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ABSTRACT

We  consider  a  dipolar  spin-1 Bose  gas  with SU(3)  spin–orbit  coupling
trapped in a two-dimensional toroidal trap. Due to the combined effects of
SU(3)  spin–orbit  coupling,  dipole–dipole  interaction,  and  spin–exchange
interaction,  the  system exhibits  a  rich  variety  of  ground-state  phases  and
topological defects,  including modified stripe,  azimuthal distributed petal
and triangular lattice, double-quantum spin vortices, and so on. In particu-
lar,  by  studying  the  spin  texture  of  such  a  system,  it  is  found  that  the
formation  and  transformation  between  meron  and  skyrmion  topological
spin  textures  can  be  realized  by  a  choice  of  dipole–dipole  interaction,
SU(3) spin–orbit coupling, and spin–exchange interaction. We also give an
experimental protocol to observe such novel states within current experi-
mental capacity.

Keywords  Bose–Einstein condensate, spin–orbit coupling, dipolar
condensate, quantum vortex
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1   Introduction

The  spin–orbit  coupling  (SOC)  plays  a  very  significant
role  in  several  fields  of  physics,  such  as  the  spin  Hall
effect,  topological  insulators,  and  topological  supercon-
ductors  [1–5].  In  recent  years,  experimental  realizations
of  synthetic  SOC  in  Bose–Einstein  condensates  (BEC)
has provided a fresh platform for exploring exotic quantum
phenomena and new states of matter [6–11]. In particu-
lar, various forms of canonical field couplings have been
recently proposed, such as SU(3) SOC [12, 13] and spin
tensor  momentum couplings  [14].  Previous  results  have
been shown that SOC can generate abundant topological
defects  and  completely  new  quantum  phases,  such  as

half-quantum vortex [15], Skyrmion [16], composite soliton
[17, 18],  topological  superfluid  phase  [19],  supersolid
phase  [20, 21],  and  lattice  phase  [22].  The SU(3)  SOC
with spin operator spanned by the Gell–Mann matrices
can  more  efficiently  describe  the  internal  couplings
among the three-components [12, 23], and therefore new
quantum phases and topological defects are expected to
be formed in such a system. Very recently, novel topological
defects such as double-quantum spin vortex (DSV) and
half-skyrmion  (HS)  have  been  observed  in  the  ground
state of SU(3) SO coupled BEC [13].

In  realistic  experiments  of  ultracold  atoms,  various
external potentials bound to the outside can significantly
affect the quantum properties of BEC. A toroidal potential
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with  a  nontrivial  topology  is  a  novel  non-simply
connected external potential that can be realized by the
formation  of  a  repulsive  barrier  in  the  middle  of  a
harmonic  magnetic  trap  by  a  blue-detuned  laser  beam
[24]. Very recently, such toroidal potential has attracted
extensive interests, which provides us a highly controllable
platform  for  the  study  of  fascinating  properties  of  a
superfluid,  such  as  persistent  flow,  symmetry-breaking
localization,  alternately arranged stripe,  and countercir-
cling state ([25–28] and references therein). Typically, in
a quasi-two-dimensional (Q2D) annular trap, the stable
necklace like states and sustained flow states have been
discovered for spin-  BEC with SOC [25, 26].

1

Different from the traditional contact interactions, the
long-range  and  anisotropic  character  of  dipole-dipole
interaction (DDI) makes dipolar systems unique and has
received widespread attention in both experimental and
theoretical studies [29–39]. In particular, with SOC, the
DDI also gives rise to exotic states, such as the spontaneous
spin  vortex  [40],  quantum  quasicrystals  [41],  higher
anisotropy  stripe  soliton  [42],  meron  spin  configuration
[43], long-range superfluid order [44], and exotic topological
phase [45–49]. Up to now, to our best knowledge, there
is little work that has focused on the combined effects of
both DDI and SU(3) SOC on the ground state of a spin-
 Bose  gas  confined  in  a  toroidal  trap,  which  is

predicted to present nontrivial ground state phases and
topological structures.

1In  this  paper,  we  consider  a  dipolar  spin-  Bose  gas
with SU(3)  SOC confined  in  a  Q2D toroidal  trap.  The
ground  state  phase  of  such  a  system  is  systematically
characterized under different spin exchange interactions,
and  the  effects  of SU(3)  SOC  and  DDI  on  the  system
are discussed. It is found that the ground state phase of
such  a  system  shows  a  rich  variety  of  ground-state
phases and topological defects, including modified stripe,
azimuthal  distributed  petal  and  triangular  lattice,
double-quantum spin vortices, and so on. More interest-
ingly, the formation and transformation between meron
and  skyrmion  topological  spin  textures  can  be  realized
by a proper choice of the system parameters.

The  remainder  of  the  present  paper  is  organized  as
follows. In Section 2, we introduce the theoretical model
of a dipolar spin-1 Bose gas with SU(3) SOC in a Q2D
toroidal  trap.  In  Section 3,  we present  and analyze  the
topological  structures  and  typical  spin  textures  of  the
system.  Finally,  the  main  results  of  the  paper  are
summarized in Section 4. 

2   Theoretical model

1We consider the spin-  BEC with both DDI and SU(3)
SOC trapped in a Q2D toroidal trap. Within the mean-
field  approximation,  the  system  is  described  by  the
Gross–Pitaevskii equation (GPE) [50–52]: 

iℏ
∂ψj

∂t
=

(
− ℏ2∇2

2m
+ V (r) + c0n

)
ψj

+ c2

1∑
j′=−1

F · fjj′ψj′ +
1∑

j′=−1

(υso)jj′ψj′

+ cdd

1∑
j′=−1

b · fjj′ψj′ , (1)

m

ψj = (ψ1, ψ0, ψ−1)
T

n =
∑

j=1,0,−1 ψ
∗
j (r)ψj(r) N =

∫
ndr N

z

ωz

where  being the mass of  the atom. The spinor wave
function  describes  the  occupation  of
three  components,  and  the  total  particle  density

 satisfies  with  being
the  total  number  of  atoms.  The  Q2D geometry  can  be
realized by imposing a very tight trap along the -direction
(i.e., the trap frequency  is so large that the dynamics
is frozen into the ground state of the trap). In this case,
the external trap can be described as 

V (r) =
1

2
I0mω

2
⊥(r − r0)

2, (2)

r2 = x2 + y2 I0 r0
ω⊥

c0 c2

c0 = 4πℏ2(a0 + 2a2)γ/(3m) c2 = 4πℏ2(a2−
a0)γ/(3m) s

0 2 γ =
√
mωz/(2πℏ)

z F

F = (Fx, Fy, Fz)

Fν(r) = ψ†fνψ f = (fx, fy, fz)

1

where ,  and  characterize the depth and
location  of  the  toroidal  trap,  and  is  the  radial  trap
frequency  of  the  harmonic  potential.  The  coupling
parameters  and  describe the strengths of density–
density  and  spin–exchange  interactions,  respectively.
Here,  and 

 are related to the -wave scattering lengths in
the spin-  and the spin-  channels with 
being the harmonic trap frequency in the -direction. 
is  the  spin  density,  is  defined  by

,  with  being  the  vector  of
the spin-  matrices given in the irreducible representation
[53, 54].

υso = κλ · p κ

p = (px, py) λ = (λx, λy)

λx = λ(1) + λ(4) + λ(6) λy = λ(2) − λ(5) + λ(7)

λ(i)(i = 1, . . . , 8)

The SU(3)  SOC  considered  here  can  be  written  as
 with  being the strength. The Q2D momentum
,  and  is  expressed  in  terms  of

 and ,  with
 being the Gell–Mann matrices [55–58]. In

this case, the generators of the SU(3) group can be written
as 

λx =

0 1 1
1 0 1
1 1 0

 , λy =

 0 −i i
i 0 −i
−i i 0

 . (3)

cdd = µ0g
2
Fµ

2
Bγ/(4π) µ0 µB gF

g b

bν =
∫
dr′⊥

∑
νν′ Q2D

νν′Fν′(ν, ν′ =

x, y) Q2D
νν′

The  last  term  on  the  right-hand  side  of  Eq.  (1)
descripes  the  magnetic  DDI  between  atoms  with

 being  its  strength. , ,  and 
are the vacuum magnetic permeability, Bohr magneton,
and the Landé -factor, respectively. Here  is the effective
2D dipole  field  defined  by 

 in which  is the 2D dipole kernel related to the
3D one. By using the Fourier transform and convolution
theorem  to  express  the  2D  dipole  kernel  and  the  2D
effective dipole field in momentum space [51, 52], we can
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obtain 

Q̃2D(kx, ky) = − 4π

3

1 0 0
0 1 0
0 0 −2


+ 4π

G(k⊥az√
2
)

k2⊥

 k2x kxky 0
kxky k2y 0
0 0 −k2⊥

 ,

(4)
 

bν = F−1
∑
ν′

Q̃2D(kx, ky)F [Fν′ ], (5)

k⊥ =
√
k2x + k2y G(q) = 2qeq

2 ∫∞
q

e−t2dt

F
where ,  denoting the
complementary  error  function,  and  represents  the
Fourier transform operator.

r̃⊥ = r⊥/a0
t̃ = ω⊥t Ṽ = V /(ℏω⊥) ψ̃j = ψja0/

√
N c̃0 = c0N/(ℏω⊥a

2
0)

k̃ = k/(ℏω⊥a0) c̃dd = cddN/(ℏω⊥a
2
0)

a0 =
√
ℏ/(mω⊥)

ω⊥

εdd = µ0µ
2m/(12πℏ2as)

c̃dd = cddN/(ℏω⊥a
2
0)

cdd

c̃0 c̃2
N/(ℏω⊥a

2
0)

s

For  the  sake  of  numerical  calculation,  we  work  in
dimensionless  parameters  via  rescaling ,

, , , ,
,  and  (the  tildes  are

omitted  in  following  discussion  for  simplicity)  with
 being  the  harmonic  trap  length  charac-

terized  by .  Here  we  want  to  note  that  for  a  pure
dipolar condensate without SOC, we can define a typically
dimensionless  quantity, ,  which  is
the  relative  strength  between  the  dipolar  and  contact
interactions, to give a well description of the parameter
space of  such a system. In the presence of SU(3)  SOC,
here  we  do  not  define  such  dimensionless  ratio,  and
select  typical  parameter  values  to  show  the  possible
ground state phases. In addition, according to the rescaling

,  the  strength  of  DDI,  can  be  tuned
by  altering  dimensionless  units,  the  number  of  atoms,
and  related to the condensate with different atomic
species. In this case, other relevant parameters, such as

 and ,  also  change  with  the  dimensionless  unit
.  However,  their  values  can  be  tuned  by  the

corresponding -wave  scattering  lengths,  which  can  be
realized by the well-known Feshbach resonance.

r0 = 7

I0 = 1 c0 = 100

∼ 0

The  ground  state  of  the  system  can  be  obtained
numerically  by  solving  the  GPE  (1)  in  the  imaginary
time  evolution,  and  the  initial  state  is  prepared  with
different wave functions [59–61]. To highlight the effects
of the SU(3) SOC and DDI, we further fix the location
of the toroidal trap , the depth of the toroidal trap

, and density-density interaction strength .
We would like to point out that the radius of trap will
not  affect  the  results  qualitatively,  similar  results  can
also be observed for other radius.  For the toroidal  trap
with  selected  parameters,  the  gas  is  mainly  confined
along  the  edge  of  the  annular  trap  with  density
around  the  center.  However,  similar  to  the “ghost”
vortex,  the  phase  and  spin  texture  distributions  show
strong  dependence  on  the  ratio  between  the  real  and
imaginary  parts  of  wave  functions,  leading  to  the

nonzero  phase  and  spin  texture  around  the  center  of
trapping potential. 

3   Results and discussion
 

3.1   The effects of SU(3) SOC on the ground state
structure of the system

1

cdd = 10

In  this  section,  we will  perform a detailed study of  the
effects  of SU(3)  SOC  and  DDI  on  the  ground  state
structure of a dipolar spin-  Bose gas confined in a two-
dimensional  annular  potential.  We  begin  with  the
system  with  fixed  DDI  strength  but  varied
SU(3)  SOC  strength,  and  then  move  to  the  case  with
fixed SU(3) SOC but varied DDI strength. In each case,
we  first  consider  the  condensate  with  ferromagnetic
spin–exchange interaction and then move to the system
with antiferromagnetic spin–exchange interaction.

1

c2 < 0

κ = 0.5

ψ1 ψ−1

Figure 1 displays the typical ground-state density and
phase  distributions  of  a  dipolar  spin-  Bose  gas  with
ferromagnetic  spin–exchange interaction,  i.e., ,  for
fixed  dipolar  interaction  strength,  but  for  varied SU(3)
SOC strength. In the absence of SU(3) SOC, the atoms
of  each  component  and  its  related  phase  distributions
are  uniformly  distributed  along  the  toroidal  trap,  and
the system maintains rotational symmetry, as shown in
Fig.  1(a).  For  small SU(3)  SOC  strength,  as  shown  in
Fig. 1(b) for , the system is almost in the miscible
phase,  it  is  found  that  three  alternatively  arranged
density  peaks  emerge  in  the  and  components.
From the corresponding phase distribution, it is easy to
see  that  the  system  is  in  a  amplitude-modulated  plane
wave  state,  as  shown  in  the  last  three  columns  of
Fig. 1(b).

κ

κ = 1 ψ1

ψ−1

κ

κ = 2

1

With a further increase of , as shown in Fig. 1(c) for
,  the  density  distributions  of  components  and

 form  density  peaks  along  the  direction  of SU(3)
SOC,  exhibiting  spatial  antisymmetry  within  the  ring.
As  is  further  increased,  the  system shows a  modified
stripe phase along the azimuthal angle. In this case, the
total density undergoes separation into six pieces formed
by alternatively arranged three components, as shown in
Fig. 1(d) for . This can be understood by looking at
the  phase  distributions  of  such  a  system,  it  has  been
shown in previous work that for a spin-  Bose gas with
SU(3)  SOC  and  ferromagnetic  interaction,  the  ground
state  of  such a  system occupies  one  single  minimum in
the  momentum  space  and  corresponds  to  a  threefold-
degenerate  magnetized  phase,  and  the  wave  number  of
the ground-state plane wave increases with the strength
of SU(3) SOC [13]. In the present system, the confinement
of  the two-dimensional  annular potential  leading to the
deformation  of  plane  wave  and  the  formation  of  three
plane waves with different wave vector directions.

c2 > 0

We  now  consider  the  system  with  antiferromagnetic
spin-exchange  interaction,  i.e., . Figure  2 shows
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1

κ κ = 0.5, 1.0

κ = 2.0

the typical ground-state density and phase distributions
of  a  dipolar  spin-  Bose  gas  with  antiferromagnetic
interaction  for  fixed  dipolar  interaction,  but  for  varied
SU(3) SOC strength. In the absence of SU(3) SOC, the
ground state phase of the system is similar to the ferro-
magnetic  condensates,  as  shown in Fig.  2(a).  For  small
, as shown in Figs. 2(b) and (c) for , respec-

tively,  it  is  found  that  the  density  distributions  of  the
system form petal,  and the three components gradually
produce  directional  stripes  along  the  azimuthal  direc-
tion,  which  look  like  petals.  This  petal  phase  is  in  a
sense  reminiscent  of  the  stripe  phase  in  spin–orbit
coupled BEC, where Rashba SOC spontaneously induces
directional density stripes in a homogeneous systems [58,
62].  For  strong SU(3)  SOC  strength,  as  shown  in
Fig. 2(d) for , lattice pattern of density distribution
appears  in  each  component.  Due  to  the  confinement  of
the  external  annular  potential,  a  triangular  lattice  is
formed  along  the  ring  for  each  component,  and  this
density  pattern  holds  for  even  strong SU(3)  SOC
strength.

Based on the above results, we can thus conclude that
without SU(3) SOC, the system exhibits uniform phase
distributions.  In  the  presence  of SU(3)  SOC,  the  phase
distribution  of  such  a  system  exhibits  untrivial  struc-
tures, which show strong dependence on the type of spin-

ψ1 ψ−1

ψ0

ψ1 ψ−1

ψ0

exchange interactions. Here we want to note that for the
toroidal  trap  considered  in  this  work,  the  above  stripe
and  lattice  patterns  will  be  distributed  along  the
azimuthal  angle  direction.  Consequently,  each  petal  in
the petal phase can achieve the lowest energy by shortening
the  boundaries.  Similar  to  previous  works,  the  number
of  petals  increase  with  the  strength  of SU(3)  SOC.  In
addition, it is interesting to observe that the components

 and  exhibit  spatial  antisymmetric  structure,
while component  possesses spatial rotational symme-
try, and the total density of components  and  is
complementary to component . 

3.2   The effects of DDI on the ground state structure of
the system

1

κ = 0.7

cdd = 0

We next turn to the effects of DDI on the ground state
of  the  system. Figure  3 shows  the  typical  ground-state
density and phase distributions of a dipolar spin-  Bose
gas with ferromagnetic interaction for fixed SU(3) SOC
strength ,  but  for  varied  DDI  strength.  In  the
absence  of  DDI,  as  shown  in Fig.  3(a)  for ,  the
density  distribution  of  each  component  is  almost
uniformly  distributed along the  ring,  and the  system is
in  a  miscible  state  with  rotational  symmetry,  and  the
phase distribution shows that this state is a plane wave
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Fig. 1  Typical ground-state density and phase distributions of a dipolar spin-  Bose gas with ferromagnetic interaction for
fixed dipolar interaction strength, but for varied SU(3) SOC strength , corresponding to (a), (b), (c),  and
(d), respectively. The first to fourth columns are the density distributions of each component and the total density one, and
the fifth to seventh columns are the corresponding phase distribution of each component. Other parameters are the strength
of DDI , the strength of spin–exchange interaction , the density–density interaction , and the location
of the toroidal trap . The field of view is 25.6  25.6 in unit of .
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Fig. 2  Typical ground-state density and phase distributions of a dipolar spin-  Bose gas with antiferromagnetic interaction
for fixed dipolar interaction strength, but for varied SU(3) SOC strength , corresponding to (a), (b), (c), and
(d), respectively. The first to fourth columns are the density distributions of each component and the total density one, and
the fifth to seventh columns are the corresponding phase distribution of each component. Other parameters are the strength
of DDI , the strength of spin–exchange interaction , the density–density interaction , and the location
of the toroidal trap . The field of view is 25.6  25.6 in unit of .
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Fig. 3  Typical ground-state density and phase distributions of a dipolar spin-  Bose gas with ferromagnetic interaction for
fixed SU(3) SOC strength, but for varied DDI strength , corresponding to (a), (b) and (c), respectively. The
first to fourth columns are the density distributions of each component and the total density one, and the fifth to seventh
columns  are  the  corresponding  phase  distribution  of  each  component.  Other  parameters  are  the  strength  of SU(3)  SOC

, the spin–exchange interaction , the density–density interaction , and the location of the toroidal trap
. The field of view is 25.6  25.6 in unit of .
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occupying a single momentum in the momentum space,
which  indicates  that  the  time-reversal  symmetry  is
broken.  Interestingly,  it  is  found  that  the  system  will
change  from  magnetized  phase  to  supersolid-like  stripe
phase for sufficiently strong DDI in our numerical simu-
lations.

ψ1

ψ0

ψ−1 π

ψ1

cdd = 100

In  the  presence  of  DDI,  the  density  distributions  of
the system are dispersed and staggered on the ring. The
component  is  significantly  different  from  other  two
components,  and the component  coincides with that
of component  when rotated by  degree. It is interesting
to observe that for large enough DDI, the density distri-
bution  of  component  forms  a  double-layer  annulus
and  exhibits  a  novel  layered  hexagonal  petal  structure,
as  shown in Fig.  3(c)  for .  With regard to  the
phase  distribution  of  the  system,  it  is  found  that  the
plane  wave  is  broken and gradually  redistributed  along
the  azimuthal  angle  of  the  ring  potential,  showing
special petal phase.

κ = 0.9

cdd = 0

1

Figure  4 shows  the  typical  ground-state  density  and
phase distributions of the system with antiferromagnetic
interaction for fixed SU(3) SOC strength , but for
varied  DDI  strength.  Different  from  the  ferromagnetic
condensate shown in Fig.  3(a),  the system shows phase
separation  even  in  the  absence  of  DDI,  as  shown  in
Fig.  4(a)  for .  If  we  look  at  the  corresponding
phase  distributions  shown  in  the  fifth  to  seventh
columns, it is easy to see that the phase of each component
exhibits  triangular  lattice  structure.  The  underlying
physical  mechanism  lies  in  the  fact  that,  for  a  spin-

Bose gas with SU(3) SOC and antiferromagnetic interac-
tion,  the SU(3)  SOC breaks  the  ordinary  phase  rule  of
spinor  Bose  gases  and  more  than  one  single-particle
minima is occupied.

ψ1

cdd = 10

cdd = 100

In the presence of weak DDI strength, the density of
component  presents an interleaving hexagonal distri-
bution,  while  the  density  distributions  of  remaining
components tend to be dispersed, as shown in Fig. 4(b)
for .  For  strong  DDI,  as  shown in Fig.  4(c)  for

,  the  density  distribution  of  such  a  system  is
similar  to  the  case  of  ferromagnetic  condensates,  but
with a more complicated bilayer structure.

More  information  can  be  obtained  by  comparing  the
phase  distributions  for  fixed SU(3)  SOC  strength  but
varied  DDI  strength.  It  is  not  difficult  to  see  that  the
type  of  spin–exchange  interaction  determines  the
number  of  minima  in  the  single-particle  energy  spec-
trum.  The phase  distribution of  the  system show plane
wave  for  ferromagnetic  interaction,  while  triangular
lattice  structure  for  antiferromagnetic  interaction.  An
increase  in  DDI  significantly  alters  the  ground-state
density distribution, but minimally impacts the ground-
state phase distribution. 

3.3   Double-quantum spin vortices and skyrmions

1

To further shed light on the ground-state properties, we
next analyze the spin textures of the system. For a spin-
 BEC, the spin density components in the three directions

are specifically expressed as [63–67] 
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Fig. 4  Typical ground-state density and phase distributions of a dipolar spin-  Bose gas with antiferromagnetic interaction
for fixed SU(3) SOC strength, but for varied DDI strength , corresponding to (a), (b) and (c),  respectively.
The  first  to  fourth  columns  are  the  density  distributions  of  each  component  and  the  total  density  one,  and  the  fifth  to
seventh columns are the corresponding phase distribution of  each component.  Other parameters  are the strength of SU(3)
SOC , the spin–exchange interaction , the density–density interaction , and the location of the toroidal
trap . The field of view is 25.6  25.6 in unit of .
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Sx =
1√
2

ψ∗
0ψ1 + (ψ∗

1 + ψ∗
−1)ψ0 + ψ∗

0ψ−1

|ψ1|2 + |ψ0|2 + |ψ−1|2
,

Sy =
i√
2

ψ∗
0ψ1 + (ψ∗

−1 − ψ∗
1)ψ0 − ψ∗

0ψ−1

|ψ1|2 + |ψ0|2 + |ψ−1|2
,

Sz =
ψ∗
1ψ1 − ψ∗

−1ψ−1

|ψ1|2 + |ψ0|2 + |ψ−1|2
, (6)

|S| =√
S2
x + S2

y + S2
z

S+ = Sx + iSy

where  the  spin  density  vector  satisfies 
.  The  transverse  magnetization  is  defined

as ,  and  the  spatial  distribution  of  the
topological structure of the system can be well described
by the topological charge density 

q(x, y) =
1

4π
s ·

(
∂s

∂x
× ∂s

∂y

)
, (7)

s = S/|S|with , and the topological charge is defined as 

Q =

∫
q(x, y)dxdy. (8)

1

|S|
S+

S+

c2 = −50 cdd = 10 κ = 1

ψ1 ψ−1

A spin vortex, known as a complex topology induced
by symmetry breaking, is characterized by zero net mass
current and quantized spin current around an unmagne-
tized  core  (in-plane  magnetization  has  a “vortex  or
antivortex” structure)  [51, 53, 68]. Figure  5 shows  the
typical  spatial  spin  density  distributions  of  a  dipolar
spin-  Bose gas with SU(3) SOC. In the absence of DDI,
as shown in Figs. 5(a) and (b) for the amplitude of the
total  magnetization  and  transverse  magnetization
orientation arg , we again observe the DSV previously
discovered  in  a  homogeneous SU(3)  spin–orbit-coupled
Bose gas with antiferromagnetic spin–exchange interaction
[13]. In present system with both SU(3) SOC and DDI,
it  is  found  that  the  DSV can  be  formed  with  a  proper
choice of DDI and SU(3) SOC even for the ferromagnetic
condensate. Typical spin density distributions and trans-
verse magnetization orientation arg  for an ferromagnetic
condensate with ,  and  are shown
in Figs.  5(c)–(f),  from which a stable  DSV is  observed.
More  interestingly,  the  distribution  of  the  longitudinal
magnetization  forms  two  inner  and  outer  staggered
nested  hexagonal  structures  in Fig.  5(e),  indicating  the
twisted arrangement of components  and .

1

c2 cdd

κ = 0.3

Q = ±0.5

Shown in Fig. 6 is the typical spin textures of a dipolar
spin-  Bose  gas  with  antiferromagnetic  spin–exchange
interaction and SU(3) SOC, where the first row represents
the  spin  texture  and  the  second  row  denotes  the  local
amplifications  corresponding  to  the  first  row.  We  first
select the same parameters  and  as those in Fig. 2,
but  with  varied SU(3)  SOC  strength,  as  shown  in
Figs.  6(a)  and  (b).  For  small SU(3)  SOC  strength,  as
shown in Fig. 6(a) for , the central region of the
spin  texture  shows  meron–antimeron  pair  structure,
which is confirmed by calculating the topological charge

.  By  increasing  the  strength  of SU(3)  SOC  to

κ = 0.5

Q = −1

,  it  is  interesting  to  observe  that  the  topological
charge converges towards the center, forming a skyrmion
in  the  central  region  with  local  topological  charge

, as shown in Fig. 6(b).
c2

c2 = 3

κ = 0.3

cdd

Q = 1 Q = −1

c2 = 3

κ = 0.5

We next select the same spin–exchange interaction 
as  that  in Fig.  4,  but  with  varied SU(3)  SOC strength
and  DDI  strength,  as  shown  in Figs.  6(c)  and  (d).
Another  important  finding  of  our  present  work  is  that
the  transformation  between  meron  and  skyrmion  topo-
logical spin textures can be realized by a choice of DDI,
SU(3)  SOC,  and  spin–exchange  interaction  [69].  In  the
absence of  DDI,  a  hexagonal  lattice  consists  of  alterna-
tively  arranged  skyrmions  and  antiskyrmions  can  be
formed  with  a  proper  choice  of SU(3)  SOC  and  spin–
exchange  interaction,  as  shown  in Fig.  6(c)  for ,
and .  In  addition,  in  the  presence  of  DDI  with
same  parameter  in Fig.  2,  two  sets  of  alternatively
arranged triangular lattices, composed of skyrmion with

 and  antiskyrmion  with ,  respectively,  can
be  formed  by  decreasing  the  spin–exchange  interaction
based on Fig. 6(b), as shown in Fig. 6(d) for  and

.
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Fig. 5  The  typical  spatial  spin  density  distributions  of  a
dipolar  spin-  Bose  gas  with SU(3)  spin–orbit  coupling.
(a, b) Amplitude of the total magnetization  and transverse
magnetization  orientation  arg  for  a  antiferromagnetic
condensate  with ,  and . (c–f) The  spin
density  components  in  the  three  directions  and  transverse
magnetization  orientation  arg  for  an  ferromagnetic
condensate  with ,  and .  The
density–density interaction , and the field of view for
(a–e) is 25.6  25.6 in unit of .
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1

2π/3

z

ξdd ξsp,i

We now provide an experimental protocol for observing
the above mentioned ground state phases and topological
defects. The physical system can be realized in a spin-
BEC  with  ferromagnetic  or  antiferromagnetic  spin-
exchange interaction. The SU(3) SOC can be realized by
using a similar method of  Raman dressing,  where three
laser beams with different polarizations and frequencies,
intersecting at an angle of  are used for the Raman
coupling [8, 58]. In this case, the strength of SU(3) SOC
can  be  controlled  by  changing  the  strength  of  Raman
lasers.  With  regard  to  the  contact  interactions,  its
magnitude,  even  including  its  sign,  can  be  achieved  by
utilizing  the  well-known  Feshbach  resonance  [70].  Here
we want to note that, since the parameters used in our
manuscript  are  dimensionless,  and  its  values  can  be
controlled  by  changing  the  dimensionless  units,  where
the  number  of  atoms,  the  characteristic  length  of  the
harmonic  trap,  and  the  mass  of  atoms  can  be  used  to
change  the  magnitude  of  such  parameters.  In  addition,
to observe the spin textures, the size of the Bose gas in
the -direction is smaller than the dipole healing length

 and the spin healing lengths ,  and the magneti-
zation-sensitive  phase-contrast  imaging technique,  time-
of-flight  measurement,  or  the  selective  absorption  tech-
nologies can be used to observe such topological defects.
Hence  we  conclude  that  the  parameters  used  in  this
work are within current experimental capacity.
 

4   Conclusions

1

In  conclusion,  we  have  investigated  the  ground-state
phase  of  a  dipolar  spin-  Bose  gas  with SU(3)  SOC
confined  in  a  toroidal  trap.  The  effects  of SU(3)  SOC,
dipole–dipole interaction, and spin–exchange interaction
are investigated for ferromagnetic and antiferromagnetic
condensates,  respectively.  Our  results  show  that  the
ground-state  density  distributions  of  the  system  show
strong  dependence  on  the  strength  of  DDI  for  fixed
SU(3)  SOC,  while  its  phase  distributions  is  directly
related  to  the  spin–exchange  interaction.  Moreover,  a
rich  variety  of  ground  states  and  topological  defects,
such as modified stripe, azimuthal distributed petal and
triangular lattice, double-quantum spin vortices, meron–
antimeron pair, and skyrmion lattice, can be formed by
a  proper  choice  of  the  system  parameters.  The  results
deepen our understanding of spin–orbit coupled phenom-
ena and enrich our new cognition of topological excitation
in cold atomic physics. 
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