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ABSTRACT

We propose and investigate an all-electrically controlled Josephson diode
effect in a hybrid junction consisting of a quantum anomalous Hall insula-
tor (QAHI) sandwiched between two topological superconductors (TSCs).
Due to the spatial separation of two paired electrons from the chiral edge
states, a transverse electric field applied across the two TSC leads imposes
different energies on two paired electrons and modifies the spectrum of
chiral Andreev bound states, consequently generating a sizable nonrecip-
rocal supercurrent without the need for external magnetic fields. We
further demonstrate two additional electrical control mechanisms:
(i) tuning the chemical potential enhances the diode response by separating
the superconducting gap from finite-size-induced gaps; and (ii) applying
asymmetric electric fields to the two TSC leads enables precise and contin-
uous modulation of the diode efficiency while preserving its polarity. The
induced diode effect is shown to be robust against moderate disorders.
Our results establish electrostatic gating as a powerful and practical
approach to engineer and control nonreciprocal superconducting trans-
port, providing a general framework for realizing electrically tunable topo-
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1 Introduction

Josephson diodes, which exhibit a nonreciprocal super-
current, have garnered significant interest for their
potential applications in superconducting electronics and
quantum information technologies [1-15]. The ability to
generate a directional supercurrent is a key functionality
for developing next-generation superconducting circuits
and quantum architectures [16-27].

It is well established that the superconducting diode
effect requires the simultaneous breaking of both inversion

=C>= Higher

g Education
Press

symmetry and time-reversal symmetry (TRS) [28-30].
Once these symmetries are lifted, a unidirectional
component emerges in the supercurrent, leading to
nonreciprocal transport.
ciprocity can originate from finite-momentum Cooper
pairing [6, 31-34], vortex-related phenomena [35], or
spatial asymmetry due to phase-interference patterns [7].
Inversion-symmetry breaking typically relies on careful
geometric design, making the diode efficiency highly
sensitive to structural parameters [36] and difficult to

Microscopically, the mnonre-

tune after fabrication. Consequently, most experimental
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demonstrations rely on external magnetic fields to break i VE, L i VE, i
TRS and activate or modulate the diode response. SRR e[ —== PEEEE LEEEES e T
However, strong magnetic fields inevitably suppress N=2|
TSC'Ae* w

superconductivity, posing a fundamental limitation [37].
This has motivated the search for magnetic-field-free
superconducting diodes [38-52], where TRS is broken
intrinsically via magnetic order. Nevertheless, even in
these systems, external magnetic fields are often still
required for polarity switching or on/off control [43].
Therefore, a fully electrical scheme for generating and
tuning the diode effect, entirely without magnetic fields,
remains highly desirable for scalable superconducting
circuitry.

On the other hand, realizing the Josephson diode
effect in topological systems could lead to a topological
Josephson diode [10-13], where the supercurrent is
carried by topologically protected edge states, such as
helical states in quantum spin Hall insulators [53-55] or
Majorana bound states in topological superconductors
[66-59], often supported by strong spin-orbit coupling
[60, 61]. Despite their topological robustness, most
proposed platforms still rely on magnetic-field-induced
asymmetry to achieve the diode effect [14, 15, 44, 61,
62]. Moreover, practical implementations typically
require complex magnetic-field configurations or additional
control parameters [63—66], making the realization of a
robust and tunable topological Josephson diode experi-
mentally challenging [65-70]. While Josephson junctions
based on quantum spin Hall insulators and topological
superconductors have been extensively studied [53-59,
71], those based on quantum anomalous Hall insulators
(QAHIs) [72-76] remain relatively rare.

In this work, we propose an all-electrical scheme to
realize and control a topological Josephson diode in a
QAHI-superconductor hybrid junction, where the diode
efficiency is tuned solely by transverse electric fields and
the chemical potential. We consider a junction composed
of a QAHI coupled to two topological superconductors
(TSCs), as sketched in Fig. 1. We first demonstrate that
a transverse electric field induces a pronounced band
asymmetry in the chiral edge states of the QAHI, effectively
mimicking the role of finite-momentum Cooper pairing
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Fig. 1 A Josephson junction composed of a quantum
anomalous Hall insulator (QAHI) sandwiched between two
N =2 TSCs. Blue (green) solid (dashed) arrows represent
the transport modes of electrons (holes). Nonlocal ABSs
emerge in the central QAHI region. A transverse electric field
E, is applied in the TSC regions, increasing the potential
energy linearly from the bottom to the top boundary.

induced by magnetic fields (Fig. 2). This electrically
induced asymmetry produces an anomalous Josephson
effect and a significant diode efficiency (Fig. 3), manifested
in the asymmetric Andreev bound state (ABS) spectrum
(Fig. 4). We then systematically examine the influence
of chemical potential, device geometry, temperature, and
disorder, demonstrating the robustness and high tunability
of the proposed approach (Figs. 5-7). Our findings
provide a realistic route toward magnetic-field-free, elec-
trically tunable Josephson diodes and establish a theo-
retical framework for optimizing diode performance in
QAHI-based hybrid devices.

The remainder of the paper is organized as follows.
Section 2 introduces the theoretical model and formalism
for the TSC-QAHI-TSC Josephson junction. Section 3
presents the main results and discussion. Conclusions
are given in Section 4.

2 Model and formalism

We consider a narrow QAHI ribbon in which the wave
functions of edge states from opposite boundaries over-
lap. When the Fermi energy lies within the topological
bulk gap, the proximity effect of an s-wave superconductor
induces a transition from the QAHI into a TSC with
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Fig. 2 Energy spectra of electronlike and holelike edge states in the QAHI or the N =2 TSC ribbon with width W = 11.
Solid (hollow) circles represent electronlike (holelike) states. Plus (minus) signs denote spin-up (spin-down) states. Arrows
indicate the propagation direction. (a) Both superconducting pairing and the transverse electric field are absent, i.e., A =0
and E, =0. (b) A=0.1and E, =0. (¢c) A=0.1 and E, = E, with F, being a critical transverse electric field.
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Fig. 3 (a) Current-phase relations (CPR) under different
transverse electric fields E,, ranging from 0 to 1.2E,. An
increasing E, induces both an anomalous phase shift and
pronounced asymmetry. (b) Diode efficiency 7 as a function
of the transverse electric field E, at different temperatures.
A maximum efficiency 7 ~41% is achieved at E, =0.9F;.
The system parameters are: A=B=1, m=0.5, unx =0,
ts =0.03, A=0.1, W = 1la, L = 2a, and Ep = 0.0035.

Chern number N =2. We investigate the Josephson
diode effect in junctions consisting of a QAHI with
length L sandwiched between two such TSCs, as indicated
in Fig. 1.

We model the QAHI using the low-energy effective
Hamiltonian [77-79]

Hoam = (m — Bk?) 0. + A (kyo, + kyoy) (1)

in the basis (cxt, k)", where ¢y, annihilates an electron
with momentum k and spin 1 (}). Here o, , . are Pauli
matrices in spin space, A parameterizes the spin—orbit
coupling strength, and m and B are material parame-
ters. The QAHI phase occurs for m/B > 0. When the
QAHI is proximitized by an s-wave superconductor, a
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Fig. 4 ABS spectra under different transverse electric
fields: (a) E,=0, (b) E,=05E,, (c) E,=09E,, and
(d) E, =12FE,. Other parameters are consistent with those
in Fig. 3(a).

U (A)

Fig. 5 Diode efficiency n (red curve) and forward critical
current I.; (blue curve) as functions of the disorder strength
U. The QAHI region length is L =10a. The diode effect
remains robust for moderate disorder (U < 4A) but is rapidly
suppressed for stronger disorder.

pairing potential A is induced and the resulting
Bogoliubov—de Gennes (BdG) Hamiltonian becomes [77]

Hoam(k) — p1g
—iA*oy,

VAN
X ; 2
—Ham(—k) + Ms) @

written in the Nambu basis (Cm,cmctm,dk D' For
m < \/A? + 1%, the system enters a topological supercon-
ducting phase with Chern number N = 2.

To describe a finite-width ribbon along the y direc-
tion, we discretize the Hamiltonian on a square lattice.
The lattice BAG Hamiltonian is

iAoy

he —
_ + 0— M

hpy O
+ Z |:lIII‘ ( 0 _h:0> \IJT+7‘0 + H'C':| ) (3)

7,70

Hpac = (

where r = (z,y) labels lattice sites, ro = x,y denotes the
unit vectors along the z and y directions, and
U, = (¢rp, Cry, ciT,cL)T_ The on-site and hopping matrices

are
4BR?
hO = (m - 2 > Oz,
a

Bh? iA
he = 70% ?Um

Bh? iA
h‘?! = a2 Oz ?U?ﬁ (4)

where a is the lattice constant. The chemical potential is
set to p=puy in the QAHI region and p = pug in the
superconducting leads.

Moreover, a transverse electric field E, has also been
considered in the leads and modelled by linearly increasing
on-site energies along the y direction. It can be equivalently
modelled by the modification of the chemical potential
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Fig. 6 (a) Band structure for a narrow TSC ribbon with W = 9a and u, = 0, showing the suppression of the superconducting
gap due to finite-size-induced minigaps. (b) Band structure at . = 0.03, where the chemical potential separates the super-
conducting gaps from the finite-size-induced gaps. (c) Diode efficiency n as a function of the chemical potential g for different
ribbon widths. (d) CPR curves for a ribbon of width W = 9a at different chemical potentials.
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Fig. 7 (a) Current-phase relation with a fixed left-side
electric field E, = 0.9E, and varying right-side electric fields
E;. (b) Diode efficiency n as a function of the right-side
electric field E; at different temperatures. The diode polarity
is preserved for all E;.

ps — ps+eEyy with e the unit charge. We emphasize
that E, is not a macroscopic electric field penetrating
the superconductor, but rather an effective description
of a local electrostatic gating effect. In practice, such a
potential gradient can be realized by placing a split gate
above the TSC leads, with a voltage difference applied
between the two halves of the gate. Alternatively, one
can use a side gate or a dielectric layer with a built-in
field gradient. The proximity-induced superconductivity
in the QAHI is governed by the interface, the gating
effectively modifies the chemical potential of the surface
states that participate in the Andreev processes. Our
model captures this effect by a position-dependent chemical
potential in the leads.

The Josephson current flowing through column [ of
the QAHI region is computed using the nonequilibrium
Green’s function formalism:

1 [ . .
I- ﬁ/ itecr, , —efGi, | dB, 5)

—0oQ

. BH? iA
t=—7FT.,00,+ —T10R0,,

€= —eT,R0g.
a? 2

(6)

Here 7y, are Pauli matrices in Nambu space. In equilib-
rium, G< = f(E)(G* — G"), with f(E) being the Fermi-
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Dirac function. The retarded/advanced Green functions
are given by

1
- E—Hy -3 (E) - XR(E)’

G"(E) G* = (G,

(7)

where Hy is the Hamiltonian of the QAHI region, and
¥} g denote the self-energies of the left and right super-
conducting leads, evaluated using a recursive method
(80, 81].

To characterize the diode effect, the degree of nonre-
ciprocity, i.e., the diode efficiency in the Josephson junc-
tion, is quantified as

o v e ®)
C+ + I —

where I, and I._ denote the forward and reverse critical
currents, respectively [28, 32, 35, 82-84]. The forward
and backward critical currents are extracted numerically
from the current-phase relation. This measure captures
the directional asymmetry of the supercurrent and char-
acterizes the strength of the diode effect [33, 85].

The ABS spectrum is obtained from the local density
of states (LDOSs),

o(E) = —% m{Te[G" (L B)] ), )

computed for column | at a fixed phase difference
¢ =¢r, — ¢r. The peaks of LDOSs inside the supercon-
ducting gap locate the ABS energy levels.

The above model establishes a unified framework for
describing TSC-QAHI-TSC Josephson junctions and
evaluating their transport properties under external electric
fields and variable chemical potential. Unless otherwise
specified, we adopt the following parameters throughout
this work: A=B=1, m=05, unx=0, ug=0.03,
A=0.1, W=1la, Ey=0.0007, and L =2a. In general,
the critical electric field satisfies Eo(W —1)/2 ~ A’ with
A’ the real superconducting gap. Due to the finite pene-
tration depth of QAH edge states, the effect of the electric
field is slightly weakened. It means that E; should be
slightly larger than the expected value.

3 Results and discussion

3.1  Transverse electric field controlled topological
Josephson diode

We now present an analysis of the electrically tunable
Josephson diode effect in the TSC-QAHI-TSC junction
shown in Fig. 1. First, we investigate the band spectra
of the central QAHI ribbon and two TSC lead ribbons
by assuming that all three parts are infinite along the z
direction. The band spectra are obtained numerically by

diagonalizing the lattice Hamiltonian described by
Egs. (3) and (4) for a ribbon geometry. Figure 2
schematically illustrates the energy spectra of chiral
electronlike and holelike edge states in the QAHI or the
N =2 TSC leads. In the chiral edge states of QAHI, the
right-moving  (left-moving) locate at the
bottom (top) edge. By proximitizing with an s-wave
superconductor, the electron and the hole at opposite
edges couple each other due to the narrow size of the
ribbon, resulting in a superconducting gap A’ < A shown
in Fig. 2(b). A right-moving (left-moving) electron
couples with a left-moving (right-moving) hole to form a
superconducting gap at positive (negative) Fermi
momentum kr. Due to the nonlocal nature of the
Cooper pairs, a transverse electric field E, endows two
paired electrons with different potential energies. Since
the hole has the opposite energy of the electron, the gap
located at positive (negative) kr moves upwards (down-
wards) in the energy spectra as shown in Fig. 2(c) where
a critical E,=E, is applied. In the energy region
[-2A’,0], a right-moving electron in the central QAHI
will be transmitted as an electronlike wave in the right
TSC, while a left-moving electron will be reflected into a
hole. Similarly, a left-moving hole will be transmitted as
a holelike wave in the left TSC, while a right-moving
hole will be reflected into an electron. Therefore, the left-
moving electron and the right-moving hole form an ABS
while the right-moving electron and the left-moving hole
remain continuum states in the central QAHI. These
ABSs [86-89] are inherently chiral and nonlocal, with
electrons and holes spatially separated along opposite
edges of the QAHI. The nonlocal nature of these ABSs
underlies the electric-field tunability of the supercurrent
nonreciprocity. As indicated in the energy region
[-2A’,0] of Fig. 2(c), the forward supercurrent is dominated
by continuum states, whereas the backward supercurrent
arises primarily from ABS. Since the contribution from
continuum states exceeds that from the ABS, a positive
diode efficiency results, consistent with the data shown
in Fig. 3(a).

As discussed above, the field-induced asymmetry
between the two superconducting gaps at +kr results in
an imbalance between the forward and backward super-
currents, leading to a Josephson diode effect. From the
symmetry point of view, the Hamiltonian in Eq. (1) has
a symmetry related to R,R,c, which prohibits the
Josephson diode effect. When a transverse electric field
is applied, this symmetry is broken and hence the diode
effect occurs. As E, increases toward a critical value Ey,
the asymmetry becomes substantial. Figure 3(a) shows
the current-phase relation (CPR) under varying electric
field at a low temperature (7/7. = 1074). At E, =0, the
CPR exhibits a distorted sinusoidal shape with no
Josephson diode effect. Increasing E, induces both an
anomalous phase shift and a clear asymmetry between
the forward and backward supercurrent.

electrons

Kang-Ze Li, et al., Front. Phys. 22(4), 045201 (2027)

045201-5



Fe > FRONTIERS OF PHYSICS

RESEARCH ARTICLE

The critical currents are defined as I., = maxyI(¢)
and I, = |ming I(¢)|. Figure 3(b) presents the resulting
diode efficiency n as a function of E, for different
temperatures. The diode efficiency is antisymmetric with
respect to the electric field. A maximum efficiency of
n~41% is achieved at E, = 0.9E,, comparable to values
reported for magnetically controlled junctions. For
E, > 0.9Ey, n decreases rapidly due to the suppression of
the Josephson current [see Fig. 3(a)].

The numerically computed ABS spectra are presented
in Fig. 4. When E, = 0, both the rightward and leftward
ABSs (carrying rightward and leftward supercurrents,
respectively) occur in the energy region [~A’ A], the
continuum states carry no supercurrent. Under the
transverse electric field FE,, as shown in Fig. 4(b), the
two ABSs experience opposite energy shifts: the rightward
ABS is pushed upward while the leftward ABS is pulled
downward. This behavior mirrors exactly the field-
induced asymmetry of the superconducting gaps at +kp
displayed in Fig. 2. Because the two ABSs carry
currents in opposite directions near the Fermi level,
their asymmetric energy shifts break the symmetry
between the forward and backward current contribu-
tions. Consequently, the total supercurrent becomes
nonreciprocal. When E, = 0.9E,, the leftward ABS shifts
to nearly [-2A’,0] while the rightward ABS shifts almost
above the Fermi energy. Now the rightward supercurrent
is mainly carried by the continuum states in the energy
region [—2A’,0]. The evolution of two ABSs clarifies the
origin of the key features observed in the CPRs of
Fig. 3(a): both the increasing phase shift and the
enhancement of the diode efficiency with rising E, stem
from these opposite energy shifts of the two ABSs. This
direct correspondence between the ABS evolution and
the CPR features establishes a clear microscopic picture:
the electrically controlled ABS imbalance is the root
cause of the Josephson diode effect in our system.

3.2 Robustness of electrically tunable topological

Josephson diodes

Having established the electrically induced Josephson
diode effect in QAHI-TSC junctions, we now examine
its robustness against realistic perturbations. While
topological edge states generally provide strong protection
against backscattering, device-specific factors such as
disorder, finite-size hybridization, and asymmetric
gating may modify the ABS structure and thus the
diode response. In this section, we analyze the influence
of disorder, sample width, chemical potential, and asym-
metric electric fields, demonstrating that the electrically
controlled diode effect remains robust, highly tunable
and resilient over a broad parameter regime.

3.2.1  Effect of disorder

The chiral nature of the QAHI edge states ensures that

the Josephson current is robust against moderate disor-
der. To quantify this robustness, we extend the QAHI
length to L =10a and introduce on-site disorder with
random potentials uniformly distributed in the range
[-U,U]. As shown in Fig. 5, for U < 4A, the diode efficiency
n and forward critical current I., exhibit only minor
reductions, indicating that the topological edge channels
remain well protected. However, when U > 4A, strong
disorder begins to enhance the coupling between two
edge modes, leading to a rapid suppression of both 7
and I.,. At sufficiently large disorder strengths, the
diode effect vanishes entirely, signaling the breakdown of
coherent topological transport.

3.2.2  Finite-size effect and chemical-potential control

In addition to disorder, finite-size effects can influence
the Josephson diode response. For narrow ribbons where
the width W approaches the localization length of the
edge states, the finite-size coupling between two electron
states on opposite boundaries opens a finite-size-induced
minigap [90]. In TSCs, the superconducting gap induced
by the proximity effect also originates from the finite-
size coupling between electron and hole states on opposite
boundaries, resulting in a gap magnitude comparable to
that of the finite-size gap. Unlike the superconducting
gap, however, the finite-size gap oscillates with the
width. Figures 6(a) and (b) present the energy spectrum
for W =9a. In Fig. 6(b), the two superconducting gaps
are located at k, = £kp, while the two finite-size gaps
appear near k, =0. Compared with the spectrum for
W =1la in Fig. 2(c), the finite-size gaps here become
negligibly small, whereas the superconducting gaps
remain nearly unchanged in magnitude. When the chemical
potential approaches =zero, the Fermi
vanishes (kr =0), causing the superconducting gap and
the finite-size gap to overlap. Their interplay strongly
modifies the superconducting gap, making it extremely
small, as shown in Fig. 6(a).

Therefore, the interplay between the superconducting
gap and the finite-size gap underlies the chemical potential
modulation of both the critical Josephson current and
the diode efficiency. Figure 6(c) plots the diode efficiency
n as a function of the chemical potential u, for different
ribbon widths. For the ribbon with W = 11a, the diode
efficiency is independent of the chemical potential, while
for the ribbon with other widths, the diode efficiency is
significantly modulated by the chemical potential pu,.
Figure 6(d) plots the CPRs for a ribbon of width
W = 9a at different chemical potentials. It is seen that
the critical currents are also heavily modulated by p;
due to the change in the superconducting gap.

wave vector

3.2.3  Asymmetric electric-field modulation

Besides global chemical potential tuning, the Josephson

045201-6

Kang-Ze Li, et al., Front. Phys. 22(4), 045201 (2027)



RESEARCH ARTICLE

FRONTIERS OF PHYSICS f P

diode can be further tailored using asymmetric electric
fields applied independently to the left and right TSC
leads. We denote the transverse fields as E. and Ej for
the left and right TSC leads, respectively. Fixing the left-
lead field at E! =09E, and sweeping E! allows us to
unbalance the spectra in the two leads.

As shown in Fig. 7(a), varying E; modifies the phase
shift and the imbalance between the positive and negative
critical current of the CPR. When E7 =—-09E,, the
energy shifts of the two superconducting gaps in the
spectrum of the right TSC are opposite to those for the
left TSC shown in Fig. 2(c). In this antisymmetric field
configuration, the diode effect vanishes. For EJ = 0.9Ey,
the diode efficiency recovers its maximum 41%. The case
E; =0 corresponds to the intermediate situation
between these two extremes. As illustrated in Fig. 7(b),
the diode efficiency can be continuously adjusted from
zero to its maximum value solely by Ej. Importantly,the
diode polarity remains unchanged for all E7, in contrast
to the polarity reversal observed under symmetric
electric-field tuning. Such one-sided modulation provides
a distinct device-level advantage: it simplifies control
while enabling precise and monotonic tuning of the
diode efficiency.

4 Conclusion

We have demonstrated an electrically tunable topological
Josephson diode based on a TSC-QAHI-TSC junction. It
is shown that a transverse electric field can efficiently
induce antisymmetric shifts of two superconducting gaps
(relevant to forward and backward supercurrents,
respectively), modify the ABS dispersion, and generate a
sizable diode efficiency (up to ~ 41%) without relying on
magnetic fields. Besides global electric gating, we intro-
duced two additional electrical control strategies. First,
tuning the chemical potential effectively modulates the
diode efficiency and the supercurrent magnitude for
some ribbon widths by tuning the overlap between the
superconducting gap and the finite-size-induced mini-
gaps. Second, applying asymmetric electric fields to the
left and right TSC leads enables precise, polarity-
preserving control of the diode efficiency. We further
demonstrated that the electrically induced diode effect is
robust against moderate disorders. Overall, our results
establish electrostatic gating as a versatile and robust
tool for engineering nonreciprocal superconducting trans-
port in topological systems. This work provides a platform
for designing all-electrically controlled Josephson diodes.
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