Everdingen [57], we can take into account
the effects of wellbore storage and skin by Duhamel's theorem.

pwDðuÞ ¼
upwDHðuÞ þ S

uþ u2CD½upwDHðuÞ þ S� (48)

where, pwDðuÞ is the bottom-hole pressure with considering the
effects of wellbore storage and skin, pwDHðuÞ is the bottom-hole
pressure without considering the effects of wellbore storage and
skin.

Finally, pwDðuÞ is inverted into real time domain by Stehfest
numerical method [58]. Then we can obtain the bottom hole
pressure response of MFHWs in NFURs based on fractal theory
and fractional calculus.

4. Results and discussions

4.1. Type curves

For the convenience of studying on anomalous characteristics
of pressure response of MFHWs in NFURs based on fractal theory
and fractional calculus, we only study the case of symmetrical,
isometric hydraulic fractures and uniform distribution hydraulic
fractures vertical to the horizontal well.

Fig. 5 shows the pressure response of MFHWs in NFURs based
on fractal theory and fractional calculus under three different
outer boundaries. The upper lines represent the dimensionless
pressure curves, the lower lines represent the dimensionless
pressure derivative curves. There is no difference between the
three models of three different outer boundaries, except for the
late-time regime. In order to focus on the anomalous charac-
teristics of pressure response of MFHWs in NFURs based on
fractal theory and fractional calculus, we only study the case of
infinite outer boundary in following sections.

As shown in Fig. 6, by compared with the simplified form of
the model proposed by Wang [11], the FFDM is validated. Except
for the mass fractal dimensiondmf and the anomalous diffusion
indexq, the values of other relevant parameters in Fig. 6 are listed
as follows: CD ¼ 10, S ¼ 0:01, L ¼ 1000m, LF ¼ 80m, a ¼ 90

�
,

M ¼ 2, N ¼ 5, Lref ¼ 0:1m, u ¼ 0:1, l ¼ 10�4. The circle marker
curves represent the result from Wang's model, which is
perfectly in accordance with the dotted curves obtaining from
FFDM when dmf ¼ 2 and q ¼ 0. Therefore, this proposed new
model is reasonable.

4.2. Flow regimes division

The upper lines represent the dimensionless pressure curves,
the lower lines represent the dimensionless pressure derivative
curves with certain constant value of relevant parameters, and
the flow regime of MFHWs in NFURs can be divided into the
following seven regimes:

Regime I: The pure wellbore storage regime, the dimen-
sionless pseudo-pressure curve coincide with the dimensionless
pressure derivative curve, and the slope vales of both two curves
are equal to 1. This stage is mainly controlled by wellbore storage
effect.

Regime II: The early-time transition flow period, emerging
after the pure wellbore storage period, which is characterized by
a hump in the dimensionless pressure derivative curves,
reflecting the common effect of skin effect and wellbore storage.

Regime III: The early-time quasilinear flow regime, in which
the dimensionless pressure derivative curves display a straight
line with a certain slope. During this period, the fluid flow in the
reservoirs is close to a linear flowperpendicular to the surfaces of
the hydraulic fractures, whichwe can called quasilinear flow, and
each hydraulic fracture produces independently. It should be
noticed that the certain slope of this period is no longer a
consistent value, but a value changes with the mass fractal
dimensiondmf and the anomalous diffusion indexq, which is
usually larger than 1/2 and particularly marked by a 1/2 slope
trend when dmf ¼ 2 and q ¼ 0.

Regime IV: The pseudo-steady inter-porosity regime, the
period happens when fluid transfer from the matrix to natural
fractures. The pressure difference between the matrix and nat-
ural fractures causes the cross-flow. As we assume the pseudo-
steady cross-flow between the matrix and the natural fracture,
the main feature of this period is marked by a “dip” in the
dimensionless pressure derivate curves;
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Regime V: The intermediate-time pseudo-radial flow regime,
during which the pressure wave reaches the tip of every hy-
draulic fracture. The dimensionless pressure derivative keeps a
straight line with certain slope rather than a horizontal line with
a constant value of1=ð2MÞ. The position of the dimensionless
pressure derivative curves changes with the mass fractal
dimensiondmf and the anomalous diffusion indexq, which is
usually higher than 1=ð2MÞ, and in particular, when dmf ¼ 2 and
q ¼ 0, it reduced to the value of traditional Euclidean model, 1/
(2M).

Regime VI: The intermediate-time quasilinear flow regime,
during which the dimensionless pressure derivative curve also
appears a straight line with a certain slope. In this period, the
interference among different hydraulic fractures occurs when
the pressure wave reaches beyond all of the hydraulic fractures.
Owing to the consideration of the fractal geometry and anoma-
lous diffusion, the values of the dimensionless pressure deriva-
tive slope is larger than 1/2 though it is not so obvious due the
short duration, and it is nearly equal to 1/2, when dmf ¼ 2 and
q ¼ 0, namely in the traditional Euclidean model.

Fig. 5. The pressure response of MFHWs in NFURs under three different outer boundaries.

Fig. 6. Type curve of MFHWs in NFURs.
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Regime VII: The late-time pseudo-radial flow regime, as we
have assumed that the reservoir is boundless, the flow of the
fractal fractured system reaches pseudo steady-state. The
dimensionless pressure derivative keeps a straight line certain
slope instead of a horizontal line with a consistent value of 1/2,
due to the consideration of the fractal geometry and anomalous
diffusion. Similarly, the value of the straight line of dimension-
less pressure derivative is usually larger than 1/2, and increasing
linearly with the dimensionless time, and when dmf ¼ 2 and
q ¼ 0, it reduced to a horizontal line with a consistent value of 1/
2.

4.3. Sensitivity analysis

It can be observed from Fig. 7 that the mass fractal dimension
dmf of natural fractures has a significant impact on the pressure
response throughout the whole production period by increasing
the value of the dimensionless pressure and pressure derivative
curves, except for the pure wellbore storage regime and the
early-time transition flow period, which are dominate domi-
nated by wellbore storage and skin. Specifically, the slope of the
straight line of the dimensionless pressure derivative curves in
early-time quasilinear flow regime and the intermediate-time
quasi-linear flow regime is no longer a consistent value, but a
value increases with the mass fractal dimensiondmf decreasing.
The “dip” of the dimensionless pressure derivate curves in
pseudo-steady inter-porosity regime is higher with a smaller
mass fractal dimensiondmf . The dimensionless pressure deriva-
tive is characterized by a straight line with a certain slope rather
than a horizontal line with a constant value, and the position of
the straight line of the dimensionless pressure derivative in the
intermediate-time pseudo-radial flow regime is no longer at a
constant value of 1/(2M), which is usually larger with a smaller
dmf . Similarly, in the late-time pseudo-radial flow regime, the
dimensionless pressure derivative keeps a straight line certain
slope instead of a horizontal line with a consistent value of 1/2,
which is increasing with the mass fractal dimensiondmf

decreasing, and the value of the straight line of dimensionless
pressure derivative is usually larger than 1/2, and increasing
linearly with the dimensionless time. What's more, we can also
see from Fig. 7 that the influence of the mass fractal
dimensiondmf on dimensionless pressure and pressure deriva-
tive curves is greater and greater with the dimensionless time
increasing.

The sensitivity of the dimensionless pressure and pressure
derivative curves to the anomalous diffusion indexq is made in
Fig. 8. What different from the influence of the mass fractal
dimensiondmf is that the anomalous diffusion indexq not only
affecting the value of dimensionless pressure and pressure de-
rivative curves, but also delaying the occurrence time of the
pressure response in almost the entire flow period after the
early-time transition flow regime, and the occurrence time of the
pressure response is later with a largerq. The slope of the straight
line of the dimensionless pressure derivative curves in early-
time quasilinear flow regime is not changing with the anoma-
lous diffusion indexq, but the position of the dimensionless
pressure and dimensionless pressure derivate curves are lower
with a larger value of the anomalous diffusion indexq due to the
occurrence time of the pressure response delayed. The “dip” of
the dimensionless pressure derivate curves in pseudo-steady
inter-porosity regime, shows a right-shift trending and the po-
sition is higher with a larger value of the anomalous diffusion
indexq. Similarly, the influence of the anomalous diffusion
indexq on dimensionless pressure and pressure derivative curves
in the remaining period is mainly the occurrence time delay of
the pressure response, and the change of curves position.

The storativity ratio u has significant effect on the early-time
quasilinear flow period and the pseudo-steady inter-porosity
period as shown in Fig. 9. The position of the dimensionless
pressure and dimensionless pressure derivate curves are lower
with a larger value of the storativity ratio u, and the“dip” of the
dimensionless pressure derivate curves in pseudo-steady inter-
porosity regime is deeper and wider with a smaller value of the
storativity ratio u.

Fig. 7. Effect of mass fractal dimension dmf on type curves.
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Fig. 10 indicates that the larger the value of interporosity flow
coefficient, the earlier the occurrence time of cross-flow from
matrix to natural fractures. This is because interporosity flow
coefficient is directly reflecting the difference between the
permeability of matrix and natural fractures. When the inter-
porosity flow coefficient is too large, the early-time quasilinear
flow regime is likely to be covered by the pseudo-steady cross-
flow.

As we assumed the uniform distribution fractures, the effect
of horizontal well length L is equal to the spacing of the uniform

distribution hydraulic fractures when the number of hydraulic
fractures is constant. What we can see from Fig. 11 is that the
horizontal well length L mainly affect the duration time of the
intermediate-time pseudo-radial flow regime. When the hori-
zontal well length L smaller, the intermediate-time pseudo-
radial flow regime occurs earlier, and the duration time of the
intermediate-time pseudo-radial flow regime is shorter.

As we assumed symmetrical, and isometric hydraulic frac-
tures, the length of the left fracture and right fracture is equal to
the half of hydraulic fractures lengthLF . The hydraulic fractures

Fig. 8. Effect of anomalous diffusion indexq on type curves.

Fig. 9. Effect of storativity ratio u on type curves.
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length LF mainly influences the early-time quasilinear flow
regime, in which the flow is approximately vertical to the frac-
ture surface, and the intermediate-time pseudo-radial flow
regime, in which the flow is approximately around each single
fracture. It can be seen from Fig. 12 that the position of the
dimensionless pressure and pressure derivative curves in the
early-time quasilinear flow regime is higher, and the duration
time of the intermediate-time pseudo-radial flow regime is
longer. What's more, with the hydraulic fractures length LF

longer, the characteristic of the intermediate-time pseudo-radial
flow regime is less and less obvious.

The hydraulic fractures numberM has a great influence on the
almost entire period, except for the early-time pure wellbore
storage regime and the late-time pseudo-radial flow regime as
shown in Fig. 13. The position of the dimensionless pressure and
pressure derivative curves is lower with more hydraulic frac-
tures. This is because the fluid flow more easily into the bottom
hole as the bigger the flow area of fluid flow into the horizontal
wells with the increase of the hydraulic fractures number M,

Fig. 10. Effect of interporosity flow coefficient l on type curves.

Fig. 11. Effect of horizontal well length L on type curves.
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thereby the pressure loss of the seepage is reduced. The inter-
ference between hydraulic fractures is greater as the hydraulic
fractures number M increasing, which result in shorter duration
time of the intermediate-time pseudo-radial flow regime.

5. Conclusions

1. A new fractally fractional diffusion model (FFDM) of double
porosity system with a comprehensive consideration of
fractal nature of fractures and fractional anomalous diffusion

of the fractured reservoir has been developed for the MFHWs
in NFURs, by applying the temporal fractional derivative. And
the pressure response for theMFHWs in NFURs is obtained by
the Laplace transformation, line source function, dispersion
method, superposition principle and Stehfest numerical
inversion algorithm. The type curves of multi-fractured hor-
izontal well with three different outer boundaries are plotted.

2. The characteristics of type curves are analyzed, especially the
anomalous characteristics different from that of conventional
model. It has been found that the type curves resulting from

Fig. 12. Effect of hydraulic fractures length LF on type curves.

Fig. 13. Effect of hydraulic fractures number M on type curves.
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the FFDM, is no longer the curves with consistent value or
constant slope in corresponding regimes. The fractally frac-
tional flow of MFHWs in NFURs are divided into 7 flow re-
gimes: the pure wellbore storage regime, the early-time
transition flow period, the early-time quasilinear flow regime,
the pseudo-steady inter-porosity regime, the intermediate-
time pseudo-radial flow regime, the intermediate-time qua-
silinear flow regime, the late-time pseudo-radial flow regime.

3. Sensitivity analysis of some relevant parameters have been
discussed, especially the influence of the mass fractal
dimensiondmf of natural fractures and the anomalous diffu-
sion indexq of the natural fractured system on the dimen-
sionless pressure and pressure derivative curves is studied in
detail. The mass fractal dimension dmf has a significant
impact on the pressure response throughout the whole pro-
duction period by improving the position of the dimension-
less pressure and pressure derivative curves, except for the
pure wellbore storage regime and the early-time transition
flow period. The influence of the anomalous diffusion indexq
on the dimensionless pressure and pressure derivative curves
is mainly delaying the occurrence time of the pressure
response, and also the change of curves position.

4. The proposed model incorporating the fractal theory and
fractional calculus to consider fractal nature of natural frac-
tures and fractional anomalous diffusion characteristic of the
fractured system, which provides a new understanding of the
pressure response of MFHWs in NFURs, and can be used to
interpret the well testing data of MFHWs in NFURs in field
and to study the property of the reservoir more accurately,
which are important for efficient reservoir development.
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Nomenclature

Variables
Bl volume factor, dimensionless
C wellbore storage coefficient, m3/Pa
ctm total compressibility of the matrix, Pa�1

ctf total compressibility of the micro fractures, Pa�1

dmf the mass fractal dimension of nature fractures,
dimensionless

h reservoir thickness, m
kf permeability of natural fracture system, m2

kfr permeability of natural fracture system at the reference
length, m2

km permeability of the matrix, m2

Lref reference length, m
L length of the horizontal well, m
LFLi length of left wing of ith hydraulic fracture, m
LFRi length of right wing of ith hydraulic fracture, m
M the number of hydraulic fractures
Mg apparent molecular weight of shale gas, kg/mol
N the divided segments number of each half hydraulic

fracture
pf pressure of natural fractures, Pa
pm pressure of the matrix, Pa
pi initial pressure of reservoirs, PabqðtÞ surface production rate of the line sink, m3/s

q* cross-flowmass rate per unit reservoir between matrix
and natural fractures, kg/m3

qi;j flux density of the jth segment in the ith fracture, m3/
(m·s)

qsc constant surface production rate of the MFHW, m3/sbqD dimensionless production rate of the line sink,
dimensionless

r radial distance, m
rw well radius of horizontal well, m
rD dimensionless radial distance, dimensionless
R gas constant, J/(mol K)
S skin factor, dimensionless
t time, s
tD dimensionless time, dimensionless
T reservoir temperature, K
x; y the cartesian coordinate, m
yi y-coordinate of the intersection of the ith fracture and

y-axis, m
Z the compressibility factor of gas, dimensionless
r fluid density, kg/m3

ff porosity of natural fracture system, fraction
ffr permeability of natural fracture system at the reference

length, fraction
fm porosity of the matrix, fraction
m fluid viscosity, Pa·s
a shape factor, 1/m2
ai the angle between ith fracture and y-axis, degree
q the anomalous diffusion index of the fractured system,

dimensionless
j pseudo-pressure for gas, Pa/s
u storativity ratio, dimensionless
l interporosity flow coefficient, dimensionless

Subscript
D dimensionless
m matrix
f natural fractures
F hydraulic fractures

Superscript
Laplace transform

Appendix A. Supplementary data

Supplementary data related to this article can be found at
http://dx.doi.org/10.1016/j.petlm.2016.12.005.
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