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Transfers Orbit Design from Lunar Frozen Orbit to Near Rectilinear Halo Orbit
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Abstract: A multi-maneuver approach to transition from Lunar Frozen Orbit (LFO) to a cislunar L2 Near Rectilinear Halo

Orbit (NRHO) was developed in this research. LFO was utilized to provide the navigation or communication platform for lunar

exploration. They are long-term stable orbits with constant orbital elements on average. Subsets of Halo orbit families, known as

NRHO, are orbits that are nearly stable. Due to their important locations in cislunar space, the L2 NRHO are considered as possible

launching platforms for deep space or lunar exploration mission. For upcoming cislunar space exploration missions, the low fuel

consumption transfer approach between these orbits is very valuable. Utilizing the maximum stretching direction to determine the

insertion maneuver, the spacecraft may rapidly approach NRHO. In order to optimize the transfer trajectories, a nonlinear

programming problem was developed. The optimization results with different transfer windows in the high-fidelity model were given

for the transfer from LFO to NRHO, demonstrating the reliability of the proposed strategy.
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Highlights:

e The design of transfer trajectory from LFOs to NRHOs was investigated.

e The maximum stretching direction was utilized to make the spacecraft approach NRHO rapidly with little Av.

e The transfer trajectories were designed in both CR3BP and high-fidelity model, demonstrating the potential for engineering

applications providing new mission orbits for future cislunar space missions.
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Introduction

Over the past few years, lunar exploration has
aroused considerable interest among researchers and
engineers'’. The Artemis mission, carried out by the
National Aeronautics and Space Administration (NASA),
lights the hope of human to come back to the lunar again®.
The Chang’E series lunar exploration program of the
China National Space Administration has broken through
the issue of sampling and return from the far side of the
Moon, which further reveals the mysterious veil of the
Moon". The Chandrayaan-3 mission carried out by Indian

Space Research Organization is the first successful lunar
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landing mission of India, which has also provided further
understanding of the Moon™. With the increasing desire of
more and more countries for lunar exploration, the investiga-
tion of orbital dynamics in the vicinity of the Moon has
become more important. The dynamics in the vicinity of
the Moon are tangled and complex. The spacecraft in this
area will run under the combined force of the Earth and
Moon’s gravitation. There are some special orbits in this
complex dynamical environment. For example, Lunar
Frozen Orbit (LFO) and Near Rectilinear Halo Orbit
(NRHO). The circumlunar orbits are alternative options

for direct lunar exploration and relay communication
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mission orbit. NRHO could not only construct the transition
bridge between themselves and circumlunar orbits but also
possess the potential to benefit the interplanetary exploration
missions™. Therefore, developing novel approaches for
orbital transfers and analyzing the characters is crucial and
beneficial to the lunar exploration.

LFO is the circumlunar orbit, which possess constant
mean eccentricity, mean orbital inclination, and mean

" As a special solution with constant

argument of perilune
parameters, LFO is broadly applied in some lunar exploration
missions, such as the orbit for communication and
navigation'. Besides, the LFO is an excellent option for
relay satellite’s mission orbit as well. LFO could be an
alternative to the relay satellite’s orbit to NRHO. Spacecraft
on the LFO satisfies constraints and requirements for
short-duration lunar dorsal relay support mission orbit ™.
Operating in the LFO, China’s Queqiao-2 relay satellite
provided support to the Chang’e-6 probe as it lifted off
from the lunar surface, ensuring the success of the first
mission to collect samples from the far side of the Moon.
Placing relay satellites on LFO could not only improve
communication coverage capability in the South Pole
region of the Moon, but also reduce the fuel consumption
for orbit maintenance. After completing relay communica-
tion, the satellite could stay on the LFO and update the
software in orbit for adapting to new mission requirement
in the future. Another choice is to transfer to other
interesting orbits like NRHO.

Circular Restricted three-Body Problem (CR3BP) is
usually used to simplify the real gravitation field of
cislunar space. In CR3BP, the Halo orbit family is a series
of periodic spatial orbits around the collinear Lagrange
points, which can be regarded as a bifurcation of the
Lyapunov orbit. NRHO is a subset of Halo orbits, which
possess near-stable characteristics, named after its appro-
ximate straight-line shape. NRHO occupies an important
location in the cislunar space. On the one hand, the
appropriate distance from the Moon enables NRHO to be
an outstanding orbit for detection and surveillance in the
lunar vicinity"”. On the other hand, the connectivity of
NRHO makes it a transfer station in cislunar space and the
launch platform to extraterrestrial celestial bodies'".
Nowadays, the research related to NRHO has been exten-

sively studied. One research area is to investigate the

station-keeping problem for spacecraft on NRHO, which
possesses both weak stability and important strategic
value"”. Some researchers are dedicated to finding novel
approaches to directly determine ballistic multi-revolution
quasi-NRHOs within the ephemeris model, which make
the periodic orbits more practical in engineering signifi-
cance'”. Moreover, the orbital transfers connected with
NRHOs are another research area of interest. For example,
the transfer trajectory from NRHO to low-perilune orbits
and even the lunar surface"”, and the transfers from an
NRHO to a distant retrograde orbit!"”!. The transfer
strategies include direct transfer and transfer with the
assistance of invariant manifold structure. These strategies
each have their own advantages and disadvantages. The
direct way will rapidly complete the transfer trajectory,
while the manifold provides a fuel-saving possibility.
However, there is little research focusing on the
design of transfer trajectories from LFO to NRHOs. The
study on the transfer not only enriches the diversity of the
lunar exploration mission but also provides novel
investigation about the dynamical characteristic of LFO.
Therefore, this paper is intended to investigate the
design of transfer trajectories from Sun-synchronized
LFOs to NRHOs. The L2 southern 9:2 NRHO is selected
as the research object in this paper. The contributions of
this paper are as follows: Firstly, a novel multi-impulse
transfer trajectory design method is proposed, which
utilizes the stretching directions to accelerate the transfer
time. The method transforms the trajectory design problem
into a constrained nonlinear programming problem. In
order to find the optimal solution, in other words the
transfer with the minimum velocity increment, a global
optimization is applied. Secondly, the proposed method is
applied under both the CR3BP model and the high-fidelity
model to design the transfer trajectories. Several transfer
trajectories with different initial epochs are obtained and
analyzed, which proved the effectiveness of the method.
The paper is organized as follows: in Section 1, the
background information, including CR3BP and the
calculation of NRHOs and LFOs are introduced. In
Section 2, the transfer trajectory design method is
described in detail. The results and relative discussion are
in Section 3. Finally, the conclusions of the paper are

discussed in Section 4.
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1 Background

1.1 Lunar frozen orbit

There are several forms in the establishment of
dynamic equations under the Earth-Moon system. To
determine the description parameter of the lunar frozen
orbit, the Moon-Centered Inertial at Epoch (MCIE)
coordinate system is defined and utilized. Each epoch
corresponds to unique states of the Earth and the Moon.
Therefore, the definition of the system is different at
different epochs. A coordinate system is defined with its
origin at the lunar center of mass. The x-axis is directed
from the Moon to the Earth, while the z-axis is parallel to
the normal vector of the Moon’s orbital plane. The y-axis
is consequently defined by the right-hand rule. The

coordinate system is shown in Fig 1.

Fig. 1 Moon-Centered Inertial at Epoch (MCIE) coordinate system

Main perturbation to circumlunar orbit is Earth’s
third-body gravitation and the J, term of the Moon’s
gravitation. Therefore, the dynamic equations established
in the MCIE coordinate system have to include the two
main forces. The von Zeipel method' is used to obtain the
system mean dynamics equation after double averaging,
which is beneficial for simplifying problems. The equation
is denoted using the Kepler orbital elements as follows'
a=a +a+ay,
ée=¢e +e,+¢é,,

I=h+5hL+1,
Q=0+ +Q,
W=w;+w+w,
M=M,+M,+M,

(1

where a denotes the semi-major axis; e denotes
eccentricity; / denotes orbital inclination; £ denotes right
ascension of ascending node; @ denotes argument of
perilune; M is the mean anomaly. The subscript “1” refers
to the first-order term of Earth’s third-body gravitational

effect; the subscript “2” indicates the second-order term of

Earth’s third-body gravitation; and the subscript “J,”
represents the second-degree zonal harmonic, which
characterizes the Moon’s non-spherical gravitational field.

The expressions for these terms are as follows"
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where n denotes the average orbital angular velocity of the

spacecraft around Moon; n,, refers to the average orbital
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angular velocity of the Moon; n;, is the average autorota-
tion velocity of the Moon; 4 is the mass ratio coefficient of
the Earth-Moon system, which is numerically equal to that
in CR3BP; r, is the physical radius of the Moon; J, =
2.03 x 10

Lunar frozen orbit is defined as an orbit around the
Moon in which the mean eccentricity, mean orbital
inclination, and mean argument of perilune remain
constant. In other words, it must satisfy the conditions

required for a frozen orbit.

e=0

I=0 6)
w=0

To satisfy the requirements for eccentricity, possible
solutions can be derived from Egs.(1)-(4), namely e = 0,
1=10 or sin2w = 0. Then the second frozen condition can
be also satisfied simultaneously. The first two options
impose overly restrictive constraints on the spacecraft’s
orbit. Consequently, in engineering applications, the
solution sin 2w=0 is generally adopted, which allows the
argument of perilune to be determined.

T

w=t3 (6)

Dynamic model can be further simplified. The new
revision only includes the first-order term of Earth’s third-

body gravity, and the frozen condition can be rewritten as
cos’l = §(1 —ez) (7)
5

Another requirement of the mission orbit is to
synchronize the spacecraft with the Sun. Consequently,
average angular velocity of the Sun’s motion with respect
to the Moon should be equal to the precession angular
velocity of the Right Ascension of the Ascending Node
(RAAN) of orbital plane. The combined impacts of third-
body gravitational perturbation from the Earth and J, term
disturbance from the lunar non-spherical gravitational field
largely determine the orbital plane’s precession. The
RAAN’s rate of change reflects this precession.
Consequently, the RAAN precession rate must equal the
Sun’s relative angular velocity in order for the Sun to be

synchronous:

Q = Ql +Qz +Q./2 = Ngun (8)

where ng,, = 1.991 02 rad/s is the average angular velocity
of the Sun.

The Sun synchronous requirement may be reduced to
the following when the Earth’s third body gravitation’s

first order term is taken into account:

. 3 [3n
Q=== +4e) = ng, 9
4 \/gny( ¢)=n ©
Therefore, the eccentricity can be determined as
1 [Snu 1
? =3 5 5 Msun ™ 77 10
¢ 3'VC;n2" 4 (10)

m

The initial value of the lunar frozen orbit may be
found using Eqs (7) and (10) respectively. The orbit’s
form may be ascertained if the orbital semi-major axis
parameter is established. The spacecraft’s phase should be
as constant as possible to allow for easier monitoring and

control on the ground. The definition of the nodal period is

r -2 (1)

P w+M

The time it takes for a spacecraft on a disturbed
elliptical orbit to make one full revolution around a central
celestial body is known as the nodal period. Therefore, the
spacecraft will be in the same phase for every measure-
ment conducted by the ground station if the nodal period
of the spacecraft is precisely adjusted to equal the measure-
ment period. The restriction may be expressed as follows
since the frozen condition forces the derivative of the

argument of perilune to be zero:

. . . . 2
M=M1+M2+M,Z=T—ﬂ (12)
R

where Ty is the ground station measurement time. The
final two terms might be disregarded for the purpose of
calculating the beginning value. Eq (2) may be substituted
into Eq (12) to obtain the starting value of ».

However, only the first-order term of the Earth’s
third-body gravity is considered in the dynamics to
determine the initial value. The second-order term of the
third-body gravity and the J, term of the Moon must also
be considered in order to better meet the freezing and
synchronization requirements in the high-fidelity model.
Therefore, in the high-fidelity model, the orbital design

problem is transferred to solve the non-linear equations.
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Q=ng, . . . .
axis. The dynamic equations can be written as
w=0 (13)
. L. 09
M=27T/TR x—zy:—
Ox
The differential correction approach can be used to §+2% = ‘;;_'Q (14)
solve the equations. The initial value needs to be establi- 50 Y
shed first. Then, using dynamic equations that incorporate = e

the first-order term of the Earth’s third-body perturbation,
the simplified analytical partial derivative matrix is
calculated. Lastly, the differential correction method is
used to obtain high-fidelity numerical solutions in the full
perturbation model that takes into account the non-
spherical gravitational perturbation J, term of the Moon
the first-order, and second-order terms of the Earth’s third-
body gravitational perturbation. The target variables and
their values are given in Eq.(13), and the variables to be
solved are x=[n, e, cos/|".

The initial values and the converged results in the

MCIE coordinate system are listed in Table 1.

Table 1 Initial values and the converged results

Orbital element Initial value Converged results
semimajor axis/km 10 003.061 9931.320
eccentricity 0. 778 987 0.754 818
inclination/(°) 119.058 120.951

1.2 Circular restricted three-body problem

The CR3BP is a typical and reasonable approxima-
tion to describe the motion in the Earth-moon system. The
spacecraft is considered as a mass point with negligible
mass, which moves within the joint gravitation of Earth
and Moon. Earth and Moon are primary and secondary
celestial bodies, respectively. In this problem, Earth and
Moon are assumed to move in a circle around their
centroid. The motion of spacecraft is usually described in
the synodic coordinate system shown as Fig 2. The origin
is located at the barycenter of the Earth-Moon system, the
x-axis pointing from Earth to the Moon, the z-axis pointing
to the normal of the orbital plane, the y-axis meeting the
right-hand rule with the other two axes. In order to
simplify the computation, the non-dimensional equation is
used to calculate the state of the spacecraft. The masses of
Earth and the Moon are denoted as m; and m,, respectively.
The mass parameter is expressed as u=m,/(m; + m,). In
this coordinate system, the Earth is at the fixed position[—,
0, 0]", and the Moon is located at[1—, 0, 0]" along the x-

z

A
Spacecraft

Earth o Moon x

Fig.2 Synodic coordinate system in the Earth-Moon CR3BP

where the effective potential is denoted by

0= (e+y)r b (15)

r r
The symbol | and r, are respectively the distances

from the spacecraft to Earth and Moon, which can be

=)+ 2

ry= \/(x—1+,u)2+yz+z2

calculated by

(16)

The physical parameters of the Earth-Moon system

and the non-dimensional units are listed in Table 2.

Table 2 Physical parameters used in the dynamical model

Parameter Value Meaning
u 1.215058 56 x 10°  Mass ratio of the Earth-Moon system
LU/km 3.610 248 35 x 10° Length unit
TU/s 3.414 93235 x 10° Time unit
VU/(km-s™) 1.057 194 68 Velocity unit

1.3 Near rectilinear Halo orbits in CR3BP

Halo orbits are one of the traditional forms of periodic
orbits seen in the CR3BP. Studying the bifurcation of
Lyapunov orbits will yield them. It is also possible to estimate
the approximate initial value of Halo orbits analytically,
from which the periodic orbit may be obtained using the
differential correction approach”®. The numerical
continuation approach yields a single convergent solution

for the whole Halo orbit family. The set of eigenvalues for
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Halo orbits may be found in the monodromy matrix as
follows: (1, 1, 44, 1/, 45, 1/4,). Orbital stability can be
gauged using the stability indices. The eigenvalues of the
monodromy matrix define stability indices

1 1
Vi= < /L' + — 17
2 (” ” ||/1i||) 4

where /; is the eigenvalues of the monodromy matrix.

The near rectilinear Halo orbits are a subset of Halo
orbits whose projections in the x-z plane are approximately
rectilinear. The NRHOs can be selected using the stability
indices. Their stability indices values are generally
between 1 and 2. The detailed selection of NRHOs can be
found in the reference[16]. They are stable or near stable.
Southern L, NRHOs are shown in Fig 3.

7020 1 1 1 1 1 )
095 1.00 1.05 1.10 1.15 1.20
x/LU

(b) x-z plane projections

Fig.3 Southern L2 NRHO

A synodic resonance occurs when the spacecraft’s
orbital period on an NRHO creates an integer ratio with
the three-body system’s synodic period. In particular, a p:
q resonant NRHO indicates that the Moon completes ¢
circles around Earth while the spacecraft completes p
orbits in the NRHO. The southern L2 9:2 NRHO is chosen
as the transfer’s starting orbit in this investigation. Table 3

lists the selected NRHO’s initial orbital characteristics.

Table 3 Initial orbital characteristics of 9:2 NRHO
x/LU 2/LU w/VU T/TU
1.021 8813 -0.181 999 99 —0.102 950 79 1.509 263 5

The x, y, and v, denote the corresponding state
portions in synodic coordinate system. Other three state
portions are zero. T is the period of NRHO in CR3BP.

Coordinate transformation between the Earth-
centered inertial reference frame (ECI) and the Earth-
Moon barycentric synodic reference frame can be found in
reference [17] and [18]. The coordinate transformation
between Earth-centered inertial reference frame and
Moon-centered Inertial Reference Frame (MCI) can be
directly achieved by addition and subtraction among

vectors.

2  Multi-impulse transfer design
method

Three impulses are involved in the proposed transfer
trajectory method while leaving an LFO and entering an
NRHO. The spacecraft’s first separation from the LFO is
intended to be initiated by the first impulse. This impulse
plays the role in aiming the target position as well. The
target position is determined by reversing calculation from
NRHO. The last impulse is designed to exert on the
NRHO along a special direction. Then the state of the
spacecraft will be propagated backward along the time to
obtain the aforementioned target point. The nominal
second impulse is to fix the velocity difference at the
target point. A nonlinear programming problem is used to
formulate the overall trajectory design. To determine the
least amount of velocity increment needed to execute the
three moves, the transfer is optimized by a heuristic algorithm.
2.1 Transfer to NRHO using stretching directions

It is challenging to approach NRHOs using the
invariant manifolds since they are close to stable periodic
orbits. On the one hand, flying has a significant time
expense. On the other hand, relying solely on invariant
manifolds to significantly alter the spacecraft’s state is
challenging. Treating the leaving impulse as a three-
dimensional optimization variable will increase the
problem’s nonlinearity and make it more challenging to
solve.

The concept of stretching directions is proposed to

assess the impact of a maneuver . The spacecraft may
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rapidly depart from the periodic orbit if there is a change
in velocity in the direction of maximal stretching. The
impact of initial variations on the terminal states is

evaluated using the linear State Transition Matrix (STM).

ax(t) _ |:¢r,r ¢r$v:|

¢([f’ t()) = 8)(70 - ¢v,r ¢w/ (18)

where ¢, and ¢, are respectively, the initial time and final
time; x, denotes the starting state; x(¢) denotes the final
state at £ The STM can trace the influence of initial
perturbation states on the deviation of terminal states.
Consequently, it is possible to derive the modifications of
the terminal states with the initial velocity perturbations

that are specified.
D,
¢rv,v _[ ¢v,v :| (19)

where @,, , is one 6 x 3 dimensional sub-matrix of @(%,
tp). The changes of the terminal states can be regarded as
the departure from the reference orbit. The effectiveness of
the maneuver away from the beginning orbit is determined
by how sensitive the final orbital state changes are to
changes in the initial velocity. The magnitude of the
maximal stretching o that corresponds to the @, ,, can be
used to map the sensitivity. The maximum stretching o is

derived from the eigenvalue of @, ,.

o= (20)
where /; is the eigenvalue of the @, ,..

Carry out singular value decomposition to Eq. (19)
uvi=ao,,, 21

where X is a diagonal matrix combined with g;. V provides
the direction information. Applying a velocity change
along the component of V corresponding to the maximum
o;, the states at the terminal moment takes the maximum
change.
2.2 Design of the multi-impulse transfer trajectory
The design issue for the multi-impulse transfer
trajectory is converted into a restricted nonlinear
programming problem in this section. According to the
chronological order, the first parameter to be designed is
the state of the LFO before transfer. The frozen and Sun-
synchronous conditions have determined three orbital

elements. The other three orbital elements, Q, w, and M,

are variables that need to be designed. Designing these
parameters specially can satisfy the requirements of some
missions, such as orientation towards the Sun. In this
work, there is no extra requirement for the orbit, so the
three parameters are all variable within appropriate ranges.
The averaged orbital elements are required to transfer to
osculating elements and the state vector can be obtained
through osculating elements. At the end of the transfer
process, the spacecraft will enter an NRHO. In CR3BP,
the state on NRHO can be determined by a phase
parameter, like the way of determining state on Kepler
orbit using true anomaly. The phase parameter can also be
replaced with time parameter, which is the method adopted
in this work. From the perilune of the NRHO, the final
state on the NRHO can be calculated by propagating
forward for a flight time of to f;,. Then calculate the
stretching direction of the terminal state and implement the
maneuver along the stretching direction. Magnitude of the
maneuver Av; is one variable to be designed due to the
direction of the vector having been determined by the
proposed strategy, which reduces the dimension of
variables from three to one. Following that, the state is
propagated for tof; to drive the spacecraft away from
NRHO in reverse along the time and reach some target
position in the cislunar space. Lastly, the three-
dimensional velocity increment Av;=[ Avy,, Av,,, Av;,]" on
LFO is implemented to aim the target position, and the
spacecraft will fly fof, to arrive at the target position. Once
positions are overlapped, another three-dimensional
velocity Av, increment can be calculated using the two
velocity vectors at the target position. To obtain the
transfer trajectory with the minimum velocity increment,
the global optimization is applied. The global design

variables are
xg=[ tofy tofi tofy Q w M Av;] (22)

In addition, another constrained local optimization
problem is required to be nested in global optimization as

follows
XL :[ Ale AVI_\? AVlz ] (23)

The magnitude of velocity increments represents the
local optimization objective, while the amount of the

position difference serves as the constraint
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S.t. ”lf—lt“ =0

where r,is the position after spacecraft applied maneuver
Av, and time of flight; r, is the target position. By solve the
local optimization problem, the transfer trajectory in multi-
body dynamic model can be determined.

The global optimization objective is expressed as the
sum of the magnitude of the velocity increments. The

form is
Minimize: yg = Avs +y.+ v, = vl (25)

where v, is the velocity of the corresponding state of 7y; v,
is the velocity of the corresponding state of the r;.

Heuristic algorithms like genetic algorithm can be used to

1.00 _
Ly 1.02 0.05

(a) Solution on Jan 1 2026

0.98 1.00

— 3
ViU 02 0.05

(¢) Solution on Mar 1 2026

0.98 1.00
X/LU

Y
1.02 1.04 ~0.05

(e) Solution on May 12026

solve the optimization problem.
3 Results and Discussion

3.1 Results in the CR3BP model

Several solutions of transfer trajectories in the
CR3BP model are calculated by selecting several initial
epochs through the algorithm in section 2. These solutions
are shown in Fig 4. The three impulses are marked as red
points, the transfer trajectory from LFO to NRHO is
marked as purple solid and dashed lines, and it is referred
to as “TT” in the legend. The projections on various
planes are shown as solid gray lines. The detailed results

are listed in Table 4.

z/LU

VLY

(b) Solution on Feb 12026

0.96
0.98 1.00

x/LU
(d) Solution on Apr 12026

0.96

0.98 —
L0 | o)

X/LU 1.04
() Solution on Jun 12026

Fig. 4 Transfer trajectories in the CR3BP
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Table 4 Optimization results of cases for transfer trajectories RAAN of LFO could reduce the transfer consumption to
in the CR3BP model with different epochs

change the orbital plane. The detailed results show that the
Total Av/  Transfer 1st Av/ 2nd Av/ 3rd Av/

Initialepoch ) timeld  (msD  (msD  (mes) transfer time can be as short as less than 10 days and is
Jan12026 12022 26.49 9983 17.96 243 usually less than one month. The most velocity increment
Feb 12026  113.81 12.87 94.99 2.03 16.80 ) dto ch the orbital hich sh th
Mar12026 11054 1290 10129  3.08 6.17 15 used to change the orbital energy, which shows the
Apr12026  123.01 9.23 100.53 22.29 0.20 properness of the transfer method.
May 12026 127.41 26.65 104.82 18.62 3.97 3.2 Results in the ephemeris model
Jun 12026 13178 22.48 102.81 10.07 18.90 ) o
The trajectories in the Moon-centered J2000 frame
The departing point on LFO is similar in the first five (MCI) are calculated under the dynamics considering the
solutions, but it is obviously different in the case on Jun 1 gravity of Earth, the Moon, the Sun, and Jupiter, which
2026. The result is a local optimal solution, whose RAAN are as shown in Fig 5. The detailed results are listed in
is different from the other solutions. That means the proper Table 5.
NRHO
14 Transfer trajectory NRHO .
Moon Transfer trajectory
04 LFO Moon
-14 LFO
g 2]
-
z
T 4]
75‘
76‘

X/loztkm y/104 m
(a) Solution on Jan 12026 (b) Solution on Feb 1 2026
NRHO ~————— NRHO
Transfer trajectory . Transfer trajectory
Moon Moon

LFO LFQ,

2
£ ’ B
g -2 by
S 4 =
N76 0 N
-8

0
X/104

- -1
km -2 V104 kg —2

(c) Solution on Mar 12026 (d) Solution on Apr 12026
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Table S Optimization results of cases

Initial epoch Total ?v/ Tr'ansfer 1st A,‘,)/ 2nd A,,V/ 3rd A,Y/

(m's™) time/d (m's™h) (m's™h) (m's™h)
Jan 12026 121.14 6.16 101.28 19.85 0.0082
Feb 1 2026 127.87 3.40 103.89 23.90 0.0700
Mar 1 2026 116.64 13.63 102.89 7.20 6.5400
Apr 12026 129.73 8.61 103.29 26.31 0.1200
May 12026 112.87 14.62 102.34 9.27 1.2400
Jun 12026 127.49 14.57 102.62 7.54 17.3100

Through optimization, six sets of transfer results are
obtained near different initial epochs. The spacecraft may
rapidly enter the terminal orbit with a small magnitude
maneuver along the stretching direction since the third Av
values are less than 20 m/s, which is advantageous from
the stretching direction.

By comparing the optimization results under two
dynamic models, it can be concluded that the maneuver
values are very close in magnitude. That means the fuel
consumption of the proposed approach will not increase
when considering more complex model. The actual
position and velocity of the moon at different epochs will

have an impact on the results of the two models.

4 Conclusions

An innovative multi-impulse transfer trajectory
design approach from LFOs to NRHOs is proposed. The
chosen research objects are the Sun-synchronized lunar
frozen orbits and the 9:2 NRHO. Transfer flight time, LFO
orbital parameters, and other optimization factors are used
to build an optimization model for trajectory design. The
transfer trajectories under the CR3BP and high-fidelity
models are generated by solving this restricted nonlinear
optimization problem as ideally as possible. Specifically,
the proposed approach has the advantages of using the
stretching direction technique to reduce the number of
design variables while increasing orbital transfer
efficiency. But it has the limitation on designing more
complex transfer trajectories. With the suggested design
approach, many trajectories are produced. With a velocity
increment of only 110-140 m/s, detailed data demonstrate
that transfers between the two orbits may be completed
quickly. Trajectories designed under high-fidelity models
have potential for engineering applications and can
provide new mission orbit for future cislunar space

missions.
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