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A B S T R A C T

Rockburst, characterized by a sudden and violent rock failure resulting in the expulsion of rock from its sur-
roundings, poses a significant threat to the safety of tunnel excavation operations, often causing property damage
and injuries to workers. Buckling has been identified as a critical mechanism leading to rockbursts. Seismic events
or blasting can induce rockbursts when stress waves reach the free surface of underground openings. This paper
aims to investigate the induced mechanism of tunnel rockbursts based on the dynamic buckling of rectangular
rock plates. As a rock stress wave approaches a tunnel sidewall, it decomposes into perpendicular and parallel
component loads relative to the free surface. The perpendicular stress reflects off the free surface, forming a
rectangular thin plate of rock. The parallel stress triggers parametric resonance in the plate, resulting in a tunnel
rockburst. An illustrative example of tunnel sidewall rockbursts in Jinping II hydropower project, China, is
provided to study the effects of stress wave amplitude and frequency, static and dynamic components, rock
damping, multiple frequencies, and vibration modes. Based on this mechanism analysis, recommendations are
proposed to mitigate the risk of tunnel rockbursts. The research offers a plausible explanation for the heightened
frequency and severity of rockbursts in Tunnel Boring Machine tunnels compared to New Austrian Tunneling
Method tunnels at the Jinping II project for the first time.
1. Introduction

Horizontal extended underground structures can be classified into two
main types based on their purpose: tunnels and adits, drifts, or galleries.
Tunnels are large, flat, or gently sloping underground passages with
excavated cross-sections exceeding 20 m2, primarily intended for road or
rail transport. They typically have two openings to the surface. However,
in some hydropower projects such as Jinping I and II in China, there are
tunnels that have only one opening to the surface due to harsh engineering
geological restraints [1]. On the other hand, adits, drifts, or galleries are
also extended underground cavities, but with smaller diameters and may
slope at angles less than 25� to the horizontal. These structures serve
various purposes such as accommodating pipes or cables, providing access,
and acting as auxiliary structures during construction or for permanent
use. They often have only one opening to the surface [2].

Rockburst is an abrupt and forceful failure of rock, marked by the
fracturing and forceful expulsion of rock from its surroundings.
Numerous incidences of rockbursts occurring in either tunnels, adits,
drifts, or galleries have been reported worldwide, including in South
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Africa [3], China [4], Australia [5], and the United States [6].
Tunnel rockbursts represent a substantial threat to the safety of

excavation operations, resulting in property damage and potential harm
to tunnelers. For instance, during the construction of the Jinping II Hy-
dropower Station, an intense rockburst occurred on Nov. 28, 2009,
resulting in seven fatalities and one injury [7]. More recently, severe rock
rockbursts were observed during the construction of the 2400 m deep
China Jinping Underground Laboratory (CJPL-II), the world largest un-
derground laboratory [8]. The geological characteristics of the Canadian
shield, coupled with the specific mining conditions, have led to a notable
incidence of rockbursts [9]. Andrieux et al. [10] provided a compre-
hensive summary of rockburst case studies from various mines, and the
study not only highlighted the problem but also documented a range of
risk mitigation strategies. Kaiser and Cai [11] reviewed rockburst dam-
age mechanisms in Canadian hardrock mines and presented a support
design approach. On multiple occasions, entire mines have been lost,
with the most notable instance being the Cumberland No. 2 mine in
Springhill, Nova Scotia, in 1958, where 75 workers tragically lost their
lives. Another impactful event occurred in June 1984, resulting in four
February 2025
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fatalities and leading to the closure of the Falconbridge Mine in Sudbury.
Between 2003 and 2007, at the Craig Mine 10/11 Zone in Sudbury Basin,
a seismic array detected a staggering 174,000 seismic events, indicating a
notably high rate of seismicity. During this period, eighteen significant
rockbursts were recorded while mining operations were ongoing [10].
Additionally, outside of Ontario, concerns about mine-induced seismic
activity have arisen in the potash mines of Saskatchewan and the copper
mines of New Brunswick.

Rockbursts can be classified into five types.

(1) Strain-bursting. It is characterized by superficial spalling with a
violent ejection of fragments;

(2) Slab crush. It involves the outward expulsion of larger slabs;
(3) Pillar or face crush. It indicates the sudden collapse of stope pillars

or the violent expulsion of a large volume of rock from a tabular
stope face or tunnel face;

(4) Shear rupture. It involves the violent propagation of shear frac-
tures through an intact rock mass;

(5) Fault-slip. It represents the sudden movement along an existing
fault.

The rockburst mechanism has been explained using various theories,
including strength, stiffness, energy, and instability theories, as well as
certain nonlinear theories such as chaos, fractals, catastrophe, energy,
loading system stiffness, and dissipative theories [12–17]. In situ moni-
toring of rockburst nucleation and evolution in deep tunnels has been
conducted [18], and laboratory experiments have been performed to
understand the rockburst mechanism [19].

The severity and frequency of rock bursts typically increase with
depth. This escalation is ascribed to the greater weight of the overburden
strata, leading to an increase in stress within the rock at deeper levels.
However, some underground operations have excavated to depths
greater than 1524 mwithout experiencing rockbursts. Although dynamic
disturbances have long been recognized as one of the important trig-
gering factors for rockbursts [20–22], traditional theories based on
strength and stiffness fail to adequately explain certain observed phe-
nomena in underground excavation, including rockbursts occurring at
stress levels well below the yield strength, in mines where the rock ex-
hibits non-brittle characteristics, in rock masses lacking geological dis-
continuities, and even in open-pit mines. Buckling emerges as a plausible
solution to the paradoxical nature of rockburst mechanisms [23–27].
Thin plates (slabs) have been observed in deep mining [28,29] and were
used in rockbursts studies [30,31]. However, tunnel rockbursts have
rarely been studied in view of dynamic instability/parametric resonances
of plate structures. When seismic waves or stress waves from engineering
blasting induce pillar rockbursts, the mechanism behind these events can
be elucidated from the perspective of dynamic buckling [32,33].

This paper examines rockburst as a dynamic buckling or instability
problem within rock plate structures using one headrace tunnel in the
Jinping II hydropower project in China as an application example. The
formulation of rock plates in tunnels will be qualitatively explained in
Section 2.1 and the equation of motion is derived in Section 2.2 for the
rock plate under axial dynamic loadings in terms of stress waves. Section
3 introduced the numerical method to study the dynamic instability/
buckling of the rock plate. Parametrical investigations are performed in
Section 4 on the effect of stress wave amplitude and frequency, static and
dynamic component loads, rock damping, multiple frequencies, and vi-
bration modes, in order to understand the induced mechanism of tunnel
rockbursts resulting from stress waves caused by ambient blasting. Sec-
tion 5 concludes the paper.

2. Formulation

2.1. Formulation of rock plates in tunnels

This section qualitatively explains the formation of rock plates in
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tunnels under static loads or dynamic loads. Under static loads, a slender
slab was reported to be formed in the wall of an excavation in intact or
sparsely jointed, massive rock surrounding tunnels and boreholes [27].
The main process of formation includes: (a) existing microcracks in the
rock adjacent to the excavation boundary; (b) propagation of wing cracks
from isolated microcracks as stress increases; (c) propagation of wing
cracks from microcrack close to excavation boundary due to lack of
confinement; and (d) formation of arock plate. Any additional loading
will apply an axial load to this plate. Buckling failure of spall may occur
adjacent to excavation boundary.

The primary method for rock excavation in underground mining and
tunneling is drilling and blasting. This involves the controlled use of
explosives and various techniques, including gas pressure blasting and
pyrotechnics, and generates stress waves that propagate in the rock. As a
stress wave advances toward a tunnel sidewall, it can be decomposed into
perpendicular (horizontal) component (Ph) and parallel (vertical)
component (Pv) with reference to the free surface (Fig. 1a). The
perpendicular compressive stress wave reaches and reflects off the free
surface, leading to a tensile stress wave. The interaction occurs through
the superposition of a portion of an incident compression wave that has
not been reflected and the portion that has been reflected and trans-
formed into a tensile wave, giving rise to a rectangular thin plate of rock
on the surface [34]. This tensile wave will create a crack, separating the
rock plate from the tunnel sidewall. As a result, when analyzing the rock
plate, there is no longer any horizontal (transverse) load due to the
presence of the tensile cracks. Concurrently, under the excitation of both
the parallel stress waves and the static load (PS), parametric resonance
will be triggered within the rectangular thin plate with its thickness h less
than a/5 and b/5 (Fig. 1b), culminating in the initiation of a tunnel
rockburst. Examples of such rectangular thin plates can be found in a
tunnel of Jinping II hydropower station [35,36], as illustrated in Fig. 2.

Rockbursts are sudden and violent failure of rocks that occur mostly
in hard rock mines and tunnels, which could cause damages, or even the
death of mining workers, and destroy the excavation [10]. Herein
“sudden”means that the failure occurs within a fraction of a second, and
“violent” indicates that rock fragments are ejected into mining openings.
Mathematical models for rockbursts should reflect these unique charac-
teristics. The mechanism of plate dynamic instability in this paper sug-
gests that the displacement increases suddenly and exponentially, which
exactly characterizes the rockbursts on tunnel sidewalls.
2.2. Equation of motion

The rock plates in Fig. 1b can be considered as uniformly axially
compressed rectangular plates with sides a and b such that a � b. It is
assumed that the plate materials is isotropic and homogeneous. By
ignoring the in-plane deformation of the plate under the compressive
external load, the equation of motion can be derived as

Dr4wþPxðtÞw;xx þ cw;t þ ρhw;tt ¼ 0 (1)

where r4 ¼ ∂4
∂x4 þ 2 ∂4

∂x2∂y2 þ ∂4
∂y4 is the biharmonic differential operator;

D ¼ Eh3
12ð1�v2Þ is the flexural rigidity of the plate; wðx; y; tÞ is the deflection

of the mid-plane; ρ is the density; h is the plate thickness; E is the Young's
modulus; c is the damping coefficient; and v is the Poisson's ratio. PxðtÞ is
the compressive load applied to the plate. w;xx and w;tt are the second
partial derivative of deflection w with respect to x and t, respectively. w;t

is the first partial derivative of deflection w with respect to time t.
A simply supported plate along all sides has the following boundary

conditions [37]:

w¼ 0;Mx ¼D
�
w;xx þ vw;yy

�¼ 0; at

w¼ 0;Mx ¼D
�
w;xx þ vw;yy

�¼ 0; atx¼ 0; a (2)



Fig. 1. Formulation and model of rock plates in tunnels.

Fig. 2. Photographs of rock plates due to stress waves.
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w¼ 0;My ¼D
�
w;yy þ vw;xx

�¼ 0; at y¼ 0; b (3)

where a and b are the length and width of the rock plate, respectively;
andM is the bending moment per unit length. The expression of wðx; y; tÞ
that exactly satisfies the above boundary conditions is studied by Bazant
and Cedolin [38]

wðx; y; tÞ¼
X∞

m¼1

X∞

n¼1
FmnðtÞsinmπxa sin

nπy
b

(4)

where m and n are integers representing the number of half-waves of the
mode shape in the x and y directions, respectively. There is an infinite
number of natural frequencies, representing plate resonances, which are
obtained by setting m ¼ 1, 2, … And n ¼ 1, 2, … in Eq. (4). FmnðtÞ is the
generalized coordinate, which is an unknown function of t. Substitution
of Eq. (4) into Eq. (1) yields as follows:

X∞

m¼1

X∞

n¼1

(
ρh €Fmn þ c _Fmn þ

"
π4D

�
m2

a2
þ n2

b2

�2

� π2
�m
a

�2
Px

#
Fmn

)

sin
mπx
a

sin
nπy
b

¼ 0

(5)
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The axial load on the plate along the x axis is a parametrical excita-
tion, which can be assumed as a cosinusoidal function, as shown in
Fig. 3a.

PxðtÞ¼PS þ Pv ¼ PS þ Pd cos θt;Pv ¼ Pd cos θt (6)

where PS is the static component load; Pd is the amplitude of the dynamic
component load; and θ is the circular frequency of the dynamic compo-
nent Pd. We get

ρh €Fmn þ c _Fmn þ
�
π4D

�
m2

a2
þ n2

b2

�
� π2

�m
a

�2
�ðPS þPd cos θtÞ

	
Fmn ¼ 0 (7)

which is further simplified to

€Fmn þ 2β _Fmn þðωmnÞ2ð1� 2μ cos θÞFmn ¼ 0 (8)

where

β¼ c
2ρh

¼ δ �ωmn

2π (9)



Fig. 3. Approximation parametric excitation by step functions.
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ω
0
mn ¼ π2

��m�2 þ�n�2	 D
(10)
a b

ffiffiffiffiffi
ρh

s

ωmn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðω0

mnÞ2 � π2m2

ρha2
Ps

s
¼ω

0
mn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� Ps

Pcr

r
(11)

Pcr ¼ π2Da2

m2

��m
a

�2
þ
�n
b

�2	2
; μ¼ Pd=Pcr

2ð1� Ps=PcrÞ (12)

where ω
0
mn is the natural circular frequencies of the free vibration of the

plate; ωmn is the natural circular frequencies of the plate under a specific
static component load; and Pcr is the Euler load. δ is the logarithmic
decrement of rock damping [39],

δ� 2πς if ς ≪ 1;
c

2ρh
¼ ςωmn (13)

where ς is the damping ratio, defined as the ratio of the damping constant
to the critical damping constant.

By introducing the change of variable FmnðtÞ ¼ e�βωmntumnðtÞ, Eq. (8)
can be recast as a typical undamped Mathieu equation

€umn þðωmnÞ2
"
1� β2

ðωmnÞ2
� 2μ cos θt

#
umn ¼ 0 (14)

Or

€qþAðtÞq¼ 0;AðtÞ¼ ðωmnÞ2
 
1� β2

ðωmnÞ2
� 2μ cos θt

!
(15)

where q ¼ umn.
Eq. (15) is called Hill differential equation where the coefficient AðtÞ

is a periodic function, i.e.,AðtÞ ¼ AðtþTÞ and T ¼ 2π
θ is the period. This

Hill equation is also called Mathieu equation due to its cosinusoidal
function. Due to the variable coefficient in Eq. (15), it's difficult to solve
and obtain its stability. In the next section, a numerical method is pro-
posed to study the dynamic instability/buckling of the plate. The first
several vibration modes of the rock plate are listed below.

If m ¼ 1 and n ¼ 1, Eq. (14) is a single degree of freedom (SDOF)
system.

€u11 þðω11Þ2
 
1� β2

ðω11Þ2
� 2μ cos θt

!
u11 ¼ 0 (16)

If m ¼ 2 and n ¼ 1, Eq. (14) is a 2DOF system.

8>>>><
>>>>:

€u11 þ ðω11Þ2
 
1� β2

ðω11Þ2
� 2μ cos θt

!
u11 ¼ 0

€u21 þ ðω21Þ2
 
1� β2

ðω21Þ2
� 2μ cos θt

!
u21 ¼ 0

: (17)
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If m ¼ 1 and n ¼ 2, Eq. (14) is also a 2DOF system.

8>>>><
>>>>:

€u11 þ ðω11Þ2
 
1� β2

ðω11Þ2
� 2μ cos θt

!
u11 ¼ 0

€u12 þ ðω12Þ2
 
1� β2

ðω12Þ2
� 2μ cos θt

!
u12 ¼ 0

(18)

If m ¼ 2 and n ¼ 2, Eq. (14) is a 4DOF system.

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

€u11 þ ðω11Þ2
 
1� β2

ðω11Þ2
� 2μ cos θt

!
u11 ¼ 0

€u12 þ ðω12Þ2
 
1� β2

ðω12Þ2
� 2μ cos θt

!
u12 ¼ 0

€u21 þ ðω21Þ2
 
1� β2

ðω21Þ2
� 2μ cos θt

!
u21 ¼ 0

€u22 þ ðω22Þ2
 
1� β2

ðω22Þ2
� 2μ cos θt

!
u22 ¼ 0

(19)

It is noted that Eqs. (16)–(19) are not coupled, so one can only solve
each equation independently and then superpose the results.

3. Numerical method

The main idea of the numerical method is to approximate the variable
coefficient with a constant coefficient at each time interval, and to
accumulate the effect at every time interval [40].

The first step of this method is to divide the excitation period T intom
equal intervals, and approximate the variable coefficient function, AðtÞ,
by a step function (or staircase function), as shown in Fig. 3b. The step
function on [tj; tjþ1] is taken as the average height of AðtÞ,

hj2 ¼ 1
T0

Z tjþ1

tj
AðtÞdt;T0 ¼ T

m
; tj � t � tjþ1 (20)

Eq. (15) can then be approximated by an equation with constant
coefficient hj

2,

d2qðtÞ
dt2

þ hj2q ¼ 0; j ¼ 0; 1; 2; � � �;m� 1 (21)

The corresponding characteristic equation is

λ2 þ hj2 ¼ 0 (22)

Since the eigenvalues are two conjugate complex numbers, λ1;2 ¼ �ihj
and i ¼ ffiffiffiffiffiffiffi�1

p
, the solution of Eq. (21) is given by

qðτÞ¼C1 sin
�
hjτ
�þC2 cos

�
hjτ
�
; τ¼ t � tj (23)

This can be written in a matrix form for ease of matrix calculation.
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qðτÞ
_qðτÞ ¼ sin hjτ cos hjτ

hj cos
�
hjτ
� �hj cos

�
hjτ
� C1

C2
(24)
� 	 � � � � � 	� 	

or

�
qðτÞ
_qðτÞ

	
¼GðτÞ

�
C1

C2

	
;GðτÞ¼

�
sin
�
hjτ
�

cos
�
hjτ
�

hj cos
�
hjτ
� �hj cos

�
hjτ
� 	 (25)

where two constants C1 and C2 are determined from the (local) initial
condition at t ¼ tj,�
q
�
t ¼ tj

�
_q
�
t ¼ tj

� 	¼ � sinð0Þ cosð0Þ
hj cosð0Þ �hj cosð0Þ

	�
C1

C2

	
¼
�
0 1
hj 0

	�
C1

C2

	
(26)

which yields

�
C1

C2

	
¼G�1ð0Þ

�
q
�
tj
�

_q
�
tj
� 	¼ 1

�hj

�
0 �1

�hj 0

	�
q
�
tj
�

_q
�
tj
� 	 (27)

G�1ð0Þ¼
�

0 �1
�hj 0

	�1

¼ 1
�hj

�
0 �1

�hj 0

	
¼

2
64 0

1
hj

1 0

3
75 (28)

Combining Eq. (24) and Eq. (26) leads to

�
qðτÞ
_qðτÞ

	
¼GðτÞG�1ð0Þ

�
q
�
tj
�

_q
�
tj
� 	: (29)

Therefore, the responses at t ¼ tjþ1 are given by

�
q
�
t ¼ tjþ1

�
_q
�
t ¼ tjþ1

� 	¼G
�
tjþ1 � tj

�
G�1ð0Þ

�
q
�
tj
�

_q
�
tj
� 	¼ ½M	j

�
q
�
tj
�

_q
�
tj
� 	 (30)

½M	j ¼G
�
tjþ1 � tj

�
G�1ð0Þ¼GðT0ÞG�1ð0Þ¼

2
664 cos

�
hjT0

� sin
�
hjT0

�
hj

�sin
�
hjT0

�
cos
�
hjT0

�
3
775

(31)

The responses within the th interval (rT0 � t � ðr þ 1ÞT0, 0 � r �
m� 1) are

�
qðtÞ
_qðtÞ
	
¼Gðt� rT0 � t0ÞG�1ð0Þ½M	r�1 � � � ½M	1½M	0

�
qðt0Þ
_qðt0Þ

	
(32)

where ½M	�1 ¼ I is the identity matrix, and [qðt0Þ, qðt0Þ]T is the (global)
initial conditions. Accumulating all time step-intervals in one period
yields

�
qðTÞ
_qðTÞ

	
¼ ½M 	

�
qðt0Þ
_qðt0Þ

	
(33)

where ½M	 is called the state transition matrix.

½M 	 ¼ ½M	m�1⋯½M	1½M	0 ¼
�
M 11 M 12

M 21 M 22

	
(34)

of which the eigenvalues can be utilized to distinguish dynamic stability
and instability [41]. In case of instability or buckling, the rock plate's
displacement will increase exponentially, indicating the occurrence of
rockbursts. By contrast, if in stability, the rock plate's displacement will
not increase exponentially, indicating the non-occurrence of rockbursts.
The eigenvalues of matrix ½M 	 are given by
����M 11 � ρ M 12

M 21 M 22 � ρ

����¼ 0 (35)

M 11M 22 �M 12M 21 ¼ 1 (36)
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Expanding Eq. (35) gives

ρ2 �ðM 11 þM 22Þρþ 1¼ 0 (37)

ρ1;2 ¼
M 11 þ M 22

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
M 11 þ M 22

2

�2

� 1

s
(38)

The status of stability or instability depends on the two roots ρ1 and
ρ2. There are three cases: (1) When ρ1 and ρ2 are distinct real numbers,
ρ1ρ2 ¼ 1. Suppose jρ1j < 1 and then jρ2j > 1. If β < 1

T logjρ2j, instability
occurs indicating displacement increases exponentially, which means the
occurrence of rockbursts. (2) When ρ1 ¼ ρ2 ¼ �1, the system is stable,
which means no rockbursts. (3) When ρ1 and ρ2 are complex,

��ρ1;2�� ¼ 1,
the response is bounded and then the system is stable, which also means
no rockbursts [41].

4. Rockbursts in jinping II project

4.1. Jinping II hydropower project

The Jinping II project stands as one of the largest hydropower stations
in Sichuan Province, China, boasting a total installed capacity of 4800
MW and an impressive annual average power generation of 24.23 TWh,
as shown in Fig. 4a [1,36]. This extensive hydropower initiative pri-
marily comprises a sluice concrete dam (165 m long and 34 m high), one
construction drainage tunnel (7.2 m in diameter and 12.43 km in length),
two auxiliary transportation tunnels A and B (diameter of approximately
6 m and 17.5 km long), four headrace tunnels beneath the Jinping
Mountain (16.67 km long), and an underground powerhouse complex, as
illustrated in Fig. 4b and c. The drainage tunnel is positioned between the
headrace tunnels and the transportation tunnels to facilitate drainage and
dewatering during the construction of other tunnels. The transportation
tunnels serve multiple purposes, acting as traffic and transport access
points, as well as serving as exploratory adits, test adits, and construction
adits for the headrace tunnels.

The project involves the interception of a lengthy meander on the
downstream of the Yalong River in Sichuan Province, Southwest China.
This is achieved by cutting the Jinping mountain through four 16.67 km
long headrace (high pressure) tunnels with 60 m spacing and diverting
the water from Yalong River to generate hydropower, as shown in
Fig. 4b. These tunnels connect to a downstream point on the same river at
a significantly lower elevation, providing a substantial 310 m head of
water without causing extensive flooding in the surrounding land. Two of
the headrace tunnels (#2 and #4), spanning 13 m in diameter, were
excavated using the New Austrian tunneling method (NATM), while the
other two (#1 and #3), with a diameter of 12.43m, were excavated using
Tunnel Boring Machines (TBM) [1]. Of the total length of these four
tunnels, 75.8% is at depths exceeding 1500 m, with a maximum depth of
2525 m. The excavation process encountered various geological strata,
including marble, sandstone, and slate.

The longitudinal plan of a headrace tunnel, together with geological
information, is illustrated in Fig. 4d. The primary geological formations
comprise carbonate rocks of shallow marine-littoral facies deposited in
Triassic marble, specifically belonging to the Baishan Group (T2b), Yan-
tang Group (T2y), and Zagunao Group (T2z), with properties listed in
Table 1 [8,35,36]. These marbles, slightly weathered and displaying
shades of gray to white, primarily consist of three main minerals: dolo-
mite, calcite, and white mica.
4.2. Rockbursts in Jinping II tunnels

A rock plate in the tunnel sidewall of the Jinping II project has di-
mensions a ¼ 1 m, b ¼ 1 m and h ¼ 0:02 m. This thickness of rock plates
in underground excavation was also reported by Hoek [27]. Assuming a
cosinusoidal excitation in Eq. (4) and taking the mode atm ¼ n ¼ 1, then



Fig. 4. Jinping II hydropower project.

Table 1
Properties of typical marbles.

Marble Baishan Group
(T2b)

Yantang Group
(T2y)

Zagunao Group
(T2z)

Density 2.82 (g/cm3) 2.70 (g/cm3) 2.72 (g/cm3)
UCS 122.71 (MPa) 57.99 (MPa) 78 (MPa)
Tensile
strength

9.53 (MPa) 5.92 (MPa) 5.92 (MPa)

Poisson's ratio 0.35 0.26 0.22
Elastic
modulus

50.7 (GPa) 57.0 (GPa) 50.0 (GPa)
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the equation of motion is Eq. (16), where

D¼ Eh3

12ð1� v2Þ¼
50:7

�
109
�
0:023

12
�
1� 0:352

� ¼ 38518:52N �m (39)
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ω11 ¼ω
0
11

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� Ps

Pcr

r
; μ¼ Pd=Pcr

2ð1� Ps=PcrÞ (42)

For example, Point A in Fig. 5a contains parameters Ps
Pcr

¼ 0:2, Pd
Pcr

¼
0:1, then ω11 ¼ 461:36 rad

s ¼ 73:4Hz, μ ¼ 0:0625;θ ¼ 2ω11 ¼ 922:78 rad
s .

The equation of motion is given by



Fig. 5. Effect of static loads.
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€u11 þ 461:392
�
1� β2

461:392
� 0:125 cos 922:78 t

�
u11 ¼ 0: (43)
By using the numerical method outlined in Section 3, rockburst dia-
grams were generated for various parameter scenarios, as depicted in
Figs. 5–10. In these diagrams, the shaded blue regions indicate dynamic
instability, signifying the occurrence of rockbursts, while the blank re-
gions denote dynamic stability, indicating the absence of rockbursts. It
can be observed that the rockburst diagrams are segmented into multiple
regions based on the ratio of the excitation frequency (θ) to the natural
frequency (ω11) of the rock plate.

The primaryregion in each rockburst diagram occurs when θ
2ω11

¼ 1,
which is the largest area and is referred to as the primary or the first
instability region or parametric resonance because θ ¼ 2ω11. The second
and third regions occur when θ

2ω11
¼ 0:5 and θ

2ω11
¼ 0:333, corresponding

to θ ¼ ω11 and θ ¼ 0:666ω11, respectively. Additionally, several higher-
order rockburst regions emerge with decreasing excitation frequencies
21
and areas. Predicting rockbursts in these regions is challenging, partly
due to the difficulty in accurately determining the excitation frequency
(θ) of stress waves in underground excavations, and partly due to the
potential inaccuracy of the natural frequency (ω11). The natural fre-
quency is influenced by the geometry of the rock plate, the mechanical
and physical properties of the rock, and the mode numbers.

Under specific conditions, rock plates within a tunnel may buckle,
resulting in rockbursts. These conditions are influenced by various fac-
tors, including static loads, dynamic loads, the ratio of excitation fre-
quency to natural frequency, rock damping, the number of frequencies in
excitation, and vibration modes. Static loads primarily arise from the
overburden stratum, which is indicative of the tunnel's depth. Dynamic
loads are determined by stress wave amplitudes originating from sources
such as engineering blasting or seismic events. The ratio of excitation
frequency to natural frequency decides the occurrence of parametric
resonance. Rock damping, a property of tunnel rocks, plays a funda-
mental role in influencing dynamic responses. The number of frequencies



Fig. 6. Effect of dynamic loads.
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in excitation reflects the complexity of the stress wave, while vibrational
modes represent the shapes in which the rock plate vibrates when
excited. Continual excitation of a plate's vibrational mode may lead to
emphasized motion within the tunnel, potentially causing dynamic
buckling, known as rockbursts.

4.3. Effect of static loads

The insights provided in Fig. 5 are indeed significant. As depicted, the
relationship between the ratio of dynamic loads and the excitation fre-
quency ratio varies notably across different static load scenarios. Despite
these fluctuations, parametric resonance remains a consistent factor,
particularly within the first rockburst region. This resonance occurs when
the excitation frequency approximately aligns twice with the natural
22
circular frequencies of the plate, denoted asω11, under specific static load
conditions.

It's worth noting that as the static load increases, the area of the
rockburst region expands significantly. This expansion suggests a
heightened susceptibility to rockbursts under higher static load condi-
tions. Additionally, from Eq. (11), we observe that ω11 decreases with the
increase of the static load, indicating a corresponding decrease in the
excitation frequency for rockbursts.

Furthermore, the perturbation effect, illustrated in Fig. 5, is note-
worthy. It demonstrates that even a minor dynamic disturbance, partic-
ularly under parametric resonance conditions, can induce rockbursts.
This observation underscores the sensitivity of the system to dynamic
fluctuations and highlights the potential for significant consequences
even from small disturbances, as evidenced by points A, B, C, and D.



Fig. 7. Effect of rock damping.
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4.4. Effect of dynamic loads

Fig. 6 illustrates a notable increase in the rockburst area with the
escalation of dynamic loads. The shape of the first rockburst region dif-
fers from the V-shaped region depicted in Fig. 5, instead exhibiting a
funnel-shaped configuration. This observation suggests that even in
scenarios where the static load (PsPcr

¼ 0), rockbursts can still be induced
solely by dynamic loads if the excitation frequency falls within the
parametric resonance range. This phenomenon provides insight into the
occurrence of rockbursts in open-pit mining scenarios.

The V-shaped regions, in contrast, signify that when the dynamic load
(PdPcr ¼ 0), the static load alone cannot induce rockbursts. This observation
elucidates the phenomenon observed in ultra-deep mining scenarios,
where substantial static loads from the overburden stratum are present.
In such cases, rockbursts will probably not occur in the absence of dy-
namic disturbances. However, a perturbation effect can be observed that
under parametric resonance, a very small static disturbance can induce
23
rockbursts, such as points E, F, G, and H.

4.5. Effect of rock damping

Fig. 7 illustrates that even with damping, rockbursts can still occur
under certain circumstances. As the rock damping increases, the range of
excitation frequency for rockbursts progressively shrinks until it disap-
pears. There exists a threshold dynamic component load for inducing
rockbursts, both for the 1st and 2nd instability regions. Larger rock
damping requires a larger dynamic component load for rockbursts. When
the damping changes from δ ¼ 0.1 to 0.4, the threshold dynamic
component load increases from 0.0525 to 0.2 for the 1st instability region
and from 0.284 to 0.56 for the 2nd instability region. The area of insta-
bility regions noticeably shrinks.

The load thresholds for the first and second instability regions of Eq.
(39) have been analytically determined [41] as μ ¼ 2β=ω11 and μ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2β=ω11
p

, respectively. Therefore, the threshold dynamic component
load for the first and second instability regions can be analytically



Fig. 8. Effect of 2-frequency excitation.
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determined by Eqs. (44) and (45), respectively,

Pd

Pcr
¼ 2δ

π

�
1� Ps

Pcr

�
(44)

Pd

Pcr
¼ 2

ffiffiffi
δ

π

r �
1� Ps

Pcr

�
(45)

The comparisons of the threshold dynamic component load for the
first and second instability regions between analytical and our numerical
results, as presented in Table 2, indicate that the numerical results in this
paper are sufficiently accurate. The largest relative error observed is only
3.1%.

4.6. Effect of multiple frequencies in excitation

The excitation contains two similar, distinct, and different fre-
24
quencies given in Eqs. (46)–(48), respectively,

PxðtÞ¼ 0:2Pcr þ Pdðcos θtþ cos 2θtÞ (46)

PxðtÞ¼ 0:2Pcr þ Pdðcos θtþ cos 5θtÞ (47)

PxðtÞ¼ 0:2Pcr þ Pdðcos θtþ cos 10θtÞ (48)

Comparing Fig. 7a–8a indicates that the addition of a dynamic load
with a second similar frequency decreases the first instability region but
increases higher instability regions. The introduction of a dynamic
component load with a second frequency has a significant effect on the
rockburst diagrams. However, this effect fades away gradually when the
second frequency increases.

The rockburst diagrams for two frequencies are depicted in Fig. 8. The
first instability region increases with the second frequency until it rea-
ches Fig. 7a asymptotically.



Fig. 9. Rockbursts diagrams with3-frequency and 4-frequency excitation.

Fig. 10. Effect of vibration modes.

Table 2
Comparison between analytical and numerical results.

δ ¼ 0:1 δ ¼ 0:2 δ ¼ 0:3 δ ¼ 0:4

1st region 2nd region 1st region 2nd region 1st region 2nd region 1st region 2nd region

Analytical threshold dynamic load 0.0509 0.285 0.102 0.404 0.153 0.494 0.204 0.571
Numerical threshold dynamic load 0.0525 0.284 0.1025 0.4 0.155 0.49 0.205 0.57
Relative error 3.1% 0.4% 0.5% 1.0% 1.3% 0.8% 0.5% 0.2%
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The excitation containing three and four frequencies is given by Eqs.
(49) and (50), respectively, with the corresponding rockburst diagrams
shown in Fig. 9.

PxðtÞ¼ 0:2Pcr þ Pdðcos θtþ cos 2θtþ cos 3θtÞ (49)
25
PxðtÞ¼ 0:2Pcr þ Pdðcos θtþ cos 2θtþ cos 3θtþ cos 4θtÞ (50)

Comparing Figs. 8a–9a indicates that the addition of a dynamic load
with a third similar frequency decreases the second instability region but
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increases the higher instability regions. Fig. 9b confirms this result with
the addition of a dynamic load with a fourth similar frequency, showing a
shrinkage of the third instability region but a boost of the higher insta-
bility regions. It is noteworthy that a rockburst loop or rockburst pocket is
clearly evident in Fig. 8b and 9b, indicating that the instability region is
surrounded by stable strips [42]. The presence of rockburst loops
partially explains why rockbursts are challenging to predict successfully.

These findings offer an important approach to mitigate induced
tunnelrockbursts by introducing additional dynamic component loads
with similar frequencies. This strategy has the potential to significantly
reduce the risk of tunnelrockbursts in the first several instability regions.
4.7. Effect of vibration modes

To study the effect of vibration modes, a plate on the tunnel sidewall
of the Jinping II project has dimensions a ¼ 1.2 m, b ¼ 0.8 m and h ¼
0.02 mm. Table 3 lists the first four vibration modes of a rock plate under
axial dynamic loadings: Mode 1 ðm ¼ 1;n ¼ 1Þ, Mode 2 ðm ¼ 2;n ¼ 1Þ,
Mode 3 ðm ¼ 1; n ¼ 2Þ, and Mode 4 ðm ¼ 2; n ¼ 2Þ. Taking Mode 3
ðm¼ 1; n¼ 2Þ as a calculation example, the equation of motion is

€u12 þAðtÞu12 ¼ 0 (51)

where

AðtÞ¼ ðω12Þ2
 
1� β

ðω12Þ2
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!
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For example, Point T contains parameters Ps
Pcr

¼ 0:2 and Pd
Pcr

¼ 0:06,

then ω12 ¼ 1602:05 rad
s ¼ 254:97 Hz, μ ¼ 0:0625. The equation of motion

is given by

€u12 þ 1602:052
�
1� β2

1602:052
� 0:125 cos θt

�
u12 ¼ 0 (56)

Table 2 shows that higher modes lead to larger Pcr and the natural
circular frequencies ωmn of the rock plate. This means that larger am-
plitudes of static and dynamic loadings are required to induce rockbursts
in higher vibration modes. However, the Euler load at Mode 2 is smaller
Table 3
First four modes of a rock plate under axial dynamic loadings.

Mode m n D (N⋅m)
ω

0
mn

�
rad
s

�
Pcr (MN/
n)

ωmn

�
rad
s

�

1 1 1 38518.52 582.12 (92.6 Hz) 2.79 520.67 (82.9
Hz)

2 2 1 38518.52 1119.47 (178.17
Hz)

2.58 1001.28 (159.4
Hz)

3 1 2 38518.52 1791.15 (285.07
Hz)

26.4 1602.05 (255.0
Hz)

4 2 2 38518.52 2328.50 (370.59
Hz)

11.15 2082.67 (331.5
Hz)
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than the principal mode (Mode 1). Fig. 10 depicts that the shape of
rockburst diagrams is identical to all vibration modes. When the excita-
tion frequency is very small, rockbursts can be induced only if the dy-
namic component load is large, such as Point K in Fig. 10. When the
excitation frequency is 165.8, 318.8, 510, or 663Hz, the parametric
resonance for Mode 1, 2, 3, and 4, respectively, will induce rockbusrts
even if the amplitude of the dynamic component load is small, such Point
L in Fig. 10. It should be noticed that the general excitation frequency and
the dynamic component load are both relatively small, so Mode 1 dom-
inates in rock plate vibrations, which explains why in most analysis of
plate vibrations, only the principal mode (i.e., Mode 1) is considered
[43].

4.8. Discussions

Based on the mechanism analysis, measures are suggested to alleviate
the hazard of tunnel rockbursts: (1) rock destressing is an effective
approach to mitigate rockbursts due to the decrease of the static load; and
(2) the excitation frequency of the dynamic load should not be located in
the double or equal to the natural frequency of the plate. This can be done
by adjusting the excitation frequency or changing the natural frequency
of the plate to prevent the parametric resonance and the perturbation
effect. Some measures derived from this research, such as rock des-
tressing, have been validated by other researchers numerically [44] or
experimentally [45]. This paper provides a new theoretical explanation
of such measures in terms of dynamic instability of rock plates.

The comparison between rockbursts in TBM (Tunnel BoringMachine)
tunnels and NATM (New Austrian Tunneling Method) tunnels at the
Jinping II project sheds light on the underlying mechanisms and the
advantages of the two tunnel excavation methods [1,9,18]. In TBM
tunnels, the blasting stress waves from NATM tunnels propagate in rocks,
reach the free surface of the TBM tunnels, and reflect, causing tensile
cracks and forming a thin plate of rock on the surface. Based on the
mechanism analysis, the current research provides a plausible explana-
tion for the increased frequency and severity of rockbursts in the TBM
tunnels compared to the NATM tunnels at the Jinping II project. How-
ever, despite the occurrence of rockbursts, the TBMmethod offers several
advantages over the NATM method. These include higher advance rates,
continuous operations, less rock damage, and reduced support
requirements.

5. Conclusions

Based on the dynamics in stability/buckling of rectangular rock
plates, this paper studied the induced mechanism of tunnel rockbursts.
The equation of motion of the rock plate was derived. A numerical
method was presented to study the plate's dynamic instability, which
indicates the occurrence of rockbursts.

An example of tunnel sidewall rockbursts in Jinping II project was
given to parametrically study the effect of stress wave amplitude and
frequency, static and dynamic components: (1) as static loads increase,
the area of the rockburst region expands significantly; (2) parametric
resonance was observed, that is, within the first rockburst region, the
excitation frequency aligns approximately twice with the natural circular
frequencies of the plate; (3) rockbursts can be induced solely by dynamic
loads without static loads when the excitation frequency falls within the
parametric resonance range; (4) rockbursts will not probably occur in the
absence of dynamic disturbances; and (5) a perturbation effect can be
observed that under parametric resonance, a very small dynamic
disturbance can induce rockbursts.

This research also studied the effects of rock damping, multiple fre-
quencies, and vibration modes: (1) even with damping, rockbursts can
still occur under certain circumstances, as the rock damping increases,
the range of excitation frequency for rockbursts progressively shrinks
until it disappears; (2) the addition of a dynamic load with a second
similar frequency decreases the first instability region but increases
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higher instability regions; and (3) in Mode 1, the general excitation fre-
quency and the dynamic component load are both relatively small, so
Mode 1 dominates in rock plate vibrations.

These results shed new light on the mechanisms of tunnel rockbursts
from an innovative perspective of dynamic instability of rock plates.
Some measures derived from this research, such as rock destressing, have
been validated by other researchers numerically or experimentally.
However, this paper provides a new theoretical explanation of such
measures in terms of dynamic instability of rock plates. The current
research offers a plausible explanation for the heightened frequency and
severity of rockbursts in TBM tunnels compared to NATM tunnels at the
Jinping II project for the first time.
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