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Magnetic rotation and antimagnetic rotation are exotic rotational phenomena observed in weakly
deformed or near-spherical nuclei, which are respectively interpreted in terms of the shears mecha-
nism and two shearslike mechanism. Since their observations, magnetic rotation and antimagnetic
rotation phenomena have been mainly investigated in the framework of tilted axis cranking based
on the pairing plus quadrupole model. For the last decades, the covariant density functional theory
and its extension have been proved to be successful in describing series of nuclear ground-states
and excited states properties, including the binding energies, radii, single-particle spectra, reso-
nance states, halo phenomena, magnetic moments, magnetic rotation, low-lying excitations, shape
phase transitions, collective rotation and vibrations, etc. This review will mainly focus on the tilted
axis cranking covariant density functional theory and its application for the magnetic rotation and
antimagnetic rotation phenomena.
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1 Introduction

1.1 Basic concept

The quantal rotation has been recognized and investi-
gated with a distinguished history for one hundred years.
In nuclear physics, the rotation features of the nucleus
were firstly noted by Teller and Wheeler in 1938 [1]. A
more complete explanation of the nuclear rotation was
due to Bohr and Mottelson by pointing out that the ro-
tation was a consequence of deformation [2] and by de-
veloping a model that combined the individual and col-
lective motions of the nucleons [3].

Since then it was generally accepted that the high an-
gular momenta of atomic nuclei are connected with the
collective rotations with a stable nuclear deformation.
The nuclear rotational bands are built on the states with
substantial quadrupole deformations and characterized
by strong electric quadrupole (E2) transitions, which can
be interpreted as the coherent collective rotation of many
nucleons around an axis perpendicular to the symmetry
axis of the nuclear density distribution [3]. The study
along this line has been at the forefront of nuclear struc-
ture physics for several decades, as evidenced by the ex-
citing discoveries such as the backbending [4], angular
momentum alignment [5, 6], superdeformed rotational
bands [7], etc.

In earlier 1990s, however, the rotational-like sequences
of strongly enhanced magnetic dipole (M1) transitions
were surprisingly observed in several light-mass Pb iso-
topes, which are known to be spherical or near-spherical.
Sequentially, this new type of rotational bands which
have strong M1 and very weak E2 transitions has been
well discovered experimentally in a number of nearly
spherical nuclei (for reviews see Refs. [8–10]). Besides
the outstanding magnetic dipole transitions, the intrigu-
ing feature here is that the orientation of the rotor is
not specified by the deformation of the overall density
but rather by the current distribution induced by spe-
cific nucleons moving in high-j orbitals.

The explanation of such bands was given in terms of
the shears mechanism [11]. In this interpretation, the
magnetic dipole vector, which arises from proton parti-
cles (holes) and neutron holes (particles) in high-j or-
bitals, rotates around the total angular momentum vec-
tor. See Fig. 1 for a schematic illustration. At the band-
head, the proton and neutron angular momenta are al-
most perpendicular to each other. Along the bands, en-
ergy and angular momentum are increased by an align-
ment of the proton and neutron angular momenta along
the total angular momentum. Consequently, the orien-
tation of the total angular momentum in the intrinsic

frame does not change so much and regular rotational
bands are formed in spite of the fact that the density
distribution of the nucleus is almost spherical or only
weakly deformed. In order to distinguish this kind of ro-
tation from the usual collective rotation in well-deformed
nuclei (called electric rotation), the name “magnetic ro-
tation” (MR) was introduced in Ref. [12], which alludes
to the fact that the magnetic moment is the order pa-
rameter inducing a violation of rotational symmetry and
thus causing rotational-like structures in the spectrum
[13]. This forms an analogy to a ferromagnet where the
total magnetic moment, the sum of the atomic dipole
moments, is the order parameter.

jv

J

Fig. 1 A schematic illustration for the spin-coupling scheme of
magnetic rotation. For a near-spherical nuclei, the coupling of the
proton-hole j−1

π and neutron-particle jν , each in high-j orbital,
gives the total angular momentum J . As a result, a large trans-
verse component of the magnetic dipole moment vector, μ⊥, ro-
tates around the total angular momentum vector, and creates the
enhanced M1 transitions.

The experimental indicators for magnetic rotation can
be summarized as [9, 10]:

1) a ΔI = 1 sequence of strong magnetic dipole transi-
tions, corresponding to a reduced transition probability
B(M1) ∼ a few μ2

N ;
2) weak or absent quadrupole transitions, correspond-

ing to a deformation parameter |β| � 0.15, which
combined with strong M1 transitions results in large
B(M1)/B(E2) ratios, � 20μ2

N/(eb)
2;

3) a smooth variation in the γ transition energy with
angular momentum;

4) a substantial dynamic moment of inertia, cor-
responding to the large ratio of the J (2)/B(E2) �
100 MeV−1(eb)−2, compared with the values in well-
deformed [∼10 MeV−1(eb)−2] or superdeformed [∼5
MeV−1(eb)−2] rotational bands.

Similar as ferromagnetism and antiferromagnetism in
condensed matter physics, the existence of the antimag-
netic rotation (AMR) in nuclear physics is also an in-
teresting issue. For an antiferromagnet, one-half of the
atomic dipole moments are aligned on one sublattice and
the other half are aligned in the opposite direction on the
other sublattice. In such a way, the net magnetic moment
in an antiferromagnet is canceled out. However, it is still
an ordered state since the isotropy of such a state is also
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broken like a ferromagnet.
In analogy with an antiferromagnet, antimagnetic ro-

tation [9, 14] is predicted to occur in some specific
nearly spherical nuclei, in which the subsystems of va-
lence protons (neutrons) are aligned back to back in op-
posite directions and nearly perpendicular to the orien-
tation of the total spin of the valence neutrons (protons).
Such arrangement of the proton and neutron angular
momenta also breaks the rotational symmetry in these
nearly spherical nuclei and causes excitations with ro-
tational character on top of this bandhead. Along this
band, energy and angular momentum are increased by
simultaneous closing of the two proton (neutron) blades
toward the neutron (proton) angular momentum vector.
Consequently, a new kind of rotational bands in nearly
spherical nuclei is formed showing some analogy with
an antiferromagnet. A schematic illustration for AMR is
shown in Fig. 2.

jv J

Fig. 2 A schematic illustration for the spin-coupling scheme of
antimagnetic rotation. Instead of the shears mechanism for mag-
netic rotation, the two shearslike configurations here result that
the magnetic moments are antialigned and cancel, and therefore
the B(M1) values vanish.

The experimental indicators for antimagnetic rotation
can be summarized as:

1) a ΔI = 2 sequence with E2 transitions only, as
the cancellation of the magnetic moments leads to the
absence of the M1 transition;

2) weak E2 transitions corresponding to the small de-
formation parameter |β| � 0.15, and the B(E2) values
decreasing with increasing spin;

3) a smooth variation in the γ transition energy with
angular momentum;

4) a substantial dynamic moment of inertia, similar
to the MR band, corresponding to the large ratio of the
J (2)/B(E2) � 100 MeV−1(eb)−2.

The MR and AMR [8–10] discussed above are based
on the assumption that the nucleus involved is not tri-
axially deformed. If the nucleus is triaxially deformed
and the aplanar rotation is then allowed, another exotic
phenomenon, nuclear chirality, may occur [15, 16].

1.2 Experimental progress

Following the observation of many long cascades of mag-
netic dipole γ-ray transitions in the neutron deficient Pb

nuclei in the early 1990s [17–23], several attempts [24–28]
have been made to measure the lifetimes for the states
in MR bands. The high-accuracy lifetime measurements
for four M1 bands in 198,199Pb performed with Gamma-
sphere provided a clear evidence for shears mechanism
[29]. Additional evidence for the shears mechanism was
provided by measuring the g-factor of a dipole band in
193Pb [30]. It is demonstrated that at the bandhead the
longitudinal component of the magnetic moment has the
value expected for an opening angle of 90◦ of the two
blades composed of the suggested particles and holes.

From then on, more and more MR bands have been
observed not only in the mass region of A ∼ 190 but
also in A ∼ 80, A ∼ 110, and A ∼ 140 mass regions. A
compilation in these four mass regions up to December
2006 including 178 magnetic dipole bands in 76 nuclides
is given in Ref. [31] and additional data can be found
in Refs. [32–43]. Recent observations in 58Fe [44] and
60Ni [45] have extended the observed MR mass region to
A ∼ 60. In total, more than 195 magnetic dipole bands
spread over 85 nuclides have been observed, which have
been summarized in the nuclear chart in Fig. 3.

Fig. 3 The nuclides with magnetic rotation observed in the nu-
clear chart. The red squares represented 56 nuclides with 120 mag-
netic dipole bands observed before 2000 and compiled in Ref. [31].
The green squares represented the corresponding data after 2000.

It is difficult to define how much contribution from the
collective rotation can be expected in the MR bands. Ob-
viously either the alignment of the angular momenta for
the valent nucleons or the collective rotation due to defor-
mation will cost energy. For a given angular momentum,
the nuclear system will try to minimize its energy via a
competition between the kinetic energy due to the collec-
tive rotation and the potential energy due to the closing
of the blades of the shears blades. Weaker quadrupole
deformation will lead to purer MR band and larger
quadrupole deformation will reduce the B(M1)/B(E2)
ratios. Therefore it might be possible to observe the
competition and transition between the electric and the
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magnetic rotations. The experimental information for
the lifetime measurement in 106Sn has suggested an ex-
tremely large ratio J (2)/B(E2) > 1000 MeV−1(eb)−2,
which may provide an example of almost pure magnetic
rotation in a spherical nucleus [46].

AMR is expected to be observed in the same regions
as MR in the nuclear chart [9]. However, it differs from
magnetic rotation in two aspects. Firstly, there are no
M1 transitions in the AMR band since the transverse
magnetic moments of the two subsystems are antialigned
and canceled out. Secondly, as the antimagnetic rotor is
symmetric with respect to a rotation by π about the
rotating axis, the energy levels in AMR band differ in
spin by 2� and are connected by weak E2 transitions re-
flecting the nearly spherical core. Moreover, the AMR
phenomenon is characterized by a decrease of the B(E2)
values with increasing spin, which has been confirmed by
lifetime measurements [47]. To date, AMR has attracted
lots of attentions and has been observed in Cd isotopes
including 105Cd [48], 106Cd [47], 108Cd [49, 50], 109Cd
[51], and 110Cd [52]. The other candidates include 100Pd
[53], 112In [54], and 144Dy [55].

1.3 Theoretical progress

From the theoretical side, both the MR and AMR bands
have been extensively discussed in recent years. Using a
semiclassical particle plus rotor model based on angu-
lar momentum geometry [10, 56, 57], the competition
between shears mechanism and core rotation has been
investigated. As the mean field approach is easy to con-
struct classical vector diagrams showing the angular mo-
mentum composition, it is widely used to understand the
structure of these rotational bands. Since for the mag-
netic rotational bands, the axis of the uniform rotation
does not coincide with any principal axis of the den-
sity distribution, a description of these bands requires a
model going beyond the principal axis cranking (PAC),
which leads to the development of the tilted axis crank-
ing (TAC) approach.

The semi-classical mean field approximation for tilted
axis rotation can be traced back to the 1980s [58, 59].
After the first self-consistent TAC solutions were found
in Ref. [11], the qualities and interpretations of the TAC
approximation were discussed and examined in Ref. [60]
with the particle rotor model. Based on the TAC ap-
proximation, lots of applications are carried out in the
framework of the pairing plus quadrupole model or the
Strutinsky shell correction method [9, 61].

In the above mentioned TAC investigations, however,
the polarization effects which are expected to strongly in-
fluence the quadrupole moments and thus the B(E2) val-
ues, are either completely neglected or taken into account

only partially by minimizing the rotating energy surface
with respect to a few deformation parameters. Moreover,
the nuclear currents, which are the origin of symmetry
violation in nuclei with MR and/or AMR, are not treated
in a self-consistent way in these models. Therefore, it is
necessary to investigate the MR and AMR based on the-
ories which describe the polarization effects and nuclear
currents self-consistently without additional parameters.
Such calculations are not simple, but they are nowadays
feasible in the framework of density functional theory
(DFT).

The DFT with a small number of parameters allows a
very successful description of ground-state and excited-
state properties of nuclei all over the nuclear chart. On
the basis of the density functionals, the rotational excita-
tions have been described in the PAC Hartree–Fock (HF)
or Hartree–Fock–Bogoliubov (HFB) framework with the
zero-range Skyrme force [62–64] as well as the density de-
pendent Gogny force [65] non-relativistically. The three-
dimensional TAC version, which allows to study nuclear
aplanar rotation, has been developed with the Skyrme
density functional and applied to not only the magnetic
rotation in 142Gd in Ref. [66] but also chirality [15] in
A ∼ 130 mass regions [67, 68].

The covariant version of DFT takes the Lorentz sym-
metry into account in a self-consistent way and has re-
ceived wide attention due to its successful description
for lots of nuclear phenomena in stable as well as ex-
otic nuclei [69–72]. The representations with large scalar
and vector fields in nuclei, of the order of a few hun-
dred MeV, provide more efficient descriptions than non-
relativistic approaches that hide these scales. It can ob-
tain reasonable nuclear saturation properties in infinite
nuclear matter with Brueckner method [73, 74], repro-
duce well the measurements of the isotopic shifts in the
Pb region [75], give naturally the spin–orbit potential,
explain the origin of the pseudospin symmetry [76, 77]
as a relativistic symmetry [78–84] and the spin symme-
try in the anti-nucleon spectrum [85, 86], and is reliable
for nuclei far away from the β-stability line [87, 88], etc.
Moreover, it is of particular importance that the covari-
ant density functional theory (CDFT) includes nuclear
magnetism [89], and provides a consistent description of
currents and time-odd fields, which plays an important
role in the nuclear rotations.

Based on the CDFT, Koepf and Ring [89, 90] first de-
veloped the principal axis cranking relativistic Hartree
calculations. König and Ring [91] included the effects
of isoscalar and isovector baryon currents that are the
sources of the magnetic potentials in the Dirac equation.
The nuclear magnetism appeared to be crucial for the
quantitative understanding of nuclear moment of iner-
tia. Large scale cranking relativistic Hartree–Bogoliubov
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calculations using the central part of the Gogny force
with the D1S parameter set acting in the pairing channel
has been performed and summarized in Ref. [92]. These
calculations went beyond the mean-field by invoking an
approximate number projection which appears to have
great impact on the J (2) values.

The three-dimensional cranking CDFT has been devel-
oped in Ref. [93], in which the nucleon and meson fields
are expanded in terms of three-dimensional harmonic-
oscillator eigenfunctions. In comparison with the PAC
case, the signature symmetry is broken and the parity is
thus the only symmetry left [93]. Even without the pair-
ing correlations, it is very time consuming to perform
a three-dimensional cranking calculation. Therefore the
three-dimensional cranking CDFT is firstly used to ex-
amine its applicability to the shears bands, i.e., the mag-
netic rotation in 84Rb [93].

Focusing on the magnetic rotational bands, a com-
pletely new computer code for the self-consistent two-
dimensional cranking CDFT based on the non-linear
meson-exchange interaction has been established [94].
This new code includes significant improvements, such as
implanting the simplex symmetry PyT , quantum num-
ber transformation, and orientation constraints. Com-
pared with the three-dimensional cranking CDFT, the
computing time for this two-dimensional cranking CDFT
model has been considerably reduced and thus it allows
systematic investigations and has been applied to heavy
nucleus like 142Gd [94].

The CDFT with the point-coupling interaction be-
come very popular in recent years owing to the following
advantages, i) it avoids the possible physical constrains
introduced by explicit usage of the Klein–Gordon equa-
tion, especially the fictitious σ meson; ii) it is possible
to study the naturalness of the interaction [95, 96] in
effective theories for related nuclear structure problems;
iii) it is relatively easy to include the Fock terms [97]
and to investigate its relationship to the nonrelativistic
approaches [98].

The TAC model based on the CDFT with the point-
coupling interaction was established in Ref. [99], which
introduces further simplification and reduces computing
time. It has been applied successfully for the MR rang-
ing from light nuclei such as 60Ni [99] and 58Fe [44], to
medium heavy nuclei such as 114In [40], and to heavy
nuclei such as 198,199Pb [100]. It also provides a fully self-
consistent and microscopic investigation for the AMR in
105Cd [101, 102]. More examples of its application for the
AMR bands in 112In can be found in Ref. [54].

In the review, we will mainly focus on the microscopic
CDFT investigation for the MR and AMR. In Section
2, the theoretical framework of the tilted axis cranking
CDFT with the point-coupling interaction will be intro-

duced. In Section 3, taking the seminal MR in 198Pb as
an example, the CDFT description for the MR including
the single particle Routhian, energy spectra, deforma-
tion evolution, shears mechanism, electric and magnetic
transitions properties, etc. will be outlined. Similar ap-
plications for MR in the mass regionsA ∼ 60, 80, 100, 140
are summarized in the next Section. In Section 5, taking
105Cd as an example, the CDFT investigation for the
AMR is discussed. Finally, the summary and perspec-
tives are given in Section 6.

2 Tilted axis cranking covariant density
functional theory

The basic idea of the cranking model is based on the
following classical assumption [103]: If one introduces
a coordinate system which rotates with constant angu-
lar velocity around a fixed axis in space, the motion of
the nucleons in the rotating frame is rather simple if
the angular frequency is properly chosen. In particular,
the nucleons can be thought of as independent particles
moving in an average potential which is rotating with
the coordinate frame.

The advantages of the cranking model include, i) pro-
viding a microscopic description for rotating nucleus; ii)
describing the collective angular momentum as the sum
of the single particle ones; iii) working extremely well at
high angular momentum where the assumption of uni-
form rotation applies.

For the magnetic rotations, the axis of the uniform ro-
tation does not coincide with any principal axis of the
density distribution, a description of the ΔI = 1 ro-
tational bands requires going beyond the PAC, which
leads to the TAC approach [11]. The initial version of
the TAC approach was developed based on the potentials
of the Nilsson type, which are combined with a pairing
plus quadrupole model or the Strutinsky shell correction
method for finding the deformation.

In this section, we first present the basic idea of TAC
approach by taking the simple pairing plus quadrupole
model (PQTAC) as an example. The details of the PQ-
TAC model can be found in Refs. [9, 11, 61]. In Section
2.2, the theoretical framework of the covariant density
functional theory will be briefly introduced. The combi-
nation of the TAC approach and the covariant density
functional theory, i.e., the so-called tilted axis cranking
relativistic mean-field theory, is given in the Section 2.3.
Finally, Section 2.4 will be devoted to the numerical tech-
niques.

2.1 Tilted axis cranking model

Assuming that a nucleus rotates around an arbitrary axis
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with a uniform velocity Ω , the corresponding Hamilto-
nian (with the pairing plus quadrupole interaction) in
intrinsic frame, i.e., the Routhian, can be written as

H ′ = H −Ω · J = Hsph − χ

2

2∑
μ=−2

Q†
μQμ

−GP †P − λN̂ −Ω · Ĵ (1)

The constraint Ω · Ĵ ensures that the rotational states
have a finite angular momentum Ĵ . The justification
of pairing plus quadrupole Hamiltonian is described in
many textbooks (e.g., Ref. [103]). In PQTAC model,
Hsph is approximated by the spherical part of the
standard Nilsson Hamiltonian. The residual interac-
tion includes two parts. The quadrupole interaction de-
fined by the quadrupole operators is responsible for the
quadrupole deformation of the mean field. The pairing
interaction takes a monopole form. The term λN̂ controls
the particle number N . The Hamiltonian (1) is written
only for one kind of nucleons. The terms Hsph and Qμ

should be understood as sums of a proton and a neutron
part, and there are terms −GP †P and −λN̂ for both
protons and neutrons. In practice, the actual values of
the force constants χ and G depend on the configura-
tion space under consideration and are determined from
experimental data.

Approximating the nuclear wave function as a Slater
determinant in the quasiparticle space and neglecting the
exchange terms, the single particle Routhian h′ becomes

h′ = hsph − 1
2

2∑
μ=−2

(qμQ†
μ + q∗μQμ)

−Δ(P † + P ) − λN̂ −Ω · Ĵ (2)

with the deformed potential qμ = χ〈Qμ〉 and the pairing
potential Δ = G〈P 〉. The Fermi surface λ is determined
by N = 〈N̂〉, with N the particle number of neutrons or
protons.

For given parameters qμ and Δ, solving Eq. (2) is
similar to solving a cranking Nilsson Hamiltonian. Here
qμ and Δ depend on the wave function and are deter-
mined by iteration, or equivalently by minimizing the
total Routhian E′(qμ,Δ) = 〈H ′〉 for each rotational fre-
quency Ω . It has been shown in Ref. [58] that a self-
consistent solution is equivalent to the requirement that
the vector of the rotational frequency Ω is parallel to the
vector of the angular momentum. Finally, the total en-
ergy as a function of the angular momentum is obtained
by

E(I) = E′(Ω) + ΩI(Ω) (3)

where I(Ω) is determined with I = |〈Ĵ〉|.
Usually, it is convenient to choose the principal axes

of the density distribution as the axes of the coordinate
frame, i.e.,

q−1 = q1 = 0, q−2 = q2 (4)

In this case, the deformation of the potential is specified
by two intrinsic quadrupole moments q0 and q2. There-
fore, it is useful to reformulate the TAC model in this
intrinsic frame [9, 11, 61].

Cranking model is based on the classical treatment
of the total angular momentum and the assumption of
uniform rotation, which have the consequence that angu-
lar momentum conservation is violated. The connection
with the quantal spectra is made by means of semiclas-
sical expressions for the energy and transition matrix
elements. Hence, it is important to investigate how well
these approximations work for the description of the ex-
perimental observables. Moreover, in the TAC approach,
the rotational axis does not coincides with any principal
axis, i.e., it is tilted away from the principal axis. Dif-
ferent from the PAC model, the signature is no longer a
good quantum number in the TAC. This leads to a prob-
lem of how to interpret the TAC solutions and construct
the excitation spectrum from the TAC quasiparticle lev-
els avoiding spurious states.

The above questions have been discussed in Ref. [60]
by comparing with the particle rotor model, which treats
the quantal angular momentum dynamics properly. It
was found that the TAC approach quantitatively ac-
counts both for the energies and the intra band tran-
sition rates of the lowest bands generated by one or two
quasi particles coupled to an axial rotor. The TAC pro-
vides an accurate description of the bandhead, except in
cases, when substantial alignment of quasi particle an-
gular momentum occurs at very low frequency.

The TAC approach is based on the mean-field theory.
Therefore, one may easily study multi-quasiparticle exci-
tations, and the consequences of changes of the deforma-
tion or the pairing. It gives transparent classical vector
diagrams pictures of the angular momentum coupling,
which is of great help to understand the structure of ro-
tation bands. The drawback of the TAC model is that it
cannot describe the gradual onset of signature splitting
as well as the mixing of bands with substantially differ-
ent quasiparticle angular momentum as in the standard
cranking theory.

2.2 Covariant density functional theory

The covariant density functional theory can be traced
back to the successful relativistic mean-field (RMF)
models introduced by Walecka and Serot [104, 105],
which was further developed and applied by many groups
[69–72]. The most popular RMF models are based on the
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finite-range meson-exchange representation, in which the
nucleus is described as a system of Dirac nucleons that
interact with each other via the exchange of mesons.
The nucleons and the mesons are described by the Dirac
equation and the Klein–Gordon equation, respectively.
The isoscalar-scalar σ meson, the isoscalar-vector ω me-
son, and the isovector-vector ρ meson build the mini-
mal set of meson fields that, together with the electro-
magnetic field, is necessary for a description of bulk and
single-particle nuclear properties. Moreover, a quantita-
tive treatment of nuclear matter and finite nuclei needs a
medium dependence of effective mean-field interactions,
which can be introduced by including nonlinear meson
self-interaction terms in the Lagrangian or by assuming
explicit density dependence for the meson–nucleon cou-
plings. The detailed formalism of the meson-exchange
representation of CDFT can be found in Refs. [69–72].

More recently, this framework has been reinterpreted
by the relativistic Kohn–Sham density functional the-
ory, and the functionals have been developed based on
the zero-range point-coupling interaction [87, 106, 107],
in which the meson exchange in each channel (scalar-
isoscalar, vector-isoscalar, scalar-isovector, and vector-
isovector) is replaced by the corresponding local four-
point (contact) interaction between nucleons. In recent
years, the point-coupling model has attracted more and
more attention owing to the following advantages. First,
it avoids the possible physical constrains introduced by
explicit usage of the Klein–Gordon equation to describe
mean meson fields, especially the fictitious σ meson. Sec-
ond, it is possible to study the role of naturalness [95, 96]
in effective theories for nuclear-structure-related prob-
lems. Third, it is relatively easy to include the Fock terms
[97], and provides more opportunities to investigate its
relationship to the nonrelativistic approaches [98]. In the
following, we present the theoretical framework of the
CDFT with the point-coupling interaction.

The basic building blocks of the covariant density func-
tional theory with point-coupling vertices are

(ψ̄OΓψ), O ∈ {1, �τ}, Γ ∈ {1, γμ, γ5, γ5γμ, σμν} (5)

where ψ is Dirac spinor field of nucleon, �τ is the isospin
Pauli matrix, and Γ generally denotes the 4 × 4 Dirac
matrices. There are ten such building blocks character-
ized by their transformation characteristics in isospin
and Minkowski space. In the following, the vectors in
the isospin space are denoted by arrows and the space
vectors by bold type. Greek indices μ and ν run over the
Minkowski indices 0, 1, 2, and 3.

A general effective Lagrangian can be written as a
power series in ψ̄OΓψ and their derivatives, with higher-
order terms representing in-medium many-body correla-
tions. In the actual application we start with the follow-

ing Lagrangian density of the form:

L = Lfree + L4f + Lhot + Lder + Lem

= ψ̄(iγμ∂
μ −m)ψ

−1
2
αS(ψ̄ψ)(ψ̄ψ) − 1

2
αV (ψ̄γμψ)(ψ̄γμψ)

−1
2
αTS(ψ̄�τψ)(ψ̄�τψ) − 1

2
αTV (ψ̄�τγμψ)(ψ̄�τγμψ)

−1
3
βS(ψ̄ψ)3 − 1

4
γS(ψ̄ψ)4 − 1

4
γV [(ψ̄γμψ)(ψ̄γμψ)]2

−1
2
δS∂ν(ψ̄ψ)∂ν(ψ̄ψ)

−1
2
δV ∂ν(ψ̄γμψ)∂ν(ψ̄γμψ)

−1
2
δTS∂ν(ψ̄�τψ)∂ν(ψ̄�τψ)

−1
2
δTV ∂ν(ψ̄�τγμψ)∂ν(ψ̄�τγμψ)

−1
4
FμνFμν − e

1 − τ3
2

ψ̄γμψAμ (6)

which includes the Lagrangian density for free nucle-
ons Lfree, the four-fermion point-coupling terms L4f , the
higher order terms Lhot accounting for the medium ef-
fects, the derivative terms Lder to simulate the effects
of finite-range which are crucial for a quantitative de-
scription for nuclear density distributions (e.g., nuclear
radii), and the electromagnetic interaction terms Lem.
The higher order terms, in the mean field approxima-
tion, lead to density dependent coupling constants with
a density dependence of polynomial form.

For the Lagrangian density in Eq. (6), m is the nucleon
mass and e is the charge unit for protons.Aμ and Fμν are
respectively the four-vector potential and field strength
tensor of the electromagnetic field. There are totally 11
coupling constants, αS , αV , αTS , αTV , βS , γS , γV , δS ,
δV , δTS , and δTV , in which α refers to the four-fermion
term, β and γ respectively the third- and fourth-order
terms, and δ the derivative couplings. The subscripts S,
V , and T respectively indicate the symmetries of the
couplings, i.e., S stands for scalar, V for vector, and T

for isovector. The isovector-scalar channel including the
terms αTS and δTS in Eq. (6) is usually neglected since a
fit including the isovector-scalar interaction does not im-
prove the description of nuclear ground-state properties
[107]. Furthermore, the pseudoscalar γ5 and pseudovec-
tor γ5γμ channels are also neglected in Eq. (6) since they
do not contribute at the Hartree level due to parity con-
servation in nuclei.

The Hamiltonian density, i.e., the 00 components of
the energy–momentum tensor, can be obtained by the
Legendre transformation

H = T 00 =
∂L
∂φ̇i

φ̇i − L (7)
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where φi represents the nucleon or photon field. There-
fore, the total Hamiltonian reads

H =
∫

d3xH

=
∫

d3x

{
ψ̄(−iγ · ∇ +m)ψ

+
1
2
αS(ψ̄ψ)(ψ̄ψ) +

1
2
αV (ψ̄γμψ)(ψ̄γμψ)

+
1
2
αTV (ψ̄�τγμψ)(ψ̄�τγμψ) +

1
3
βS(ψ̄ψ)3

+
1
4
γS(ψ̄ψ)4 +

1
4
γV [(ψ̄γμψ)(ψ̄γμψ)]2

−1
2
δS
[
∂0(ψ̄ψ)∂0(ψ̄ψ) + ∇(ψ̄ψ) · ∇(ψ̄ψ)

]
−1

2
δV [∂0(ψ̄γμψ)∂0(ψ̄γμψ)

+∇(ψ̄γμψ) · ∇(ψ̄γμψ)]

−1
2
δTV [∂0(ψ̄�τγμψ)∂0(ψ̄�τγμψ)

+∇(ψ̄�τγμψ) · ∇(ψ̄�τγμψ)]

+e
1 − τ3

2
ψ̄γμAμψ − F 0μ∂0Aμ +

1
4
FμνF

μν

}
(8)

One can describe the nucleon field as

ψ(x) =
∑

k

[
ψk(x)ak + ψ

′
k(x)d†k

]
(9a)

ψ†(x) =
∑

k

[
ψ†

k(x)a†k + ψ
′†
k (x)dk

]
(9b)

where ψk(x) and ψ
′
k(x) construct a complete set of the

Dirac spinor. The operators ak and a†k respectively rep-
resent the creation and annihilate operators for nucleons,
whereas dk and d†k represent those for the antinucleons
which corresponds to the negative energy states in the
Dirac sea. Usually the contributions from the Dirac sea
are neglected in the framework of CDFT, i.e., the so-
called “no-sea” approximation [104].

The nuclear ground-state wavefunction |Φ〉 is assumed
as a Slater determinant

|Φ〉 =
A∏

k=1

a†k|−〉 (10)

where |−〉 is the physical vacuum. This leads to the re-
placement of the operators ψ̄(ÔΓ )iψ in Eq. (6) by their
expectation values which become bilinear forms of the
nucleon Dirac spinor ψk in the Hartree approximation,

ψ̄(ÔΓ )iψ → 〈Φ| : ψ̄(ÔΓ )iψ : |Φ〉

=
∑
k>0

ψ̄k(x)(ÔΓ )iψk(x) (11)

where i indicates S, V , and TV , and the sum
∑

runs over
only positive energy states. Accordingly, the energy den-

sity functional for a nuclear system can be represented
as

ECDF ≡ 〈Φ|H |Φ〉

=
∫

d3x

{
A∑

k=1

ψ†
k (α · p + βm)ψk

+
1
2
αSρ

2
S +

1
2
αV jμj

μ +
1
2
αTV (�jTV )μ

�jμ
TV

+
1
3
βSρ

3
S +

1
4
γSρ

4
S +

1
4
γV (jμjμ)2

−1
2
δS(∂0ρS∂

0ρS + ∇ρS · ∇ρS)

−1
2
δV (∂0jμ∂

0jμ + ∇jμ · ∇jμ)

−1
2
δTV

[
∂0(�jTV )μ∂

0�jμ
TV + ∇(�jTV )μ · ∇�jμ

TV

]
+eAμj

μ
p − F 0μ∂0Aμ +

1
4
FμνF

μν

}
(12)

where the local densities and currents read

ρS(x) = 〈Φ| : ψ̄ψ : |Φ〉 =
A∑

k=1

ψ̄k(x)ψk(x) (13a)

jμ(x) = 〈Φ| : ψ̄γμψ : |Φ〉 =
A∑

k=1

ψ̄k(x)γμψk(x) (13b)

�jμ
TV (x) = 〈Φ| : ψ̄γμ�τψ : |Φ〉

=
A∑

k=1

ψ̄k(x)γμ�τψk(x) (13c)

jμ
p (x) = 〈Φ| : ψ̄γμ 1 − τ3

2
ψ : |Φ〉

=
A∑

k=1

ψ̄k(x)γμ 1 − τ3
2

ψk(x) (13d)

For the stationary case, ψk(x) = ψk(r)e−iεkt, by min-
imizing the energy density functional Eq. (12) with re-
spect to ψ̄k, one obtains the Dirac equation for the single
nucleons

[α · (−i∇ − V ) + V + β(m+ S)]ψk = εkψk (14)

Here, the local scalar S(r) and vector V μ(r) potentials
read

S(r) = ΣS , V μ(r) = Σμ + �τ · �Σμ
TV (15)

where the nucleon scalar-isoscalar ΣS , vector-isoscalar
Σμ, and vector-isovector �Σμ

TV self-energies are given in
terms of the various densities,

ΣS = αSρS + βSρ
2
S + γSρ

3
S + δSΔρS (16a)

Σμ = αV j
μ + γV (jμ)3 + δV Δjμ + e

1 − τ3
2

Aμ (16b)

�Σμ
TV = αTV

�jμ
TV + δTV Δ�jμ

TV (16c)
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Similarly, one can also obtain the Coulomb field Aμ

which is determined by Poisson’s equation:

−ΔAμ(r) = ejμ
p (r) (17)

For a system with time reversal invariance, the space-
like components of the currents ji in Eq. (13) and the
vector potential V (r) in Eq. (15) vanish. Further assum-
ing that the nucleon single-particle states do not mix
isospin, i.e., the single-particle states are eigenstates of
τ3, only the third component of isovector potentials �Σμ

TV

survives. The total energy is thus given by

ECDF =
∫

d3x

[
A∑

k=1

ψ†
k (α · p + βm)ψk +

1
2
αSρ

2
S

+
1
2
αV ρ

2
V +

1
2
αTV ρ

2
TV +

1
3
βSρ

3
S +

1
4
γSρ

4
S

+
1
4
γV ρ

4
V +

1
2
δSρSΔρS +

1
2
δV ρV ΔρV

+
1
2
δTV ρTV ΔρTV +

1
2
eA0ρp

]
(18)

As the translational symmetry is broken in the mean-
field approximation, the center-of-mass (c.m.) correction
should be made for the spurious c.m. motion. Nowadays,
this is usually done by including the microscopic c.m.
correction energy [108, 109]

Emic
c.m. = − 1

2mA
〈P̂ 2

c.m.〉 (19)

with A being the mass number and P̂c.m. =
∑A

i p̂i being
the total momentum in the c.m. frame. Therefore, the
total energy for the nuclear system becomes

Etot = ECDF + Emic
c.m. (20)

In the framework of the CDFT with the point-coupling
interaction, a new point-coupling effective interaction
PC-PK1 has been proposed by fitting to observables of
60 selected spherical nuclei, including the binding ener-
gies, charge radii, and empirical pairing gaps [87]. This
effective interaction particularly improves the descrip-
tion for isospin dependence of binding energies and it
has been successfully used in describing the Coulomb
displacement energies between mirror nuclei [111], fission
barriers [110], the new and accurate mass measurement
results at Gesellschaft für Schwerionenforschung (GSI)
[88], etc.

By using the PC-PK1, the masses of nuclei with neu-
tron number N � 8 and proton number Z � 8 in the
atomic mass evaluation of 2003 (AME03) [112] have been
calculated in the framework CDFT with the axial sym-
metry. The mass differences between the experimental
data and the calculated results are shown in Fig. 4. It
is found that the CDFT with PC-PK1 can reproduce

the experimental data quite well and the corresponding
root-mean-square (rms) deviation is 1.422 MeV, which
is much smaller than the rms deviation value of 2.25
MeV given by the meson-exchange effective interaction
TMA [113]. Note that in the results given by PC-PK1,
the rotational correction energy due to the violation of
the rotational symmetry is considered for deformed nu-
clei with the moment of inertia I > 3.5 �

2/MeV by
Erot = − �

2

2bI 〈Ĵ2〉, where Ĵ is the angular momentum
operator and I is the moment of inertia calculated from
the Inglis–Belyaev formula [114–116]. The parameter b
is chosen as 1, 1.4, and 1.6 for even-even, odd-A, and
odd-odd nuclei, respectively. As discussed in Ref. [88],
further improvements on a proper treatment of the rota-
tional correction energy for odd nuclei are necessary.

Fig. 4 Mass differences between the experimental data [112] and
the covariant density functional theory calculations with the point-
coupling interaction PC-PK1 [87].

2.3 Tilted axis cranking CDFT

In order to describe the magnetic rotations in a micro-
scopical and self-consistent way, the tilted axis crank-
ing CDFT (TAC-CDFT) should be developed. This ap-
proach has been realized based on either the meson-
exchange interaction [93, 94] or the point-coupling in-
teraction [99]. The TAC-CDFT based on the meson-
exchange interaction is described in detail in Ref. [94].
In the following, the main discussion will be focused on
the TAC-CDFT based on the point-coupling interaction
[99].

Assuming that the nucleus rotates around an axis in
the xz plane, the Lagrangian in Eq. (6) is transformed
into a frame rotating uniformly with a constant rota-
tional frequency,

Ω = (Ωx, 0,Ωz) = (Ω cos θΩ , 0,Ω sin θΩ ) (21)

where θΩ := �(Ω , ex) is the tilted angle between the
cranking axis and the x axis. From this rotating La-
grangian, the equation of motion for the nucleons can be
derived equivalently by either starting from a special rel-
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ativistic transformation [89], or more generally adopting
the tetrad formalism in the framework of general rela-
tivistic theory [117]. One can thus find

[α · (−i∇−V )+ β(m+S)+V −Ω · Ĵ ]ψk = εkψk(22)

where Ĵ = L̂ + 1
2Σ̂ is the total angular momentum of

the nucleon spinors, and εk represents the single-particle
Routhians for nucleons. The relativistic fields S(r) and
V μ(r) read

S(r) = αSρS + βSρ
2
S + γSρ

3
S + δSΔρS (23a)

V (r) = αV ρV + γV ρ
3
V + δV ΔρV + τ3αTV ρTV

+τ3δTV ΔρTV + eA0 (23b)

V (r) = αV jV + γV (jV )3 + δV ΔjV + τ3αTV jTV

+τ3δTV ΔjTV + eA (23c)

As usual, it is assumed that the nucleon single-particle
states do not mix isospin, i.e., the single-particle states
are eigenstates of τ3. Therefore only the third component
of isovector potentials survives. The Coulomb field A0(r)
is determined by Poisson’s equation

−ΔA0(r) = eρc (24)

The spatial components of the electromagnetic vector po-
tential A(r) are neglected since their contributions are
extremely small [89, 90].

Since the Coriolis term Ω ·Ĵ in the Dirac equation (22)
breaks time reversal symmetry in the intrinsic frame, the
nucleon currents are induced and as a consequence the
spatial components of the vector potential V (r). The
densities and currents in Eqs. (23) have the form

ρS(r) =
A∑

i=1

ψ̄i(r)ψi(r) (25a)

ρV (r) =
A∑

i=1

ψ†
i (r)ψi(r) (25b)

jV (r) =
A∑

i=1

ψ†
i (r)αψi(r) (25c)

ρTV (r) =
A∑

i=1

ψ†
i (r)τ3ψi(r) (25d)

jTV (r) =
A∑

i=1

ψ†
i (r)ατ3ψi(r) (25e)

ρc(r) =
A∑

i=1

ψ†
i (r)

1 − τ3
2

ψi(r) (25f)

Here, the “no-sea” approximation is also adopted, i.e.,
the sums run over only the particles states in the Fermi
sea and the contribution of the negative-energy states is
neglected.

By solving the equation of motion iteratively, one fi-
nally obtains the total energy in the laboratory frame

Etot = Ekin + Eint + Ecou + Ec.m. (26)

which is composed of a kinetic part

Ekin =
∫

d3r

A∑
i=1

ψ†
i (α · p + βm)ψi (27)

an interaction part

Eint =
∫

d3r

[
1
2
αSρ

2
S +

1
3
βSρ

3
S +

1
4
γSρ

4
S

+
1
2
δSρSΔρS +

1
2
αV (ρ2

V − j · j)

+
1
2
αTV (ρ2

TV − jTV · jTV )

+
1
4
γV (ρ2

V − j · j)2 +
1
2
δV (ρV ΔρV − jΔj)

+
1
2
δTV (ρTV ΔρTV − jTV ΔjTV )

]
(28)

an electromagnetic part

Ecou =
∫

d3r
1
2
eA0ρc (29)

and the center-of-mass correction energy Ec.m. account-
ing for the treatment of center-of-mass motion.

For each rotational frequency Ω , the expectation
values of the angular momentum components J =
(Jx, Jy, Jz) in the intrinsic frame are given by

Jx = 〈Ĵx〉 =
A∑

i=1

j(i)x (30a)

Jy = 0 (30b)

Jz = 〈Ĵz〉 =
A∑

i=1

j(i)z (30c)

and by means of the semiclassical cranking condition

J =
√

〈Ĵx〉2 + 〈Ĵz〉2 ≡
√
I(I + 1) (31)

one can relate the rotational frequency Ω to the angular
momentum quantum number I in the rotational band.

The orientation of the angular momentum vector J is
represented by the angle θJ := �(J , ex) between the an-
gular momentum vector J and the x axis. As mentioned
before, in a fully self-consistent calculation, the orienta-
tion θJ of the angular momentum J should be identical
to the orientation θΩ of the angular velocity Ω .

The quadrupole moments Q20 and Q22 are calculated
by

Q20 =

√
5

16π
〈3z2 − r2〉 (32a)
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Q22 =

√
15
32π

〈x2 − y2〉 (32b)

and the deformation parameters β and γ can thus be
extracted from

β =
√
a2
20 + 2a2

22 (33a)

γ = arctan
(√

2
a22

a20

)
(33b)

by using the relations

Q20 =
3A
4π
R2

0a20 (34a)

Q22 =
3A
4π
R2

0a22 (34b)

with R0 = 1.2A1/3 fm. Note that the sign convention in
Ref. [103] is adopted for the definition of γ here.

The nuclear magnetic moment, in units of the nuclear
magneton, is given by

μ =
A∑

i=1

∫
d3r

[
mc2

�c
qψ†

i (r)r × αψi(r)

+κψ†
i (r)βΣψi(r)

]
(35)

where the charge q (qp = 1 for protons and qn = 0 for
neutrons) is in units of e, m the nucleon mass, and κ

the free anomalous gyromagnetic ratio of the nucleon
(κp = 1.793 and κn = −1.913).

From the quadrupole moments and the magnetic mo-
ment, the B(M1) and B(E2) transition probabilities can
be derived in semiclassical approximation

B(M1) =
3
8π
μ2
⊥ =

3
8π

(μx sin θJ − μz cos θJ )2 (36a)

B(E2) =
3
8

[
Qp

20 cos2 θJ +

√
2
3
Qp

22(1 + sin2 θJ)

]2

(36b)

where Qp
20 and Qp

22 correspond to the quadrupole mo-
ments of protons.

2.4 Numerical techniques

Orientation constraint. In the usual PAC programs
(one-dimensional cranking), the principal axes of the
densities and fields are implemented to be along the x,
y, and z axis. For the TAC code (two-dimensional crank-
ing), it allows for arbitrary rotations of the density dis-
tributions around the intrinsic y axis. The freedom of
rotations around the y axis can lead (in particular for
Ω = 0 and for small Ω values) to instabilities during the
iterative solution because the solutions with different ori-
entations in the xz plane are degenerate. Therefore, the

x, y, and z axes are enforced to be identical with the
principal axes of the density distribution by introducing
a quadratic constraint [103] for the expectation value of
the quadrupole moment

〈Q2−1〉 = −
√

15
8π

〈xz〉 = 0 (37)

i.e., by minimizing

〈H ′〉 = 〈H〉 +
1
2
C(〈Q2−1〉 − a2−1)2 (38)

with a2−1 = 0, and C being a spring constant, which, if
properly chosen, has no influence on the final result.

Expansion in harmonic oscillator basis. In the
code for the solution of the relativistic tilted axis crank-
ing equations, the Dirac spinors are expanded in terms
of three-dimensional harmonic oscillator wave functions
in Cartesian coordinates,

ϕnxnynz (r) = 〈r|nx, ny, nz〉 = ϕnx(x)ϕny (y)ϕnz (z)

(39)

The normalized oscillator function ϕnk
(xk) in k-direction

(xk = x, y, z) are given by

ϕnk
(xk) =

Nnk√
bk
Hnk

(
xk

bk

)
exp

[
−1

2

(
xk

bk

)2
]

(40)

where Nn = (
√
π2nn!)−1/2 is a normalization factor and

Hn(ξ) = (−1)neξ2 dn

dξn
e−ξ2

(41)

are the Hermite polynomials [118].
We can take the following basis states

ϕα(r, s) = 〈r, s|α〉 = inyϕnx(x)ϕny (y)ϕnz (z)

· 1√
2

(
1

(−1)nx+1

)
(42)

and

ϕα(r, s) = 〈r, s|α〉 = (−i)nyϕnx(x)ϕny (y)ϕnz (z)

· 1√
2

(
(−1)nx+1

−1

)
(43)

which correspond to the eigenfunctions of the simplex
operation with the positive (+i) and negative (−i) eigen-
values, respectively. The phase factor iny has been added
in order to have real matrix elements for the Dirac equa-
tion [119].

The Dirac spinor for the nucleon has the form

ψi(r) =

(
fi(r, s)
igi(r, s)

)
χi(t) (44)

where χi(t) is the isospin part. In the tilted axis crank-
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ing calculations, the simplex symmetry is violated, and
therefore the large and small components of the wave
function in Eq. (44) have to be written as linear combi-
nations of the sets (42) and (43) with different simplex:

fi(r, s) =
∑
α

fαi|α〉 +
∑

ᾱ

fᾱi|ᾱ〉

gi(r, s) =
∑
α̃

gα̃i|α̃〉 +
∑
α̃

gα̃i|α̃〉 (45)

Since the large and small components in the Dirac equa-
tion have different parity, the sums in the expansions for
the large and the small components have to run over os-

cillator quantum numbers with even N = nx + ny + nz

or odd N respectively. This is indicated in Eq. (45) by
the indices α and α̃.

On this basis, the solution of Dirac equation (22) is
obtained by the matrix diagonalization:

H

⎛
⎜⎜⎜⎜⎝

fαi

fαi

gα̃i

gα̃i

⎞
⎟⎟⎟⎟⎠ = εi

⎛
⎜⎜⎜⎜⎝

fαi

fαi

gα̃i

gα̃i

⎞
⎟⎟⎟⎟⎠ (46)

where the Hamiltonian matrix H has the form:

⎛
⎜⎜⎜⎜⎝

〈α|M∗ + V −Ω · Ĵ |α′〉 〈α|M∗ + V −Ω · Ĵ |α′〉 〈α|σ(∇ − iV )|α̃′〉 〈α|σ(∇ − iV )|α̃′〉
〈α|M∗ + V −Ω · Ĵ |α′〉 〈α|M∗ + V −Ω · Ĵ |α′〉 〈α|σ(∇ − iV )|α̃′〉 〈α|σ(∇ − iV )|α̃′〉
〈α̃|−σ(∇ − iV )|α′〉 〈α̃|−σ(∇ − iV )|α′〉 〈α̃|−M∗ + V −Ω · Ĵ |α̃′〉 〈α̃|−M∗ + V −Ω · Ĵ |α̃′〉
〈α̃|−σ(∇ − iV )|α′〉 〈α̃|−σ(∇ − iV )|α′〉 〈α̃|−M∗ + V −Ω · Ĵ |α̃′〉 〈α̃|−M∗ + V −Ω · Ĵ |α̃′〉

⎞
⎟⎟⎟⎟⎠(47)

Note that the Coriolis term Ω · Ĵ breaks the invariance
with respect to time reversal and with respect to rota-
tions around the x axis as well as around the z axis.
Therefore, only the invariance of space reflection P and
the combination of time reversal and reflection in y di-
rection PyT are valid and used in the code.

For the evaluation of the Coulomb field, due to its
long range character, an expansion in harmonic oscil-
lator states is very difficult and therefore the standard
Green function method [120] is used for the calculation
of the Coulomb field in each step of the iteration.

Configuration constraint. Normally the rotation
bands are built on specific proton and neutron configu-
rations. The orbits to be blocked are usually given in the
spherical basis, i.e., by the spherical quantum numbers
|nljm〉. The equations of motion are solved by expanding
the Dirac spinors in terms of the three-dimensional har-
monic oscillator functions in the Cartesian basis Eq. (45)
labeled by the quantum number |nx, ny, nz,±i〉. In order
to identify which orbits have to be blocked, one needs
to transform the wave functions from the Cartesian ba-
sis with the quantum number |nxnynz ± i〉 to a spherical
basis with the quantum numbers |nljm〉 using the tech-
niques given in Refs. [121, 122]. Consequently, one can
block the levels which have the maximal overlap with
the required |nljm〉 orbits. These techniques are consid-
erably simplified, if we work in an isotropic Cartesian
basis with identical basis parameters bx = by = bz = b in
Eq. (40).

To describe a rotational band, one should keep the
corresponding configuration fixed for a set of increasing
values of rotational frequency Ω . Because of the con-
siderable K-mixing in TAC solutions and the high level
density in the three-dimensional calculations, it may oc-

cur that the configuration is changing with the itera-
tion and also the different rotational frequency. To con-
strain the specific configuration we are interested in, one
can adopt the following prescription: Starting from the
Dirac level |ψi(Ωn)〉 blocked for Ω = Ωn, one can block
for Ω = Ωn+1 the level |ψj(Ωn+1)〉 which maximizes the
overlap 〈ψi(Ωn)|ψj(Ωn+1)〉, i.e.,

〈ψj(Ω + δΩ)|ψi(Ω)〉 = 1 + O(δΩ) (48)

For infinitesimal step sizes, this condition corresponds to
the so-called parallel transport [123, 124].

3 Celebrated magnetic rotation in 198Pb

3.1 Brief historical overview

The observation of the Δ = 1 rotational-like structures
in neutron deficient Pb nuclei in the early 1990s opened
a new era for magnetic rotation [8–10]. Long cascades
of M1 transitions were firstly observed in Pb nuclei in
the early 1990’s [21–23, 125, 126]. With improved detec-
tor techniques and lots of efforts, in 1997 the lifetime
measurements based on the Doppler-shift attenuation
method (DSAM) for four M1-bands in the nuclei 198Pb
and 199Pb provided a clear evidence for magnetic rota-
tion [29]. Subsequently, another experiment using the re-
coil distance method (RDM) in 198Pb together with the
results of the DSAM experiment provided further sup-
port to the shears mechanism [127]. Many works along
this line for almost 10 years have been devoted to the
magnetic rotation in Pb isotopes which becomes a clas-
sic example and has received wide attention from theo-
retical and experimental aspects. Naturally, it is a good
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test ground for various theory aiming at the description
of the MR.

In the framework of the pairing plus quadrupole
model, the tilted cranking approach [9, 11, 61] has been
used to describe the magnetic rotation from the very be-
ginning and reproduce the experimental reduced B(M1)
values of magnetic dipole bands in 198,199Pb very well
[29]. In addition, the shell model [128] and the many-
particles-plus-rotor model [129] have also been applied
to investigate magnetic rotation in the Pb region.

With its much success in describing nuclear phenom-
ena in stable as well as in exotic nuclei [69–72], the CDFT
has been generalized to the cranking CDFT [90] and the
tilted axis cranking CDFT [93, 94, 99]. In particular, the
newly developed TAC-CDFT based on point-coupling in-
teractions [99] includes significant improvements by im-
planting the simplex symmetry and reduces computation
time, which makes it possible to investigate the MR in
the heaviest mass region observed so far.

As the magnetic rotation in Pb isotopes is a typical
and famous example, in the following the band 1 in 198Pb
[125] will be chosen as an example to demonstrate the rel-
ativistic self-consistent description of the MR character-
istics. The calculations [100] have been carried out with
the covariant point-coupling density functional PC-PK1
[87]. The detailed and numerical techniques can be found
in Ref. [100] and references therein.

3.2 Single particle Routhian and configuration

In Ref. [100], TAC based CDFT calculation has
been performed with the proton configuration
π[s−2

1/2h9/2i13/2]11− suggested as in Ref. [125]. The sin-
gle particle Routhians for the neutrons in the nucleus
198Pb are respectively shown as a function of the rota-
tional frequency Ω for the two configurations AE11 and
ABCE11 in Fig. 5. The positive parity levels belonging
to the νi13/2 orbit are given by full black curves and
the neutron levels with negative parity (pf) are indi-
cated by dashed red curves. In band 1, a backbending
phenomenon has been observed caused by the alignment
of a pair of i13/2 neutrons. Before the backbending,
the neutron configurations ν[i−1

13/2(fp)
−1] has been as-

signed to band 1 in 198Pb. After the backbending, it
becomes as ν[i−3

13/2(fp)
−1] [31, 130]. As in Ref. [126],

a short hand notation is used for these configurations:
A, B, C and D denote νi13/2 holes with positive par-
ity and E denotes a neutron hole with negative parity
(mainly of f5/2 and p3/2 origin). The proton configura-
tion π[s−2

1/2h9/2i13/2]11− is abbreviated by its spin num-
ber 11. Therefore the configuration with ν[i−1

13/2(fp)
−1]

is referred to as AE11 before the backbending, and
configuration with ν[i−3

13/2(fp)
−1] as ABCE11 after the

backbending.

ne
R

o

Fig. 5 Single particle Routhians for the neutrons in 198Pb as a
function of the rotational frequency based on the configurations
AE11 and ABCE11. The blue dots indicate the occupied levels at
Ω = 0 and the green dots indicate the occupied levels at the band
heads with the configuration AE11 (left panel) and ABCE11 (right
panel). Further details are given in the text. Reproduced from Ref.
[100].

3.3 Energy spectra

The calculated energy spectra of the band 1 in 198Pb are
shown in comparison with the data [130] in Fig. 6. For
certain regions of angular momenta, the calculated val-
ues are missing, as for instance, I = 19 − 21� in band 1
in 198Pb. As discussed in Ref. [94], it is due to the level
crossing connected with the backbending phenomenon,
and no converged solutions could be found for these an-
gular momentum values. It can be seen that the TAC-
CDFT calculations reproduce well the experimental en-
ergies but underestimate the particle-hole excitation en-
ergies at the band head of the configurations ABCE11
in 198Pb. In comparison with the PQTAC calculations
[11, 131], these underestimations can be explained by the
pairing correlations and need to be further investigated
in the future.

Fig. 6 Energy spectra in the TAC-CDFT calculations compared
with the data [130] for band 1 in 198Pb. The energy at I = 15� is
taken as reference for the band 1 in 198Pb. Energies for the con-
figurations ABCE11* in 198Pb are renormalized to the energies at
I = 22�. Reproduced from Ref. [100].

The experimental rotational frequency Ωexp is ex-
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tracted from the energy spectra by the relation

�Ωexp≈
dE
dI

=
1
2
[Eγ(I + 1 → I) + Eγ(I → I − 1)] (49)

In Fig. 7, the calculated total angular momenta of the
band 1 in 198Pb as functions of the rotational frequency
are shown in comparison with the experimental data
[130] and the PQTAC results [131]. It is found that both
the TAC-CDFT and the PQTAC results agree well with
the experimental data. This shows that the TAC calcula-
tions can reproduce the relative changes of the moment
of inertia within the different bands rather well. The TAC
calculations support that the backbending arises through
an excitation of a neutron-hole pair in the i13/2 shell, i.e.,
by the transitions in the configurations AE11→ABCE11
in band 1 of 198Pb. In detail, before the backbending
the spins values found in the TAC-CDFT and PQTAC
models differ from experimental values up to 2�. After
the backbending, the PQTAC result for the band 1 in
198Pb is nearly 3� larger than the experimental values
and the TAC-CDFT result. Compared with the experi-
mental values in Fig. 7, the appearance of backbending
is clearly seen.

Fig. 7 Angular momenta as functions of the rotational frequency
in the TAC-CDFT calculations compared with the data [130] and
the PQTAC results [131] for band 1 in 198Pb. The configurations
with “(PQ)” denote the corresponding results of PQTAC calcula-
tions. Reproduced from Ref. [100].

3.4 Deformation evolution

The advantage of the TAC-CDFT calculations is that
the nuclear shape and deformation can be obtained self-
consistently and automatically as outputs. The deforma-
tion parameters β and γ as well as their evolutions for
band 1 in 198Pb obtained in the TAC-CDFT calculations
are compared with the PQTAC results [131] in Fig. 8. In
the TAC-CDFT calculations, the quadrupole deforma-
tions are around β = 0.15 and remain almost constant.
The PQTAC calculations produce the same tendency
with slightly smaller deformations around β = 0.11.
Meanwhile, the deformation parameter γ varies between

47◦ and 59◦ which means small triaxiality close to oblate
axial symmetry in the TAC-CDFT calculations. This is
consistent with the PQTAC results of Ref. [131].
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Fig. 8 Deformation parameters β (left panel) and γ (right panel)
as functions of the rotational frequency in the TAC-CDFT calcula-
tions compared with the PQTAC results [131] for band 1 in 198Pb.
Reproduced from Ref. [100].

3.5 Shears mechanism

One of the fundamental and important characteristic in
magnetic rotation is the shears mechanism. In Fig. 9,
the proton and neutron angular momentum vectors Jπ

and Jν as well as the total angular momentum vectors
Jtot = Jπ + Jν at both the minimum and the maximum
rotational frequencies in TAC-CDFT calculations for the
band 1 in 198Pb are shown. The proton and neutron an-
gular momenta Jπ and Jν are defined as

Jπ = 〈Ĵπ〉 =
Z∑

p=1

〈p|Ĵ |p〉

Jν = 〈Ĵν〉 =
N∑

n=1

〈n|Ĵ |n〉 (50)

where the sum runs over all the proton (or neutron) levels
occupied in the cranking wave function in the intrinsic
system.

Fig. 9 Composition of the total angular momentum at both the
minimum and the maximum rotational frequencies in TAC-CDFT
calculations for band 1 in 198Pb. Left (right) panel is result for the
rotation before (after) backbending. Reproduced from Ref. [100].
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For the magnetic dipole bands in 198Pb, the contribu-
tions to the angular momenta come mainly from the high
j orbitals, i.e., the i13/2 neutron(s) as well as h9/2 and
i13/2 protons. At the band head, the proton particles ex-
cited across the closed Z = 82 shell gap into the h9/2 and
i13/2 orbitals contribute to the proton angular momen-
tum along the short axis, and the neutron hole(s) at the
upper end of the i13/2 shell contribute to the neutron
angular momentum along the long axis. By comparing
the upper panels (before backbending) with the lower
ones (after backbending) in Fig. 9, one finds that after
the backbending the neutron angular momentum vectors
are considerably larger, because they contain the contri-
butions of an aligned pair of i13/2 neutron holes. There-
fore, the proton and neutron angular momentum vectors
form the two blades of the shears. With the increase of
frequency, the two blades move toward each other and
the closing of shears increase the angular momentum,
while the direction of the total angular momentum stays
nearly unchanged. In such a way, the shears mechanism
is clearly observed.

3.6 Electric and magnetic transitions

A typical characteristic of magnetic rotation is the
strongly enhanced M1 transition probabilities which de-
crease with the spin. In Fig. 10, the calculated B(M1)
values as functions of the total angular momentum for
the band 1 in 198Pb are shown in comparison with the
data [29, 127] and the PQTAC results [131]. The TAC-
CDFT calculations reproduce the decrease of the ob-
served B(M1) values with increasing spin. However, as
observed already in earlier investigation [93, 99], the ab-
solute values show discrepancies. As shown in Fig. 10,
one has to attenuate the results by a factor 0.3 in order to
reproduce the absolute B(M1) values. The same factor
has been used in Ref. [99]. So far the origin of this atten-
uation factor is not understood in detail. As discussed in
Ref. [99], there are however several reasons: (i) Pairing
correlations strongly affect the deformation and the lev-
els in the neighborhood of the Fermi surface. This causes
a strong reduction for the B(M1) values with major con-
tributions from the valence particles or holes. (ii) The
coupling to complex configurations such as particle vi-
brational coupling (Arima–Horie effect [132, 133]) leads
in all cases to a quenching of the B(M1) values for neu-
tron configurations [134, 135]. (iii) Meson exchange cur-
rents and higher corrections also cause a reduction of the
effective g-factors for the neutrons [136–138]. However,
it is not the absolute B(M1) values, which characterize
the shear bands, but rather the behavior of these values
with increasing angular momentum. On the other side,
the absolute values of PQTAC results agree with the ob-

served B(M1) data and the attenuated TAC-CDFT re-
sults. However, they show a sharper decreasing trend as
compared with the TAC-CDFT calculations. The agree-
ment between the calculated and experimental B(M1)
values and their trend shows a convincing confirmation
of the shears mechanism.

Fig. 10 B(M1) values as functions of the total angular momen-
tum in the TAC-CDFT calculations compared with the data and
the PQTAC results [131] for band 1 in 198Pb. Circles and squares
denote experimental data from DSAM [29] and RDM [127], respec-
tively. Reproduced from Ref. [100].

In contrast to the enhanced M1 transitions, the E2
transitions are weak for magnetic rotational bands. In
Fig. 11, the calculated B(E2) values as functions of
the total angular momentum are shown and compared
with the DSAM-data of Ref. [29] and the PQTAC re-
sults of Ref. [131] for band 1 in 198Pb. The B(E2) values
in the TAC-CDFT calculations are in reasonable agree-
ment with the data and show a roughly constant trend.
This is consistent with the nearly constant calculated
quadrupole deformation. Compared to the PQTAC re-
sults, the TAC-CDFT calculations predict larger B(E2)
values, in accordance with the larger deformations shown
in Fig. 7.

Fig. 11 B(E2) values as functions of the total angular momen-
tum in the TAC-CDFT calculations compared with the data from
DSAM [29] and the PQTAC results [131] for band 1. Reproduced
from Ref. [100].
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4 Magnetic rotation in other mass regions

4.1 A ∼ 60 mass region

To date, the magnetic dipole bands observed have been
summarized in the nuclear chart in Fig. 3. The recent ob-
servations in 58Fe [44] and 60Ni [45] are identified as the
lightest mass region to exhibit magnetic rotation phe-
nomenon and have extended the observed MR mass re-
gion to A ∼ 60 mass region.

In Ref. [99], TAC-CDFT calculation with PC-PK1 [87]
has been performed for four magnetic dipole bands, de-
noted as M-1, M-2, M-3, and M-4, reported in 60Ni
[45]. Same as in Ref. [45], the bands M-1 and M-
4 are suggested to be built from the same type of
configurations, i.e., π[(1f7/2)−1(fp)1]⊗ ν[(1g9/2)1(fp)3].
For the bands M-2 and M-3, TAC-CDFT calculation
clearly indicates that they are respectively built from the
configuration π[(1f7/2)−1(1g9/2)1]⊗ν[(1g9/2)1(fp)3] and
π[(1f7/2)−1(fp)1] ⊗ ν[(1g9/2)2(fp)2]. For simplicity, the
above configurations are referred to as Config1, Config2,
and Config3, respectively.

The calculated energy spectra are shown in compari-
son with the available data for the bands M-1 and M-4
(left panel), M-2 (middle panel), as well as M-3 (right
panel) for 60Ni in Fig. 12. In general, the experimental
energies of the bands M-1, M-2, and M-3 are reproduced
very well by these TAC-CDFT calculations. However,
the assigned configuration for each of these bands could
not be followed in the calculations up to the highest spin
observed, i.e., convergent results could be obtained only
up to ∼ 14� for Config1, ∼ 15� for Config2, and ∼ 16�

for Config3. These are connected with the configuration
change and shape evolution [99].

With the increase of the rotational frequency,
the configurations, π[(1f7/2)−1(fp)1] ⊗ ν[(1g9/2)1(fp)4·
(1f7/2)−1] (Config1*) and π[(1f7/2)−2(fp)2]⊗ν[(1g9/2)2 ·

(fp)3(1f7/2)−1] (Config3*) will strongly compete with
Config1 and Config3, respectively. In other words, one
observes a neutron pair broken in the f7/2 shell at
I = 15� in band M-1, and the excitation of a unpaired
proton from the f7/2 shell to the fp orbital and a neu-
tron pair broken in the f7/2 shell at I = 16� in the band
M-3.

The shape evolutions of bands M-1, M-2, and M-3 are
also shown in Fig. 12. It is interesting to note that the
nucleus changes its shape from prolate-like to oblate-like
with the frequency in Config1, Config2, and Config3, and
comes back to a prolate-like deformation with the config-
uration changing from Config1 to Config1*, and Config3
to Config3*. In particular, the nucleus with Config3* has
a relatively large deformation (β ∼ 0.4) with axial sym-
metry.

For the magnetic rotational bands in 60Ni, the proton
and neutron angular momentum vectors Jπ and Jν de-
fined in Eq. (50) as well as the total angular momentum
vector Jtot at both the bandhead and the maximum rota-
tional frequency in the TAC-CDFT calculations with the
configurations of Config1, Config2, Config3, and Con-
fig3*, are shown in Fig. 13.

For the bands built on Config1, Config2, and Config3,
the contributions to the angular momenta come mainly
from the high j orbitals, i.e., the g9/2 neutron(s) and the
f7/2 proton. At the bandhead, the neutron particle(s)
filling the bottom of the g9/2 shell mainly contribute to
the neutron angular momentum along the x-axis, and
the proton hole at the upper end of the f7/2 shell mainly
contributes to the proton angular momentum along the
z-axis. They form the two blades of the shears. As the
frequency increases, the two blades move toward each
other to provide larger angular momentum, while the
direction of the total angular momentum stays nearly
unchanged. In this way, the shears mechanism is clearly
seen.

One should notice that the proton particle in the g9/2

(M-4)
(M-1) (M-2) (M-3)

Fig. 12 Energy spectra obtained from the TAC-CDFT calculations in comparison with the available data for bands M-1
and M-4 (left panel), M-2 (middle panel), as well as M-3 (right panel). The energies at I = 9�, I = 11�, and I = 15� are
taken as references in the left, middle and right panels, respectively. The evolutions of the nuclear shape (β, γ) for bands
M-1, M-2, and M-3 are also illustrated with the schematic pictures. Reproduced from Ref. [99].
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Fig. 13 Composition of the total angular momentum at both
the bandhead and the maximum rotational frequency in the TAC-
CDFT calculations with the configurations of Config1, Config2,
Config3, and Config3*. Reproduced from Ref. [99].

orbital also gives substantial contributions to the proton
angular momentum in the case of Config2. As a result,
Jπ has not only a large Jz component but also a sub-
stantial Jx component even at the bandhead. Thus, the
shears angle Θ, the angle between Jπ and Jν , is not as
large as those of Config1 and Config3, and decreases only
by a small amount with increasing rotational frequency.

For the Config3*, as the two proton holes in the f7/2

orbital are paired, the proton angular momentum comes
mainly from the particles in the fp shell, which aligns
along the x-axis. The neutron hole in the f7/2 orbital
gives substantial contributions to the neutron angular
momentum, which leads to a large Jz component. Higher
spin states in the band are created by aligning the neu-
tron angular momentum towards the x-axis. Considering
the large axially symmetric prolate deformation as shown
in Fig. 12, the mechanism of producing higher spin states
with Config3* is electric rotation rather than magnetic
rotation. Therefore, a transition from magnetic rotation
to electric rotation is observed in Config3*.

Recently, the high spin structure in 58Fe has been in-
vestigated by heavy-ion induced fusion-evaporation re-
actions at Gammasphere [44]. The magnetic rotational
bands observed have been interpreted with the TAC-
CDFT, which concludes that 58Fe is the lightest nucleus
exhibiting magnetic rotation.

4.2 A ∼ 140 mass region

For A ∼ 140 mass region, πh11/2 particles combined with
νh11/2 holes satisfy the high-j configurations for mag-
netic rotation. In fact, the magnetic rotation in A ∼ 140

mass region have been identified in Tb, Gd, Eu, Sm, Pm,
Nd, Pr, Ce, La, Ba, Cs, Xe, Te and Dy isotopes (see Ref.
[31] and the references therein).

For 142Gd, five bands denoted as DB1, DB2, DB3,
DB4 and DB5, have been observed and four of them
have been interpreted as magnetic rotational bands with
the configurations πh2

11/2 ⊗ νh−2
11/2, πh2

11/2 ⊗ νh−4
11/2,

πh1
11/2 ⊗ πg−1

7/2νh
−2
11/2, and πh1

11/2 ⊗ πg−1
7/2νh

−4
11/2 [139,

140], respectively. In Ref. [66], the shears mechanism and
the spectrum of the band DB1 in 142Gd have been in-
vestigated by the tilted axis cranking Skyrme Hartree–
Fock method. In Ref. [94], TAC-CDFT with the meson-
exchange interaction PK1 [141] has been applied for the
magnetic rotational band DB1 in 142Gd based on the
configuration πh2

11/2 ⊗ νh−2
11/2. For simplicity, the config-

urations πh2
11/2 ⊗ νh−2

11/2 and π[h2
11/2g

−1
7/2d

1
5/2] ⊗ νh−2

11/2

are referred to as Config1 and Config1*, respectively.
The energies as functions of the total angular momen-

tum for the Config1 calculation (full red dots) and the
Config1* calculation (green triangles ups) for the mag-
netic dipole band DB1 in 142Gd are shown in Fig. 14.
They are compared with the available data (filled cir-
cles) [140] and the non-relativistic SHF results from Ref.
[66] (triangles down). As no link to the ground state is
observed, the recommended band head spin I = 16 � of
Ref. [140] is adopted, and the energy at I = 16 � are
taken as a reference for both the CDFT values and the
nonrelativistic SHF calculation. In general, the energies
in CDFT calculations achieve better agreement with the
data as compared with the SHF results.

Fig. 14 The energies as functions of the total spin in TAC-CDFT
calculation [94] for Config1 (full red dots) and Config1* (green tri-
angles up) in comparison with the data for the band DB1 in 142Gd
(filled back circles) [140]. The non-relativistic SHF result (blue tri-
angles down) [66] is also included.

The total angular momenta are shown as functions of
the rotational frequency and results of Config1 (full red
dots) and Config1* (green triangles up) calculations are
compared with data (filled circles) of Ref. [140] in Fig.
15. The total angular momenta in Config1 linearly in-
crease with the rotational frequency and agree with the
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data till �Ω = 0.40 MeV. After �Ω > 0.40 MeV, an up-
bending is observed for the data. This up-bending cannot
be reproduced by the smooth behavior in either Config1
or Config1* calculations.

Fig. 15 The total angular momentum as a function of the
rotational frequency in TAC-CDFT calculation [94] for the
configurations πh2

11/2
⊗ νh−2

11/2
(Config1, open circles) and

π[h2
11/2

g−1
7/2

d1
5/2

] ⊗ νh−2
11/2

(Config1*, triangles up) in comparison

with the data for DB1 in 142Gd (filled circles) [140].

4.3 A ∼ 80 and A ∼ 110 mass regions

For A ∼ 80 mass region, πg9/2 particles combined with
νg9/2 holes satisfy the high-j configurations for magnetic
rotation. In fact, the magnetic rotation in A ∼ 80 mass
region have been identified in Rb, Kr and Br isotopes
(see Ref. [31] and the references therein).

As the first relativistic investigation of the magnetic
rotation, three-dimensional cranking CDFT has been de-
veloped and applied for 84Rb [93]. The proton configu-
ration is fixed to be π(pf)7(1g9/2)2 with respect to the
Z = 28 magic number and ν(1g9/2)−3 with respect to the
N = 50 magic number is adopted for the neutron con-
figuration. The signals of the shears mechanism, such as
the nearly constant tilt angle and the smooth decreases
of the shears angle and of the B(M1)/B(E2) ratio, are
well reproduced. The detailed discussion can be seen in
Ref. [93]. Because of the numerical complexity, so far,
the three-dimensional cranking CDFT has been applied
only for the magnetic rotation in 84Rb [93].

For A ∼ 110 mass region, πh11/2 particles combined
with νg9/2 holes satisfy the high-j configurations for
magnetic rotation. In fact, the magnetic rotation in
A ∼ 110 mass region have been identified in Cd, In,
Sn, Sb, and Te isotopes (see Ref. [31] and the refer-
ences therein). Using the recently developed TAC-CDFT
based on point-coupling interactions, the magnetic rota-
tional bands in 113,114In in A ∼ 110 mass region are well
reproduced successfully [40, 43].

In order to explore the MR in the lightest mass region,
the TAC-CDFT calculation has been performed for 22F
with the configuration πd5/2 ⊗ νd−1

5/2 in Ref. [142]. The

possible existence of magnetic rotation is suggested for
22F via investigating the spectra, the relation between
the rotational frequency and the angular momentum,
the electromagnetic transition probabilities B(M1) and
B(E2) together with the shears mechanism characteris-
tic of magnetic rotation.

5 Antimagnetic rotation

5.1 Concept

As mentioned in the introduction, in analogy with an
antiferromagnet, “antimagnetic rotation” (AMR) [9] is
predicted to occur in some specific nearly spherical nu-
clei, in which the subsystems of valence protons (neu-
trons) are aligned back to back in opposite directions
and nearly perpendicular to the orientation of the total
spin of the valence neutrons (protons). Such arrangement
of the proton and neutron angular momenta also breaks
the rotational symmetry in these nearly spherical nuclei
and causes excitations with rotational character on top
of this bandhead as “antimagnetic rotation” [9, 14].

To date, antimagnetic rotations have been reported
in Cd isotopes including 105Cd [48], 106Cd [47], 108Cd
[49, 50], and 110Cd [52], where the decrease tendency
of B(E2) values has been observed through the lifetime
measurements. The other candidates include 109Cd [51],
100Pd [53], 112In [54], and 144Dy [55]. In order to apply
the CDFT for antimagnetic rotation phenomenon, the
newly developed TAC-CDFT based on point-coupling in-
teractions are used to investigate antimagnetic rotation
(AMR) in 105Cd in a fully self-consistent and microscopic
way in Refs. [101, 102].

5.2 Energy spectrum

For the TAC-CDFT calculation [101] based on point-
coupling interactions PC-PK1 [87] for AMR band in
105Cd, the odd neutron occupies the lowest level in the
h11/2 shell and the remaining nucleons are treated self-
consistently by filling the orbitals according to their en-
ergy from the bottom of the well. This automatically
leads to the configuration for AMR.

In Fig. 16, the TAC-CDFT calculated energy and the
rotational frequency (solid lines) [101] are compared with
data [48]. In the upper panel it can be clearly seen that,
apart from the bandhead, the experimental energies are
reproduced excellently by the present self-consistent cal-
culations. In the lower panel it is found that the calcu-
lated total angular momenta agree well with the data and
increase almost linearly with increasing frequency. This
indicates that the moment of inertia is nearly constant
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and well reproduced by the present calculations.

No pol.
With pol.

Fig. 16 Energy (upper panel) and rotational frequency (lower
panel) as functions of the total angular momentum. The fully self-
consistent solution (solid lines) and that neglecting polarization
(dashed lines) are compared with the data [48] (solid dots). The
energy at I = 23/2� is taken as reference in the upper panel. Re-
produced from Ref. [101].

5.3 Two shearslike mechanism

In order to demonstrate the two shearslike mechanism in
105Cd in Fig. 17, there were shown both at the bandhead
and at the maximum rotational frequency the angular
momentum vectors of the two g9/2 proton-holes jπ and
of the neutrons Jν =

∑
n j

(n)
ν where n runs over all the

occupied neutron levels. At the bandhead, the two pro-
ton angular momentum vectors jπ are pointing opposite
to each other and are nearly perpendicular to the vec-
tor Jν . They form the blades of the two shears. With an
increasing Ω the gradual alignment of the vectors jπ of
the two g9/2 proton holes toward the vector Jν gener-
ates angular momentum while the direction of the total
angular momentum stays unchanged. This leads to the
closing of the two shears. The two shearslike mechanism

Fig. 17 Angular momentum vectors of neutrons Jν and the two
g9/2 proton holes jπ at both the bandhead (�Ω = 0.3 MeV) and
the maximum rotational frequency. Reproduced from Ref. [101].

can thus be clearly seen, and it is consistent with the
previous works [9, 47].

In a microscopic calculation, there is no inert core
and all the energy and angular momentum come from
the particles. The contributions of the valence neutrons
and proton holes to the angular momentum Jx at both
the bandhead and the maximum rotational frequency are
shown in Fig. 18. It is found that the contributions come
mainly from high-j orbitals, i.e., from g9/2 proton holes
as well as from h11/2 and g7/2 neutrons. In order to pro-
vide a simple picture which can be compared with the
core angular momentum given in Ref. [9], one can esti-
mate the “corelike” angular momentum in the present
framework by excluding the contributions of three va-
lence neutrons, shown in the left three columns in Fig. 2,
from the total neutron angular momentum. It is found
that the “core” contributes about 3 � when the frequency
Ω increases from the bandhead to the maximum value.

Fig. 18 Alignment of the valence neutrons (left side) and proton
holes (right side) at both the bandhead (�Ω = 0.3 MeV) and the
maximum rotational frequency. Reproduced from Ref. [101].

For the protons, only the two holes in the g9/2 shell
contribute. As shown in Fig. 17, they cancel each other
in the z direction giving non-negligible contributions to
the angular momentum along x axis even at the band-
head. With the growing frequency, the proton angular
momentum in x direction increases because of the align-
ment of the two proton hole blades. For the neutrons,
on the other hand, we have only contributions above the
N = 50 shell. One neutron sits in the h11/2 orbit and the
other six are, because of considerable mixing, distributed
over the g7/2 and d5/2 orbitals. As Ω grows, the contri-
butions of the aligned orbitals with jx = 11/2 and 9/2 do
not change much and the increase in angular momentum
is generated mostly by the alignment of orbitals with low
jx values. This microscopic calculation shows that the in-
terpretation given in Ref. [48] is only partially justified:
we clearly have two proton holes in the g9/2 and one neu-
tron particle in the h11/2 orbit, but, due to the mixing
of orbits with lower j values the other neutrons are dis-
tributed over several subshells above the N = 50 core
and the increasing angular momentum results from the
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alignment of the proton holes and the mixing within the
neutron orbitals. Because of this strong mixing between
the neutrons, a core needed for the phenomenological
model in Ref. [10] cannot really be defined.

5.4 Electric transition probability and deformation

AMR is characterized by weak E2 transitions decreasing
with increasing spin. In Fig. 19, the calculated B(E2)
values (solid lines) are compared with the available data
[48]. It is found that the resulting B(E2) values are very
small (< 0.14 e2b2) and in very good agreement with
the data. Furthermore, the fact that the B(E2) values
decrease with increasing spin is in agreement with the
interpretation by the two shearslike mechanism.

/

Fig. 19 B(E2) values as functions of the angular momentum. So-
lutions with (solid line) and without (dashed line) polarization are
compared with data [48] (solid dots). Inset: Deformations β and
γ driven by the increasing rotational frequency whose direction is
indicated by arrows. Reproduced from Ref. [101].

The decrease of the B(E2) values can be understood
by the changes in the nuclear deformation. As shown
in the inset of Fig. 19, with the increasing frequency,
the nucleus undergoes a rapid decrease of β deformation
from 0.2 to 0.14 at a small and near-constant triaxiality
(γ � 9◦). As usual, it is found that the deformation of
the charge distribution, responsible for the B(E2) val-
ues, changes in a similar manner. Therefore, one can
conclude that the alignment of the proton and neutron
angular momenta, i.e., the two shearslike mechanism, is
accompanied by a transition from prolate towards nearly
spherical shape.

5.5 Core polarization

In order to investigate the importance of the polariza-
tion effects induced by the two proton holes, which is
taken into account fully in the TAC-CDFT calculation,

an additional calculation without polarization has been
carried out in Ref. [101]. For this purpose, at each fre-
quency the 107Sn “core” is firstly calculated in Ref. [101],
where the two proton holes are filled. This results in a
filled nearly spherical g9/2 shell. In the next step, the
self-consistency (dashed lines in Figs. 16 and 19) is ne-
glected and the band in 105Cd is calculated, in which two
protons are removed from the g9/2 shell using, at each
frequency, the corresponding nearly spherical potentials
S and V μ obtained in the calculations of the 107Sn core.
As shown in the upper panel of Fig. 16, the energy is
reduced only slightly by polarization in the lower part
of the spectrum. At the same time the relation between
the angular velocity and angular momentum is consid-
erably changed in the lower part of Fig. 16. Without
polarization, a much smaller frequency Ω is necessary to
reach the same angular momentum as with polarization.
In addition, without polarization, there is a maximal an-
gular momentum of roughly 17 �. Higher values cannot
be reached even at rather high frequencies.

This behavior can be well understood from the evolu-
tion of the deformation parameters shown in the inset of
Fig. 19. Without polarization we use at each frequency
the potentials of the core-nucleus 107Sn, where the defor-
mation is relatively small. Angular momentum can only
be produced by alignment of neutron particles along the
rotational axis leading at �Ω = 0.5 MeV to an oblate
shape with a rotation around the symmetry axis. Re-
moving two protons would lead, if polarization is taken
into account, to a larger prolate configuration with lower
energy and hindering alignment. Therefore, in the lower
part of the band, it is easier to produce angular mo-
mentum without polarization, where the deformation is
small. On the other side the oblate deformation keeps
the high-j proton holes in the jx = ±1/2 orbitals of the
g9/2 shell pairwise occupied and hinders their alignment.
Above �Ω = 0.5 MeV we reach the maximum angular
momentum of the neutron configuration. With polariza-
tion, because of the prolate deformation, we have much
more mixing and therefore can reach larger angular mo-
mentum by aligning the protons. This can also be seen in
Fig. 19 that the E2 transitions do survive with polariza-
tion when �Ω � 0.5 MeV. Therefore, it is of importance
to emphasize that polarization effects play a very impor-
tant role in the self-consistent microscopic description of
AMR bands.

6 Summary and perspectives

In the past decades, the rotational-like sequences in near-
spherical or weakly deformed nuclei have attracted signif-
icant attentions. This phenomenon, known as magnetic
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rotation, has been extensively explored experimentally
and theoretically. With its many success in describing
nuclear phenomena in stable as well as in exotic nuclei,
the CDFT has been generalized to the cranking CDFT,
the tilted axis cranking CDFT and three-dimensional
cranking CDFT and applied for electric and magnetic
rotations all over the nuclear chart. In particular, the
newly developed TAC-CDFT based on point-coupling in-
teractions includes significant improvements and reduces
computation time, which makes it possible to perform
systematic investigation.

This review provides an overview of the experiential
and theoretical status of MR and AMR, a sketch of the
CDFT as well as TAC-CDFT based on point-coupling
interactions, and followed by the summary of the TAC-
CDFT descriptions for the MR and AMR bands.

The shears bands in the nuclei 198Pb is the most well-
known example of MR. The TAC-CDFT calculated en-
ergy spectra, the relation between spin and rotational
frequency, the deformation parameters and reduced M1
and E2 transition probabilities are discussed and com-
pared with data. By choosing 60Ni, 84Rb, and 142Gd as
examples, the success of the TAC-CDFT in describing
MR for A ∼ 60, A ∼ 80, and A ∼ 140 mass regions
has been demonstrated. By reproducing the experimen-
tal energy spectrum and the B(E2) values in combina-
tion with the examination of the core polarization and
deformation evolution, an antimagnetic rotation band in
105Cd has been investigated in a fully self-consistent and
microscopic way by the TAC-CDFT. The two shearslike
mechanism in AMR has been clearly illustrated.

One should note that the pairing correlations have
been neglected in the calculations presented in this re-
view. In fact, the pairing correlations are negligible for
many MR and AMR bands in which the high j oribitals
near the Fermi surface are blocked and thus reduce the
pairing effects. However, in some specific MR and AMR
bands, the low j orbitals also play an important role in
the rotation excitations. Therefore, it is very important
to investigate the pairing effects on the MR and AMR in
the framework of the tilted axis cranking covariant den-
sity functional theory. Due to the time-reversal symme-
try broken, the simple BCS method is not valid and one
should resort to the Bogoliubov method. In such case,
the treatment of particle projection is usually necessary
since the particle number conservation is violated in the
Bogoliubov transformation.

There is another way known as Particle Number Con-
servation (PNC) method [143, 144], which can treat the
pairing correlation exactly and has been implemented
successfully in the cranking Nilsson model [144–146].
Similar method, the Shell-model-like Approach (SLAP),
has also been applied to treat the pairing correlations

in the framework of CDFT [147]. The SLAP has the ad-
vantage that the paring correlation is treated exactly and
thus the particle number conservation is not violated in
the calculations. Therefore, it would be very interesting
to introduce this method to the present tilted axis crank-
ing covariant density functional theory to investigate the
pairing effects in the tilted axis cranking calculations.

During the past decades, the three-dimensional crank-
ing calculation has attracted wide attentions since it is
connected with the novel phenomenon of chiral rota-
tion in nuclei. Therefore, it is also very interesting to
extend the tilted axis cranking covariant density func-
tional theory to three-dimensional cranking case with
the point-coupling interaction. Similar work has been
performed with the meson-exchange interactions. How-
ever, efforts should be made to simplify its numerical
complicity to investigate the chiral rotation.
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lon, I. M. Hibbert, H. Hübel, R. Krücken, I. Lee, A. Mac-

chiavelli, R. MacLeod, G. Schmid, F. Stephens, K. Vetter,

R. Wadsworth, and S. Frauendorf, Phys. Rev. Lett., 1997,

78(10): 1868

30. S. Chmel, F. Brandolini, R. V. Ribas, G. Baldsiefen, A.

Görgen, M. De Poli, P. Pavan, and H. Hübel, Phys. Rev.
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Becker, A. P. Byrne, S. Chmel, R. Clark, M. A. Deleplanque,

R. M. Diamond, et al., Nucl. Phys. A, 2001, 683(1–4): 108

131. S. Chmel, S. Frauendorf, and H. Hübel, Phys. Rev. C, 2007,
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Angelis, D. R. Napoli, et al., Eur. Phys. J. A, 2005, 23: 191

141. W. Long, J. Meng, N. Van Giai, and S. G. Zhou, Phys. Rev.

C, 2004, 69(3): 034319

142. J. Peng, J. M. Yao, S. Q. Zhang, and J. Meng, Chin. Phys.

Lett., 2010, 27(12): 122101

143. J. Zeng and T. Cheng, Nucl. Phys. A, 1983, 405(1): 1

144. J. Y. Zeng, T. H. Jin, and Z. J. Zhao, Phys. Rev. C, 1994,

50(3): 1388

145. X. Wu, Z. H. Zhang, J. Y. Zeng, and Y. A. Lei, Phys. Rev.

C, 2011, 83(3): 034323

146. Z. H. Zhang, X. T. He, J. Y. Zeng, E. G. Zhao, and S. G.

Zhou, Phys. Rev. C, 2012, 85(1): 014324

147. J. Meng, J. Y. Guo, L. Liu, and S. Q. Zhang, Front. Phys.

China, 2006, 1(1): 38


