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ABSTRACT

Spatiotemporal mode-locked (STML) fiber lasers have garnered significant
interest in recent years for their unique ability to generate high-energy
ultrashort pulses while simultaneously supporting complex transverse
field structures. In particular, the formation of soliton molecules opens
new avenues for ultrafast signal processing, high-bit-rate optical commu-
nications, and precision metrology. In this work, we presented a mode-
resolved investigation into the birth, temporal evolution, and nonlinear
dynamics of multiple soliton molecules in an all-fiber STML laser. Addi-
tionally, our mode-resolved analysis revealed that the transverse modes
evolved synchronously during soliton-molecule formation while main- &
taining a relatively stable modal energy distribution. We further observed
that both pulse spacing and relative phase gradually converged to constant
values after a transient stage, indicating the formation of stable soliton
molecules sustained by the balance among dispersion, nonlinearity, and
gain-loss dynamics. Our study not only advances fundamental under-
standing of multi-soliton physics in complex laser cavities but also
provides a numerical basis for engineering tailored spatiotemporal soliton
molecules with controllable molecular order, spacing, and stability.
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1 Introduction lasers, the pulse evolution is mainly governed by the
balance among group-velocity dispersion, Kerr nonlin-
earity, and saturable absorption. Depending on the

intracavity parameters, these systems can support

Mode-locked fiber lasers serve as a fundamental platform
for generating ultrashort optical pulses and exploring

nonlinear dynamics. Owing to their compact architec-
ture, high environmental stability, and compatibility
with all-fiber integration, they have been widely used in
ultrafast spectroscopy, optical frequency combs, nonlinear
optics, precision metrology, and high-speed optical
communications [1-4]. In conventional single-mode fiber
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diverse mode-locking regimes, including conventional
solitons, self-similar pulses, dissipative solitons, noise-like
pulses, and multi-soliton states [5, 6]. Among them,
dissipative solitons and their bound states provide an
important route for understanding the self-organization
of ultrashort pulses in nonlinear optical cavities.
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As the pump power or intracavity gain increases, a
single soliton may become unstable and split into multiple
pulses due to nonlinear phase accumulation [7]. Under
suitable dissipative conditions, these pulses can form
stable bound states with fixed temporal separations and
locked relative phases, known as soliton molecules. Similar
to chemical molecules composed of interacting atoms,
optical soliton molecules consist of individual solitons
coupled through dispersion, gain depletion and recovery,
cross-phase modulation, and long-range nonlinear inter-
actions [8]. In conventional single-mode fiber lasers, soliton
molecules have been extensively investigated in terms of
their formation, vibration, internal motion, phase evolu-
tion, and controllable switching dynamics [9, 10]. These
studies have established soliton molecules as a represen-
tative nonlinear dynamical state and a promising carrier
for multi-level optical encoding and ultrafast information
processing [11-13].

Unlike conventional single-mode systems, spatiotem-
poral mode-locking (STML) fiber lasers support the
generation of high-energy ultrashort pulses with rich
transverse modal dynamics, offering unprecedented
opportunities in fields such as high-capacity optical
communication, nonlinear optics, and ultrafast spec-
troscopy [14-25]. While soliton molecules have been
widely studied in single-mode systems, their behavior in
multimode and spatiotemporal configurations remains
largely unexplored. Multimode fibers, particularly
graded-index multimode fibers (GIMFs), provide a natural
platform for supporting multiple transverse modes and
complex nonlinear interactions, which can dramatically
enrich the dynamics of soliton molecules [26-30].
However, the interplay between modal dispersion,
spatial filtering, saturable absorption, and nonlinear
coupling presents significant challenges for both experi-
mental observation and theoretical modeling.

In 2017, Wise et al. [31] first achieved spatiotemporal
mode-locked output in a multimode fiber laser, opening
a new era in the field of fiber lasers. In 2018, Qin et al.
[32] first observed soliton molecules in a spatiotemporal
mode-locked fiber laser. Different soliton molecules,
including soliton pairs, soliton triplets, and soliton quar-
tets, were obtained by adjusting the polarization state in
the cavity, revealing the molecular formation mechanism
and tunability in the context of spatiotemporal coupling.
In 2021, Guo et al. [33] developed a single-shot multispeckle
spectral-temporal measurement technique to reveal the
real-time speckle-resolved spectral-temporal dynamics of
spatiotemporal solitons in a 3D soliton laser. In 2023,
Guo et al. [34] used a multi-speckle spatiotemporal
measurement technique to achieve real-time, speckle-
resolved observation of three-dimensional soliton
molecules over long timescales, thereby capturing for the
first time a variety of their dynamical behaviors. In
2025, Ning et al. [35] inserted a rotatable silica window
into an STML fiber laser to introduce an extra spatial
degree of freedom without changing key cavity parame-

ters, thereby enabling rotation-controlled switching
among multiple dynamic regimes via mode-energy redis-
tribution and spatial filtering, with the switching mecha-
nism further supported by misalignment simulations and
field tests. Recently, Zhang et al. [36] investigated the
transient spectral evolution of multi-soliton states in an
all-fiber STML laser and observed the multimode double-
pulse state in real time using time-stretch dispersive
Fourier transform. Despite these advances, previous
studies have mainly focused on the experimental obser-
vation and real-time characterization of spatiotemporal
soliton molecules, whereas the mode-resolved physical
mechanisms governing their birth, binding, and stabi-
lization remain insufficiently clarified. In particular, how
modal dispersion, spatial filtering, gain saturation,
saturable absorption, and intermodal nonlinear coupling
jointly drive the transition from a single spatiotemporal
soliton to stable molecular states has not yet been
systematically investigated. Therefore, a numerical
framework capable of resolving the evolution of individual
transverse modes is essential for revealing the physical
origin of soliton-molecule formation in STML fiber
lasers.

In this paper, we present a comprehensive numerical
study of the formation, evolution, and stabilization of
soliton molecules in an all-fiber STML laser cavity.
Based on solving the generalized multimode nonlinear
Schrodinger equation (GMMNLSE) and incorporating
gain, saturable absorption, spatial filtering, and multimode
coupling, our model enables mode-resolved tracking of
the spatiotemporal pulse evolution, which is difficult to
access directly in experiments. Different from previous
studies that mainly focused on the experimental obser-
vation of spatiotemporal soliton molecules, this work
provides a mode-resolved numerical interpretation of
how modal dispersion, weak intermodal coupling, gain
saturation, and intracavity dissipative effects jointly
drive the transition from a single spatiotemporal soliton
to stable molecular states. We systematically investigate
the gain-dependent evolution from single-pulse operation
to soliton pairs and soliton triplets, and reveal the stabi-
lization dynamics of pulse separation and relative phase
during molecular stabilization. Furthermore, the emer-
gence of soliton triplets is identified as a higher-order
spatiotemporal bound state enabled by enhanced intra-
cavity energy and collective multimode synchronization,
while the supported transverse modes maintain a relatively
stable modal energy distribution. These results provide
physical insight into the mode-resolved bonding mechanism
of spatiotemporal soliton molecules and offer a numerical
basis for tailoring their molecular order, spacing, and
stability in multimode fiber lasers.

2 Simulation methods

The laser setup employed in the simulation is illustrated
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Fig. 1 Setup of the simulation model. GIMF, graded-index
multimode fiber; SA, saturable absorber; SF, spatial filter;
GF, gain fiber; OC, output coupler.

in Fig. 1. Each cavity element was represented by an
appropriate mathematical model in the simulation to
capture intracavity pulse dynamics. The pulses were
first injected into a graded-index multimode fiber
(GIMF), then sequentially traveled across a gain fiber,
an output coupler, and a saturable absorber (SA). These
components were connected by 0.2 m sections of GIMF,
whose core diameter was 50 pm.

The numerical simulation model was based on the
GMMNLSE, which can be written by Eq. (1):

9. Ap(2,t) = (B — B A, — (B — B)0, 4,
Ng

I+l .
Tﬁj(-p) oA,
j=2
NoWw; N
+1i 2C 2 Z SﬁmnAlAmA:(zv (1)

l,m,n=1

where A, denotes the optical field envelope of mode p,
ﬁ](-p ) represents the j-th order dispersion coefficient of
mode p, n, is the nonlinear refractive index, which is set
to 2.3 x 1072m?/W in the simulations, w, signifies the
central angular frequency, Sﬁm" stands for the nonlinear
mode-coupling tensors between modes p, I, m, and n for
Kerr nonlinearity. In the present simulations, Raman
scattering and self-steepening are neglected to reduce
computational complexity. These higher-order effects are
expected to play a secondary role for the pulse durations
and energy levels considered here and thus do not quali-
tatively affect the main conclusions. The modal propaga-
tion and dispersion parameters used in the simulations
are summarized in Table 1. Here, ABy = Bép ) 581) and

APy = ﬁip) —551) are given relative to the fundamental
LPy; mode, while 8, — 34 denote the higher-order dispersion
coefficients of each mode.

In addition, the gain section is modeled using a
simplified multimode gain model, in which six transverse
modes are retained and identical gain parameters are
applied to each mode. The propagation of each modal
envelope A, (p=1,...,6) through the gain section is
described by Eq. (2):

0A,(z,w)

B :i7|Ap(va)|2A:U(va>

gof(w)
2 (1 + [ 1Ay (z,w)]? dw/Esat)

Ap(z,w),

)

where v =28W!.km™! is the nonlinear -coefficient,
Eg = 0.9n] is the gain saturation energy, go is the small-
signal gain, and f(w) corresponds to a Gaussian-shaped
gain spectrum with a full width at half maximum
(FWHM) of 40 nm and a central wavelength of 1560
nm. The individual temporal and spectral profiles of all
six transverse modes are retained during propagation.
The gain section has a length of 0.4 m, and different soliton
molecule states can be obtained by adjusting go. In the
present model, the second-order dispersion of the gain
fiber is neglected as a simplifying approximation, allowing
the analysis to focus on gain saturation, nonlinear
effects, and multimode dynamics associated with soliton
molecule formation. This approximation may introduce
moderate quantitative differences in the pulse width,
pulse separation, spectral bandwidth, and spectral
modulation spacing, while the principal formation
dynamics and qualitative conclusions are not significantly
altered within the parameter range considered here.
Additional comparative simulations including the gain-
fiber dispersion are presented in the Discussion section
to further evaluate its influence on the soliton-molecule
dynamics.

The linear mode coupling between the GIMF and the
gain fiber is described by an effective 6 x 6 mode
coupling matrix M. In principle, the coupling coefficients
between transverse modes of two adjacent fiber sections
can be evaluated from their normalized spatial overlap
integrals, as given by Eq. (3):

Table 1 The modal propagation and dispersion parameters used in the simulations.

Mode Ao (rad/m) ABy (ps/m) B2 (ps?/m) Bs (ps®/m) Ba (ps*/m)

LPo; 0.000 0.000 —0.028 1.517 x 107 —4.987 x 1077
LPi1, —5318.304 0.119 —0.028 1.520 x 1074 —5.001 x 1077
LP11p —5318.304 0.119 —0.028 1.520 x 1074 —5.001 x 1077
LP21a —10691.010 0.244 —0.028 1.524 x 107 —5.014 x 1077
LPa1s —10692.356 0.243 —0.028 1.524 x 107 —5.014 x 1077
LPo2 —10742.693 0.244 —0.028 1.524 x 1074 —5.013 x 1077
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Fig. 2 The characteristics of spatiotemporal mode-locked single pulse. Modes 1-6 refer to LPo1, LPi1a, LP11b, LP21a, LP21p,
and LPgs, respectively. (a) Pulse profile. The inset shows the beam profile. (b) Spectra. (¢) Energy evolution.
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where Fj(l) and Fi(z) refer to the transverse mode profiles
of the two adjacent fiber sections [37]. The overlap integral
formulation provides the physical basis for constructing
the mode coupling matrix. In the present simulation, the
specific elements of M are empirically selected through
numerical parameter adjustment to represent the effective
mode coupling, mode-dependent loss, and spatial filtering
at the fiber interface, with the diagonal and off-diagonal
elements describing modal retention and intermodal
coupling, respectively [31, 38]. The mode fields are
transformed according to A, = MA;,, where A, and
A;, denote the output and input mode fields, respec-
tively. Since M represents an effective lossy coupling
process rather than a lossless transformation between
complete modal bases, it is not required to satisfy the
unitary condition MTM = I [37]. The maximum singular
value of the matrix is approximately 0.478, confirming
that the coupling is passive and does not introduce addi-
tional optical gain. The corresponding power reduction
represents effective coupling and spatial filtering loss
outside the retained six-mode subspace [18]. In this
paper, M is set as

0.3 0.1 0 0 0 0.1
0 025 015 O 0 0
01 02 02 02 0 0
M = 0 0 01 01 0 0 ' )
0 0 0 01 015 0.1
0 0 0 0 01 02

For SA, the spatiotemporal nonlinear transmittance T
is described by Eq. (5):

As

T =1 = 4G, oL

(5)

— O,

where the non-saturable absorption coefficient «,, =

0.5, oy = 0.2 is the modulation depth, governing the
pulse-shaping dynamics in mode-locked lasers, I, =
10 W is the saturation intensity, which determines the
threshold for intensity-dependent absorption saturation.
The modulation depth oy, = 0.2 is chosen based on
experimentally reported saturable absorbers operating
around the 1.5 pm wavelength region, where modulation
depths of approximately 20% have been demonstrated
[39]. The non-saturable absorption coefficient a,, = 0.5
is treated as an effective loss parameter, including the
intrinsic non-saturable absorption, insertion loss, and
spatial filtering loss in the simulated STML cavity.

In the present simulation, six transverse modes of the
GIMF are retained, including LPy;, LPiia, LPi1p, LPoi,
LP51,, and LPy,. In the following, we denote these modes
as mode 1-mode 6 corresponding to LPy;, LPi1,, LPi1p,
LP51,, LPoyy, and LPg,, respectively. The central wavelength
is set to 1550 nm. Each mode is initialized with a Gaus-
sian-shaped pulse with a FWHM of 10 ps. The initial
total pulse energy is 50 pJ. The Gaussian pulse is used
as the initial condition to facilitate the analysis of the
subsequent pulse splitting and molecule formation
dynamics. While the final molecule state is primarily
determined by the cavity parameters, the detailed transient
evolution path can depend on the initial field, particularly
during the early buildup stage. Accordingly, quantitative
features such as the pulse width, pulse separation, and
temporal drift may show slight variations for different
initial conditions. Additional simulations using a noise
floor as the initial condition are presented in the Discussion
section to further evaluate the influence of the initial
field on the formation and stabilization of the soliton
molecules.

3 Results and discussion

3.1  Single pulse

We first set gy to 11.6 m~!, under which the laser cavity
supported the formation of a stable single spatiotemporal
soliton. Figure 2 illustrated the temporal profile and
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Fig. 3 Steady-state temporal and spectral characteristics obtained for different wavelength settings. (a, c¢) Temporal
profiles and corresponding optical spectra of the six transverse modes when both the simulation center wavelength and the
gain center wavelength are set to 1550 nm. (b, d) Temporal profiles and corresponding optical spectra when both wavelengths

are set to 1560 nm.

spectrum of the stabilized pulse after 500 cavity
roundtrips. Figure 2(a) presented the temporal profile,
which exhibited a clean and symmetric shape without
side lobes, indicating the absence of multi-pulse split-
ting. As illustrated in the inset, the beam profile
confirmed that the pulse supported multiple modes. The
pulse width of each mode was on the order of hundreds
of femtoseconds. The corresponding spectra, shown in
Fig. 2(b), displayed a smooth sech’-like envelope, with
the central wavelengths of all modes located around
1552 nm. These temporal and spectral characteristics
further confirm the stable single-pulse operation. The
stability of the pulse was further examined by monitoring
its evolution over multiple cavity roundtrips. The intra-
cavity energy evolution, presented in Fig. 2(c), stabilized
after around 150 roundtrips without exhibiting oscillatory
behavior, which highlighted the robustness of the single
soliton state under moderate gain conditions.

It should be noted that the simulation center wavelength
is set to 1550 nm, whereas the gain spectrum has a
broad bandwidth of 40 nm. Therefore, although the gain
center is located at 1560 nm, the spectral region around
1550—-1552 nm still experiences sufficient gain, and the

stabilized pulse spectrum is not necessarily centered at
the maximum of the gain profile. To examine this effect,
we compared different wavelength settings, as shown in
Fig. 3. When both the simulation center wavelength and
the gain center are set to 1550 nm, the system remains
in the same stable single-pulse state and the spectrum is
still centered at approximately 1552 nm, as shown in
Figs. 3(a, c¢). In contrast, Figs. 3(b, d) show that when
both wavelengths are shifted to 1560 nm, the cavity
evolves into a stable soliton pair. These results indicate
that the apparent offset between the gain center and the
stabilized spectrum mainly reflects the different wave-
length settings of the gain profile and the simulated
intracavity field, while the final state is determined by
the overall balance among dispersion, nonlinearity, gain,
saturable absorption, modal coupling, and cavity loss.

3.2 Soliton pairs

When g, was increased to 12.6 m~!, stable soliton pairs
were obtained. This was due to the higher gain leading
to excessive nonlinear phase accumulation in the soli-
tons, causing a single soliton to split into multiple soli-

Guangyu Wang, et al., Front. Phys. 22(4), 042202 (2027)
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Fig. 4 Characteristics of soliton pairs. (a) Pulse profile.

tons, which formed soliton molecules under the
combined effects of intracavity nonlinearity and disper-
sion. The characteristics of soliton pairs were illustrated
in Fig. 4. Figures 4(a) and (b) presented the stabilized
pulse profiles and the spectrum of soliton molecules after
500 resonator roundtrips. The pulse separation A7 was
1.5 ps and the modulation period AX was 4.9 nm. It can
be verified that Ar.c-AMN)\? =1 approximately where
the central wavelength A was 1552 nm and ¢ is the
speed of light, demonstrating the output corresponds to
a typical soliton molecule.

In order to study the formation and evolution of soliton
pairs, the evolution dynamics of the soliton pair were
analyzed. As the intensities of different modes varied
significantly, each mode was independently normalized
to more clearly reveal its evolution process. Figures 5(a)
and (b) illustrated the temporal and spectral evolution
of six modes in the spatiotemporal mode-locked fiber
laser. The temporal and spectral evolution of the different
modes exhibited similar trends, suggesting collective
multimode evolution under the combined -effects of
dispersion, nonlinearity, modal coupling, and gain-loss
dynamics. Such collective dynamics enabled the estab-
lishment of stable phase relationships and fixed pulse
separations, which were essential for the formation of
soliton molecules [41].

Although the intensity levels of different transverse
modes are different, all six modes exhibit nearly
synchronized temporal splitting and spectral modulation
during the formation of the soliton pair. This behavior
indicates that the constituent pulses are not independently
formed in separate modes; instead, they evolve as a
collectively locked spatiotemporal wave packet. The
physical origin of the synchronized multimode evolution
can be understood from the joint action of modal walk-
off, intermodal coupling, nonlinear interaction, and
cavity dissipation. The relatively small group-delay
mismatch among the supported transverse modes
preserves their temporal overlap during propagation,
providing favorable conditions for sustained intermodal

The inset shows the beam profile. (b) Spectra.

interactions. Under this weak walk-off condition, Kerr
nonlinear interactions and mode coupling correlate the
temporal and spectral evolution of the different modes,
while spatial filtering imposes a common round-trip
constraint on the multimode field. In addition, gain
saturation and saturable absorption regulate the intra-
cavity pulse energy and stabilize the pulse evolution,
thereby providing the dissipative conditions required for
the formation of a stable collectively locked state.
Consequently, the supported transverse modes evolve
collectively toward a stable spatiotemporal bound state
rather than behaving as independent pulse trains. The
equilibrium pulse separation is manifested as a common
temporal separation shared by all supported modes
rather than as mode-dependent separations. This differs
from conventional single-mode soliton molecules, whose
bonding characteristics are determined solely by scalar
temporal effects such as dispersion, Kerr nonlinearity,
gain saturation, and saturable absorption. In the present
STML cavity, the bonding process additionally depends
on the preservation of modal overlap and collective
transverse-mode evolution under weak intermodal walk-
off.

Figure 6 illustrated the energy evolution of the
spatiotemporal mode-locked laser. Figure 6(a) was the
energy evolution of the entire process. Low-order modes,
especially mode 3, dominated the cavity. In the initial
stage, the intracavity energy increased rapidly owing to
amplification in the gain fiber. After a period of time,
the growth rate slowed down significantly. This was
because the gain fiber reached saturation, which limited
the further increase of the energy in the cavity. After
about 50 roundtrips, the energy in the cavity began to
oscillate, indicating that the cavity could not maintain a
stable single pulse state. After the 150th roundtrip, the
energy in the cavity stabilized, indicating the formation
of a stable soliton pair. Figure 6(b) presented the energy
evolution of the formation process of soliton pairs.
During the formation of soliton pairs, the changing
trends of the energies of various modes were basically
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the same. It should be noted that no pronounced modal
energy redistribution was observed during the formation
of the soliton pair. Instead, the energies of different
modes followed similar evolution trends and finally
reached stable values. This indicates that in this GIMF-
based cavity, the formation of the soliton molecule is not
driven by strong energy transfer among transverse
modes. Rather, the multimode field maintains a relatively
stable modal energy distribution while the temporal
pulse structure evolves from a single-pulse state into a
bound molecular state. Therefore, the intermodal inter-
action in this regime is mainly reflected in collective
modal synchronization rather than strong modal energy
exchange. Such mode-resolved energy
provides a complementary perspective to experimental
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5 Evolution of each mode of spatiotemporal soliton pairs. (a) Temporal evolution. (b) Spectral evolution.

observations, where the measured field generally
contains the superposition of multiple transverse modes
and the energy contribution of each mode is difficult to
isolate.

Figure 7 illustrated the temporal evolution of the relative
phase and pulse separation between the two constituent
pulses of the soliton pairs. In the initial stage, the intra-
cavity pulse built up from the initial condition, with its
energy gradually accumulating and the waveform being
temporally compressed under the combined action of the
gain, saturable absorption, Kerr nonlinearity, and
spatial filtering. Around the 100th cavity roundtrip, the
initially formed STML single pulse became unstable and
underwent a splitting event, initiating the formation of a
two-pulse bound state. In the spatiotemporal mode-locking

b
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43|
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Fig. 6 The energy evolution of soliton pairs. (a) Global evolution process. (b) Soliton-pair formation process.
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Fig. 7 The phase and pulse separation evolution of soliton
pairs.

framework, this transition was driven by the coupled
evolution of the temporal waveform and the transverse
modal field: intermodal coupling, together with the effec-
tive spatial filtering, modified the dissipative balance of
the cavity and favored a multi-pulse attractor over the
single-pulse one. Subsequently, the two pulses separated
in time while their relative phase evolved under the
combined action of Kerr nonlinearity, dispersion, and
gain-loss modulation. After approximately 200 cavity
roundtrips, the phase difference and pulse spacing
converged to constant values. The relative phase
remained locked, and the pulse separation stabilized
around 1.5 ps, consistent with the modulation period
observed in the optical spectrum. The stabilization of

pulse separation and relative phase further confirms the
establishment of a stable soliton molecule state. In
conventional single-mode fiber lasers, such stabilization
is mainly governed by scalar temporal interactions,
including dispersion, Kerr nonlinearity, gain saturation,
and saturable absorption. In contrast, in the STML
cavity considered here, the temporal binding process
occurs in the presence of multiple transverse modes.
Owing to the relatively small modal group-delay
mismatch in the GIMF, the supported modes remain
temporally overlapped during propagation and participate
in molecular formation in a synchronized manner. As a
result, the final soliton molecule can be regarded as a
weak walk-off, collectively locked spatiotemporal bound
state rather than a purely temporal bound state, as
observed in conventional single-mode fiber lasers.

3.3 Soliton triplets

We also obtained soliton triplets by adjusting gg to
12.9 m~!. Figure 8 presented the temporal and spectral
characteristics, as well as the evolution dynamics, of
soliton triplets. As shown in Fig. 8(a), the temporal
profile exhibited three well-separated pulses with nearly
identical peak intensities, forming a well-defined three-
pulse temporal structure. The corresponding optical
spectrum in Fig. 8(b) displayed pronounced modulation,
confirming the multi-pulse interference typical of higher-
order soliton molecules. Figure 8(c) showed the intracavity
energy evolution, which stabilized after approximately
150 roundtrips, confirming the formation of a robust
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Fig. 8 The characteristics and evolution of soliton triplets. (a) Pulse profile. (b) Spectra. (c) Energy evolution.
(d) Temporal evolution of mode 3. (e) Spectral evolution of mode 3.
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soliton triplet driven by strong nonlinearity and mode
interactions. It should be noted that the energy shown
in Fig. 8(c) represents a stable but non-optimized operating
condition. The parameters used here were chosen to
clearly track the formation and stabilization of the soliton
triplet, rather than to maximize the output energy.
Figures 8(d) and (e) illustrated the temporal and spectral
evolution of the dominant transverse mode (mode 3),
respectively, during the formation of the soliton triplet.
A stable three-pulse structure emerged after a transient
growth and splitting phase.

Compared with the soliton pair state, the formation of
soliton triplets requires a higher intracavity gain, which
provides sufficient energy for further pulse splitting
while the cavity maintains a stable dissipative balance.
Although the six transverse modes have different propa-
gation constants and group velocities, the temporal posi-
tions of the three pulses remain consistent among the
different modes, indicating that the triplet is not inde-
pendently formed in a single dominant mode. Instead,
the constituent pulses are established through synchronized
multimode evolution. The stable modal energy evolution
in Fig. 8(c) further indicates that no pronounced modal
energy redistribution occurs during the stabilization
stage; rather, the multimode field reaches a stable modal
energy distribution as the temporal three-pulse bound
state forms. The temporal and spectral evolution of
mode 3 in Figs. 8(d) and (e) clearly shows the transition
from an initially broadened pulse to a stable three-pulse
molecular state, accompanied by the emergence of regular
spectral modulation. This behavior confirms that the
higher-order soliton molecule is sustained by the joint
balance among gain saturation, Kerr nonlinearity,
saturable absorption, spatial filtering, and weak intermodal
coupling. Therefore, the soliton triplet observed here
should be regarded as a higher-order spatiotemporal
bound state with collective modal locking rather than a
simple extension of conventional single-mode soliton
triplets.

3.4  Discussion

Figure 9 depicted the relationship between the number
of soliton pulses within a soliton molecule and the small-
signal gain go. When g, was below the mode-locking
threshold, the intracavity field could not build up to
form a stable pulse. Conversely, excessively large g,
drove the system into an unstable regime due to the
breakdown of the dispersion-nonlinearity balance. As the
gain increased, the accumulated intracavity energy
surpassed the threshold for multi-pulse formation, leading
to the emergence of higher-order soliton molecules. The
graph demonstrated a step-like increase in the number
of pulses with discrete gain intervals, suggesting that the
number of pulses was quantized and dictated by the
balance between gain saturation, nonlinear interaction,
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Fig. 9 The relationship between the number of solitons
and the small-signal gain go.

and spatial filtering. This result indicated that by
adjusting gy, one can effectively control the order and
structure of the soliton molecule, offering a potential
mechanism for tunable ultrafast pulse generation in
multimode laser systems.

Although the quantitative characteristics of the
obtained soliton molecules depend on the specific
coupling matrix and fiber parameters, the underlying
collective multimode mechanism is expected to persist
over a finite parameter range. Variations in the coupling
matrix alter the coupling and filtering of different trans-
verse modes in the cavity, which can modify their relative
energy distribution and may produce a different dominant
mode in the final stable state. However, collective multi-
mode evolution can still occur provided that several
transverse modes remain active, are sufficiently coupled,
and are not completely suppressed by spatial filtering.
The modal group-delay mismatch is also a critical
parameter. When the accumulated intermodal walk-off
ATy, = |AB1pglL, where L denotes the length of the
GIMF, remains comparable to or smaller than the char-
acteristic pulse duration, the transverse modes retain
sufficient temporal overlap for sustained interactions.
Moderate variations in /35, the nonlinear coefficients, and
the modal overlap coefficients are expected primarily to
modify quantitative features, including the pulse dura-
tion, spectral bandwidth, molecular separation, and gain
thresholds for the formation of soliton pairs and triplets,
rather than altering the fundamental collective synchro-
nization mechanism.

In order to further evaluate the influence of gain fiber
dispersion, we performed additional simulations by
including a typical second-order dispersion coefficient of
B2 =16.5 ps?/km in the 0.4 m gain fiber, while keeping
the other cavity parameters unchanged. For
go = 12.6 m~!, the system still evolves into a stable soliton
pair, as shown in Fig. 10. During the initial stage, the
intracavity energy increases rapidly and the pulse under-

goes temporal reshaping and splitting. The two
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Fig. 10 The characteristics and evolution of the soliton pair at go = 12.6 m™

! with the second-order dispersion of the gain

fiber. (a) Temporal profiles of the six transverse modes, showing a stable soliton pair with a pulse separation of about 1.1 ps.
(b) Corresponding optical spectra with a modulation period of about 6.5 nm. (c) Energy evolution. (d) Temporal evolution
and (e) spectral evolution of mode 3 over 500 cavity roundtrips.

constituent pulses then gradually establish a stable
temporal separation, while the corresponding spectral
interference fringes become increasingly regular. The six
transverse modes exhibit nearly synchronized temporal
and spectral evolution and finally converge to a stable
collectively locked state. Compared with the case without
gain-fiber dispersion, the final pulse separation changes
to approximately 1.1 ps and the spectral modulation
period to approximately 6.5 nm, together with moderate
changes in the pulse duration and spectral bandwidth.

For g¢go=129m™!, the system similarly evolves
through an initial energy buildup and pulse splitting
stage before forming a stable soliton triplet, as shown in
Fig. 11. Three localized pulses gradually emerge and
establish a stable bound state, while the spectral modu-
lation structure becomes stable after the transient evolu-
tion. The synchronized evolution among the six transverse
modes is also preserved. The final adjacent pulse separa-
tions are approximately 1.15 ps and 1.1 ps, with additional
changes in the pulse duration, spectral bandwidth, and
modulation period compared with the case without gain-
fiber dispersion.

These quantitative differences arise because the addi-
tional dispersion in the gain fiber modifies the pulse
chirp and temporal width during each cavity roundtrip,
which consequently changes the peak power and nonlinear
phase accumulation. Through the repeated interplay of
dispersion, Kerr nonlinearity, gain saturation, and
saturable absorption, the equilibrium temporal and spec-

tral parameters of the soliton molecules are therefore
shifted. Nevertheless, under the operating conditions
considered here, the gain fiber dispersion does not
change the soliton molecule order, the principal formation
pathway, or the synchronized multimode evolution.
Therefore, its omission in the original model mainly
affects quantitative pulse characteristics rather than the
qualitative conclusions of this work.

In addition, we performed additional simulations using
a noise floor while keeping all other cavity parameters
unchanged to further examine the influence of the initial
condition. For gy =12.6 m~!, the intracavity field first
builds up from random fluctuations, followed by pulse
localization, splitting, and binding, and finally evolves
into a stable soliton pair, as shown in Fig. 12. The final
pulse separation is approximately 1.63 ps and the spectral
modulation period is approximately 4.5 nm. Compared
with the Gaussian initial condition, the overall molecular
formation process and final two-pulse state are
preserved, although moderate differences appear in the
pulse width and equilibrium separation.

For go=129m~!, the noise-seeded field similarly
undergoes an initial buildup and self-organization stage
before forming a stable soliton triplet, as shown in
Fig. 13. The final adjacent pulse separations are approx-
imately 1.74 ps and 2.36 ps. Compared with the Gaussian
initial condition, the three-pulse molecular order is
preserved, while the pulse separations, pulse widths, and
detailed temporal configuration show more noticeable
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of mode 3 over 500 cavity roundtrips.
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variations. This stronger sensitivity can be attributed to
the more complex interactions among three constituent
pulses, which involve multiple pulse separations and
relative phases.

These comparisons indicate that the initial condition
mainly affects the transient formation pathway and the
quantitative characteristics of the final molecular state.
A Gaussian initial pulse already provides a localized
field, whereas a mnoise floor requires an additional
buildup and self-organization process governed by gain,
saturable absorption, dispersion, Kerr nonlinearity, and
spatial filtering. Consequently, different initial fields can
lead to different transient gain saturation, nomnlinear
phase accumulation, and relative phases during pulse
formation. Nevertheless, under the operating conditions
considered here, both initial conditions produce the same
molecular order, confirming that the stable soliton pair
and triplet states are not imposed by the pre-shaped
Gaussian input.

Compared with conventional single-mode soliton
molecules, the soliton molecules in STML fiber lasers
possess additional transverse degrees of freedom. In
single-mode systems, the molecular binding is described
by the evolution of a scalar pulse field, and the key
observables are mainly pulse separation, relative phase,
and spectral modulation. In the present multimode
system, these temporal molecular features are accompanied
by stable modal participation and simultaneous evolution
of multiple transverse modes. Therefore, the soliton

molecule obtained here is not simply a temporal bound
state, but a spatiotemporal bound state sustained by the
joint balance of temporal dissipative dynamics and
transverse mode-locking.

Our results are consistent with previous experimental
observations of spatiotemporal soliton molecules, such as
the real-time measurements reported by Guo et al. [34].
Guo et al. [34] experimentally investigated the real-time
spatiotemporal dynamics of three-dimensional soliton
molecules over long timescales, whereas the present
numerical framework provides direct access to the evolution
of individual transverse modes. By independently tracking
the temporal profiles, spectra, and energies of the
supported modes, our simulations reveal how the transverse
modal components collectively evolve during molecular
formation and eventually establish a stable spatiotemporal
bound state. This mode-resolved perspective therefore
complements real-time experimental measurements by
providing information on the modal-level dynamics that
is difficult to isolate directly in experiments.

It should be noted that the gain section employed in
the present simulation is a simplified multimode model
in which identical gain parameters are applied to all six
transverse modes. This treatment preserves the mode-
resolved temporal and spectral evolution throughout the
cavity, but does not fully account for the mode-dependent
properties of a realistic multimode active fiber. In prac-
tice, different transverse modes may experience different
effective gain coefficients and saturation characteristics
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because of their different spatial overlaps with the doped
region [42, 43]. Mode-dependent dispersion and nonlinear
coefficients may also introduce additional temporal walk-
off, nonlinear phase accumulation, and spectral differences
among the modes [44]. In addition, gain competition
may modify the relative modal amplification and steady-
state energy distribution [45]. These effects could influence
the relative modal energies, dominant transverse mode,
degree of synchronization, gain thresholds for different
molecule states, equilibrium pulse separation, and corre-
sponding stability ranges. Therefore, the specific operating
points and quantitative values obtained here should be
interpreted within the framework of the present simplified
gain model. Nevertheless, the model retains the transverse
modal degrees of freedom throughout the cavity, and the
qualitative picture of collective multimode evolution is
expected to remain applicable when multiple modes
maintain sufficient temporal overlap and coupling.

4 Conclusion

In this work, we numerically investigated the formation
and dynamic evolution of soliton molecules in a
spatiotemporal mode-locked fiber laser based on graded-
index multimode fibers. Using the GMMNLSE together
with models for gain, saturable absorption, and spatial
coupling, we successfully simulated the generation of
stable soliton molecules including soliton pairs and soliton
triplets under different small-signal gain conditions. Our
work provides access to mode-resolved quantities,
including individual modal energy evolution and modal
synchronization, which are difficult to directly resolve in
experiments and are essential for understanding the
bonding mechanism of STML soliton molecules. Our
results highlight the potential of spatiotemporal mode-
locked lasers as a versatile platform for exploring
complex nonlinear dynamics and developing next-gener-
ation ultrafast photonic systems.
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