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Hintikka’s Logical Revolution

Abstract Hintikka thinks that second-order logic is not pure logic, and
because of Godel’s incompleteness theorems, he suggests that we should
liberate ourselves from the mistaken idea that first-order logic is the
foundational logic of mathematics. With this background he introduces his
independence friendly logic (IFL). In this paper, I argue that approaches
taking Hintikka’s IFL as a foundational logic of mathematics face serious
challenges. First, the quantifiers in Hintikka’s IFL are not distinguishable
from Linstrom’s general quantifiers, which means that the quantifiers in IFL
involve higher order entities. Second, if we take Wright’s interpretation of
quantifiers or if we take Hale’s criterion for the identity of concepts, Quine’s
thesis that second-order logic is set theory will be rejected. Third, Hintikka’s
definition of truth itself cannot be expressed in the extension of language of
IFL. Since second-order logic can do what IFL does, the significance of IFL
for the foundations of mathematics is weakened.

Keywords independence friendly logic (IFL), game theoretical semantics,
second-order logic, the definition of truth

1 Why Revolution?

In the introduction to The Principles of Mathematics Revisited, Hintikka states
that he hopes, in the same spirit as Russell in his The Principles of
Mathematics, to prepare the ground for the next revolution in the foundations
of mathematics. In Hintikka’s opinion, the most commonly received views on
the state of the field of the foundations of logic and mathematics are not only
open to doubt but are arguably false. Hintikka wishes to liberate himself,
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following the example of Russell in 1903, from traditional approaches to logic
and the foundations of mathematics, and to replace them with new conceptions
of logic.'

The previous or traditional conception of logic, which Hintikka rejects, is
that basic elementary logic allows complete axiomatization. Classicists take
elementary logic to be ordinary first-order logic, and intuitionists opt for
Heyting’s intuitionist first-order logic instead. In both cases, logic is
completely axiomatizable.

Some logicians, like Quine, think that basic logic must allow complete
axiomatization. The fundamental idea is closely related to programs
concerning the foundations of mathematics. Here I will only discuss ordinary
first-order logic, and put intuitionist first-order logic aside. As is widely known,
the first formulation of the question of completeness of first-order logic was
presented by Hilbert and Ackerman (1928), and Godel (1930) was the first to
give a positive answer to this question. Why is the completeness of logic
important, apart from the satisfaction of our curiosity? In 1918, Hilbert
presented his program of proving the consistency of certain mathematical
theories, primarily of arithmetic and analysis, by showing that one cannot
formally derive a contradiction from their axioms. If the logic were not
complete, Hilbert’s program would have lost its point, because in such a case,
unprovable contradiction in the theories could have existed. Therefore, the
intention of finding a complete axiomatic logic system is a primary task for his
project. Unfortunately, Godel’s second incompleteness theorem destroyed
Hilbert’s program: this theorem says no axiomatic theory of arithmetic or
analysis can prove its own consistency.

Hintikka concluded that Godel’s theorems of incompleteness show that a
logical system does not need to be completely axiomatized. He separates the
two functions of logic, namely, deductive one and descriptive one. Concerning
the deductive function of logic, Hintikka wrote,

Logic is the study of the relations of logical consequence, that is, of relations
of implication or entailment. Its concrete manifestation is an ability to
perform logical inferences, that is, to draw deductive conclusions. I will call

' Russell’s Principles is not Principia Mathematica, which was published in 1910 in
collaboration with Alfred North Whitehead.
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this the deductive function of logic. (Hintikka 1996, 4)

Hintikka considers that the tools needed for the deductive function of logic are
generally considered to be collected into the various axiomatizations of logic.
However, Hintikka urges us to distinguish between spelling out valid inference
patterns and the “rules of inference” in axiomatization of logic. The rules of
inference in the axiomatization of logic serve as a vehicle for enumerating
logical truths. In practice, formal mathematical theories include logical and
non-logical axioms. However, an axiomatic system must enumerate not only
all of the logical truths, but also the mathematical ones. Hintikka, like other
logicians such as George Boolos, held that there is an essential difference
between logical and mathematical truths. In his opinion, logical constants like
connectives and quantifiers have fixed meanings, and logical truths are true in
all models, whereas mathematical truths or non-logical truths are not. In an
axiomatic system of a mathematical theory, we cannot tell the difference
between logical truths and non-logical truths solely from a syntactic point of
view. The distinction must be made from the semantic point of view. The
deductive function of logic is, informally speaking, syntactic inference of
mathematical truths from axioms. The modern axiomatic system of a
mathematical theory goes beyond the reach of this function, for it serves to
enumerate all truths, whether logical or non-logical.

In Hilbert’s Foundations of Geometry, which does not use the resources of
modern logic, we find that an axiomatic system of Euclidean geometry is
presented without an explicit statement of the logical rules. Hilbert is
interested in the structure defined by non-logical axioms. As Hintikka says,
whether this structure is instantiated by what we call points, lines, and planes,
or by entities of some other kind is immaterial to Hilbert’s purpose. No matter
whether the non-logical axioms are interpreted or not, the derivation from the
premises or non-logical axioms is purely logical.

Hilbert’s provocative slogan about the geometry of chairs, tables, and
beer-mugs can be understood as flaunting this parity of interpreted axiom
and uninterpreted systems when it comes to the derivation of theorems, and
hence indirectly illustrating the purely logical character of geometrical
proofs. (Hintikka 1996, 3)
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This purely logical character of proof is the deductive function of logic.
Hintikka, maintains that logical inferences cannot be captured by completely
recursive rules. It may be impossible to definitively construct logic’s deductive
function. Godel’s incompleteness theorems may show that first-order logic is
insufficient, rather than the non-logical axioms not being enough. Hintikka
challenges the dogma that complete first-order logic is the truly unproblematic,
core area of logic.

It is true that the expressive power of the language of first-order logic is too
weak to fully characterize such crucial concepts as mathematical induction,
well-ordering, finiteness, and so on; and it cannot stand against non-standard
models of mathematical theories. However, Hintikka is hesitant to accept
second-order logic as logic, because he agrees with Quine and thinks that there
are in fact a multitude of overlapping problems regarding second-order logic
and set theory. Set theory and second-order logic, in Hintikka’s opinion, are
mathematics, but not logic.

From the above, we know that Hintikka’s conception of the deductive
function of logic does not entail the axiomatization of logic, or at least, does
not require being able to be completely reduced to an axiomatic system.
First-order logic is not the unproblematic core area of logic. We cannot
discover the body of valid logical rules once for all. For Hintikka, logical truths
are those formulas that are true in all models and in which logical constants
have fixed meanings.

The other function of logic, Hintikka claims, is descriptive.

I will call this function of logic (logical concepts) in expressing the content
of mathematical proposition its descriptive function. Many interesting
phenomena in the foundations of mathematics become easier to understand
in the light of the tension which there often is in evidence between this
descriptive function and the deductive function of logic in mathematics.
Arguably, the descriptive function is the more basic of the two functions I
have distinguished from each other. If mathematical propositions were not
be expressed in terms of logical concepts, their inferential relationships
would not be possible to handle by means of logic. (Hintikka 1996, 9)

In his reply to Schroder, Frege (1984) emphasized that his logic is not only
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calculus, but also a universal language. The two functions identified by
Hintikka echo Frege’s two aspects of logic. The difference between a
calculative function and a deductive function is that Frege wished to find all
logical inferences in order to show once and for all that all arithmetic truths can
be reduced to logic and definitions. We know that Gddel’s first incompleteness
theorem shattered this dream. Hintikka, as we said above, did not expect a
complete axiomatization of logical inferences, only admitting that logic has a
deductive function that guarantees that mathematical proofs are purely logical.
Frege criticized Boole’s logic, stating that it cannot deal with the analysis of
basic propositions. As is well known, Frege developed quantifiers first. Using
this device, mathematical propositions represented by basic propositional
variables, allowed for entirely new representations. With this new logical
syntax, logical references came to be determined by logical structures of
formulas. Leibniz proposed his dream of logic, of a universal language, whose
grammar is entirely made up of the logical structure of propositions, where, in
this way, all inferences could be reduced to calculations. Unfortunately,
Leibniz never laid out a concrete scheme of how such a language would be
constructed. Frege’s analysis of logical syntax serves to provide a universal
language and logical inferences are understood automatically in the
understanding of the meaning of the language. Hintikka calls this analysis of
the logical structure of our natural language a descriptive function of logic.

Although Hintikka’s main idea regarding the descriptive function was the
same as Frege’s, his revolution with regard to the descriptive function was
motivated by dissatisfaction with Frege’s quantifiers. He claims that Frege’s
first-order quantifiers were too restrictive to analyze independent relations of
quantifiers. I will discuss his independence friendly logic (IFL) in Section 3.
First, I will discuss in more detail his new conception of functions of logic in
more detail.

2 Deductive Function of Logic and Descriptive Function of
Logic

I agree with Hintikka that logical truths are not necessarily recursively
enumerable. There is no reason to assert that every logical truth can be
derived from an axiomatic system. In Hintikka’s opinion, a characteristic
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feature of logical rules is that they ensure the truth of the conclusion from the
truth of the premises. In my opinion, if we reflect on the questions such as
whether a rule is a logical one or what ground a justification of the rule is rest
on, the answer is beyond “logic,” and belongs to philosophy, or metalogic.
Hintikka may reply that a rule is logical on the basis of the meaning of its
logical constants. What is a logical constant? In Hintikka’s IFL, there are
only five logical constants, namely —, /\, V, V, 3. There are infinitely
many logical truths in Hintikka’s game theoretical semantics (GTS).> We
could say that a formula expresses a logical truth if it is valid in GTS.
However, it is not possible to decide whether a certain formula is a logical
truth by using only the definition of validity in GTS. The truth of an IFL
sentence in a game regarding a structure is defined as having a winning
strategy for the verifier or the falsifier. This definition depends on the axiom
of choice. In Hintikka’s opinion, this form of the axiom of choice entails a
logical truth, guaranteeing that this semantics is correct. Therefore, I think, if
we want to investigate the rationality of GTS, a much more general
assumption is needed to guarantee that the semantics are correct, which
decides the lower logical truths.

More importantly, the deductive function of logic is explained in a broader
conception of model theory. Without a theorem of completeness for a formal
system, there can be no assurance that such an inference can be conducted on
a purely syntactic plane. This may conflict with Hintikka’s descriptive
function of logic.

In the above, | emphasize the insufficiency of the idea that logical truths
can be characterized as truths in all models. Now, I give a Fregean way to
explain the grounds upon which we accept a statement is a logical truth.
Logicians and philosophers agree that all languages have structures, no
matter natural or formal language.

The senses of logical constants have structures, which entails how they
combine with other symbols and how they function together to determine a
logical truth. For example, A/AB — A is a logical truth, which depends on
both of the logical constants /\ and —, not on only one of them. The
semantic values of /\ and — as truth functions, which ensure this schema is

2 See Section 3.
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true. Briefly speaking, the way to present the referent of an expression is the
sense of the expression. In other words, the sense of an expression is how we
understand it. In my opinion, it is such entities that make a statement a logical
truth, and therefore logical truths are not sentences that say nothing about the
world; instead they involve abstract entities. In an axiomatic theory of
mathematics, logical constants are combined with mathematical notions. The
truth of non-logical axioms depends not only on the mathematical concepts,
but also on logical concepts, so we cannot neglect the unfolding
mathematical concepts by logic. Neo-Fregeanism uses logic to unfold the
definition of number and infer all axioms of Dedekind-Peano arithmetic. We
do not expect to know all senses of logical or mathematical notions, since
Godel’s incompleteness theorems tell us it is not feasible. Godel says
independent statements in set theory like the Continuum Hypothesis show
that our understanding of the meaning of sets is not so clear, and the concept
of the set is independent of our understanding. Godel does not state explicitly
that first-order logic is insufficient, but rather urges us to find a way to clarify
the concept of a set. Godel’s philosophy of mathematics cannot be explored
here, but it is clear that the sense (meaning) of concepts must be explained
using sentences and some logical notions. In some sense, clarity of the
meaning of a set remains to be achieved, which could be explained on the
basis that we do not completely know the relationship between a
mathematical concept of sets and logical concepts. Likewise, we could also
conclude that we are not clear on logical concepts and mathematical
concepts.

In the rest of this section, I will discuss the logical status of higher-order
logic.

Hintikka holds that first-order logic is insufficient in three aspects:

(1) First-order language is too weak to express certain mathematical
notions, such as well-ordering, finiteness, and so on.

(2) Some logical truths are not valid in terms of semantics of first-order
logic.

(3) Truth cannot be defined in first-order language.

The third claim will be discussed in Section 4, and there the main concern
is whether a language is capable of defining truth. Here I discuss whether
second-order logic attains status of logic. Because of his belief that
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second-order logic is mathematics, Hintikka refuses to consider second-order
logic as logic. As previously noted in a much more general context, the
axiom of choice is accepted as a logical truth. Hintikka claims that logical
rules cannot be finitely axiomatized and urges us take more attention to the
more basic descriptive function of logic. However, there can be no assurance
that these logical rules can be expressed in IFL. I will discuss this in
Subsection 3.3.

While it is true that there is a magnitude of overlapping questions between
set theory and second-order logic, in the sense that some second-order logical
truths are truths in set theory, this conception is based on a model theoretical
semantics of second-order logic. If we liberate ourselves from this conception,
second-order logic can play an independent role within the deductive
function of logic. Frege, in the Begrifchrift, draws no important distinction
between quantification over singular terms and quantification over concepts.
For Frege, both quantifications as such are operations of pure logic and they
are each a legitimate form of generalization belonging to logic. However, this
conception is challenged by Quine, whose well-known slogans include “to be
is to be the value of a variable,”
there is no identity criterion for concepts. If we take a concept to be the

no entity without identity.” He argued that

extension of a concept, then because there is an identity criterion for sets,
second-order logic is essentially set theory, which is not logic, but
mathematics.” Many 20th-century writers are influenced by Quine, including
Hintikka. Even though Quine’s influence is so immense, different tones of
voice are taken in the philosophy of mathematics. Currently, abstractionists,
such as Crispin Wright and Bob Hale have taken second-order logic to be
pure logic, and their neo-Fregean program includes the thesis that
second-order logic gives an epistemic ground to arithmetic and analysis. Hale
(2013) has given an identity criterion for concepts to refute Quine’s thesis
that there is no identity criterion for concepts. Meanwhile, Wright has taken a
different route, claiming that we should grasp the ontologically liberating
conceptions of higher-order quantification, writing, ‘“Many more
structuralists place weight on higher-order logics both as sources of
categorical axioms, presumed to provide determinate characterizations of the

3 In my paper (Xu 2018), I expound upon Quine’s ontological commitment.



638 XU Difei

structures of which pure mathematics is conceived as the special science and
as a safe medium for their investigation” (Wright 2007, 152). For this
program, as well, pure mathematical knowledge is heavily invested in and
conditional on the good standing of the concepts and deductive machinery of
higher-order logic, but not only on the descriptive function alone.

If second-order logic is pure logic, there is no reason to reject it as the
foundation of mathematics. Hintikka wrote that first-order logic cannot
characterize the independent relationship of different quantifiers, but
second-order logic does not have this deficiency.

3 Independence Friendly Logic

In this section, I will briefly introduce Hitikka’s independence friendly logic
as well as some technical results that challenge Hintikka’s philosophical aim.

3.1 The Language of [FL

This language is an extension of ordinary first-order logic. The primitive
connectives of this language are =, V, and /\, while the quantifiers are V
and 3.

Although Hintikka presented another perspective on this language in his
work The Principles of Mathematics Revisited (1996, Chapter 3) that is
independent of normal forms of ordinary first-order language, 1 will follow
his first presentation of this language.

Let Sy be the set of first-order formulas in the negation normal form,* and
the following are formulas of IFL.

(1) The formulas in Sy are all formulas of IFL.

(2) If (3y)Si[y] within the scope of a number of universal quantifiers
including (Vx;), (VXy), ... occurs in Sy, then the result of replacing it with
(Ay/(Vx1), (VX2), ...)Si[y] will also be a formula of IFL.

(3) If S;VS, within the scope of a number of universal quantifiers
including (Vx,), (VXy), ... occurs in Sy, then the result of replacing it with
(S1(V/(Vx1), (VX3), ...))S; will also be a formula of IFL.

* The negation of a formula in negation form only appears next to atomic formula.
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(4) All the formulas are either in a first-order negation form, or
constructed from S, by a finite number of operations (2), (3).

IFL-formulas without free variables are called independence friendly
sentences.

3.2 The Semantics of IFL

In ordinary first-order predicate calculus, there exists a theorem, called the
prenex normal form theorem, which claims that every formula is logically
equivalent to one in the prenex normal form. The usual semantics enable all
existential quantified variables y dependent on all the universally quantified
variables in whose scope it lies. If we take the language of the Skolem
functions, this dependence is more evident. Let S be a sentence in the prenex
form,

vx3yVz3uR(x, y, z, u). The second-order Skolem equivalent takes the
form,
3IFgVxVZR(x, f(x), z, g(X, ¥))-

In the GTS, S is true in a given structure M, if the verifier has a winning
strategyi, i.e., the function f, and g exists in an associated evaluation game. At
each move by the verifier in this game regarding M, the choice of the next
move is based on complete information concerning the preceding moves by
the falsifier. In the ordinary semantics of first-order logic, y values depends
on x values, and u values depends on x and z values. However, if we wish, y
may be independent of x, and u may be independent of X, or z, or both of
them, and we cannot express this independent relation of quantifiers in
ordinary first-order logic. This can be expressed in the language of IFL:

vx3y/VxVz3u/VzR(X, y, z, u) indicates that y values are independent of x
values, and u values are independent of zvalues.

The incomplete information GTS with regard to M, entails that this
sentence is equivalent to the second-order sentence,

Jy3agVxVzR(x, y, z, g(x)).

Hintikka and Sandu (1989) defined the semantics of IFL via a
non-determined game of imperfect information. The truth condition of an
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IFL-formula is to have a winning strategy for a player in a game. If so, then a
strategy for the initial verifier is defined by a finite set of functions (known as
choice functions or Skolem functions), whose values tell which individual the
verifier should choose for each of his or her moves. The moves are in S,
connected with its existential quantifiers and disjunctions. The arguments of
these functions are the individuals chosen by the falsifier up to that point in
the play of the game G(S).

An IFL-sentence A is equivalent to a Z} formula in the sense that they

are true in the same model. Although the variables next to the quantifiers in
IFL-sentences are individual variables, the semantics for the truth conditions
of IFL sentences involve second-order entities. Feferman (2006) argues that
the criterion offered by Hintikka relative to the entities that one’s quantified
variables range over does not distinguish IFL from the logics of generalized
quantifiers in Linstrom’s sense, which by all ordinary measures go beyond
first-order logic.

There is another essential deficiency in Hintikka’s work, noted by
Feferman (2006). Hintikka claims that independence friendly first-order logic
is only equivalent to a small fragment of second-order logic, namely, the E}
fragment, but this is wrong according to Vadaninen’s (2002) theorems, which
proves that the general question of the validity of IFL sentences is recursively
isomorphic to that of a full second-order logic. Vaéndnen (2001) proved that
the set of valid sentences of a full second-order logic is a complete Hé set,

which is not Z; definable. These two results imply that the validity of IFL

sentences is not Eé definable. Hintikka’s claim is true if only the
satisfiability of IFL sentences is considered, but not their validity.

4 The Definition of Truth

In this section, I will present Frege’s and Tarski’s discussions of the definition
of truth, showing how Hintikka tries to break traditional views on the
definition of truth. In Hintikka’s opinion, the extension language of IFL with
natural numbers can define the truth on its own, in contrast with Frege and
Tarski, who conclude that we cannot define the truth of a language in itself.
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4.1 Different Means to the Same Goal
4.1.1 Frege on the Definition of Truth

Between 1918 and 1919 Frege wrote Logical Investigations, and in the first
part of it, titled “Thought,” Frege claims that truth cannot be defined. His
arguments are not technical but rather philosophical. Frege firstly puts forward
that the definition of truth as the correspondence of an idea with something real
breaks down. There are two main reasons for this. First, reality is different
from ideas, implying that there can be no complete correspondence. Second, it
is insisted that truth must occur when there is correspondence at least in some
respects, and Frege rejoins, “Which respect? For in that case, what ought we to
do so as to decide whether something is true? We should have to inquire
whether it is true that an idea and a reality, say, correspond in the specified
respect. And then we should be confronted by a question of the same kind, and
the game could begin again. So the attempted explanation of truth as
correspondence breaks down.”

Likewise, Frege claims that any other attempt to define truth must fail. Any
such definition is constrained to specify certain characteristics of the truth, but
it remains a question whether the characteristics are in fact (in truth) present,
and a logical circle results. Finally, Frege concludes that “truth” is a primitive
notion of logic and cannot be defined.

4.1.2 Tarski on the Definition of Truth

Although Quine credited Frege with being the father of modern logic, Frege’s
main approaches to study of logic significantly differed from those, employed
by such major 20th-century logicians as Skolem, Lowenheim, Tarski, and
Godel. Their work shaped mathematical logic that we know today. In 1933,
Tarski gave a definition of truth in terms of the relationship between a model
and a well-formed formula. His work enables a simple method of
distinguishing object language from metalanguage. Object language here,
means language as our object of study, and metalanguage is the language used
for the study of the object language. Tarski, defined the truth of a formula in an
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object language in terms of a model; or, put another way, he defined a relation
of satisfaction between the formulas of an object language and a model in
metalanguage. This definition is not circular: the trick is the separation of the
object language from metalanguage. Tarski’s definition of truth for an object
language is expressed in the metalanguage. In this way, the never-ending
question implied by Frege’s argument could end, because Tarski’s definition of
truth essentially creates a relationship between a formula and a model, which
could be expressed in a higher language than the object language. By the
definition, formula A is satisfied in structure M, if and only if valuation V
exists, such that V (A) = 1. The condition for this definition can be expressed in
second-order language. This observation allows Tarski to conclude that the
definition of truth could not be formulated in the object language but in a
stronger metalanguage.

Natural languages, like English, are universal languages, in the sense that no
formal language could be more powerful than English. Tarski, like Frege,
thought that there is no definition of truth. By different means, Frege and
Tarski arrived at the same conclusion.

4.1.3 Comparison with Frege and Tarski

Frege does not use metalogic or mathematics to study logic; instead, what he
produces is a formal language and he characterizes its logical structure using
axioms and inferences. For him, the metalogic does not concern logic but
rather symbols. Restricted by his methods and conceptions, Frege did not ask
metalogical questions, such as whether his logic is complete or whether the
axioms are independent of one another. Skolem, Loéwenheim, Herbrand, Tarski
and Godel used mathematics as a tool to study formal logic. This is the only
way that metalogical questions could be put forward.

Logical inferences are valid, and they are universal. Once you take logical
truths or logical inferences as your objects of studies, you must represent them
in symbols. Some logicians and mathematicians have expressed concern over
how to characterize logical truths best in mathematical ways. They maintain
that the explanation of validity can be reduced to truth, and that therefore truth
is a core concept which needs to be explained. Tarski used the T-schema to
explain the truth of sentences of an object language in metalanguage. The
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T-schema usually takes the following form:
o is true if and only if S, where 6 is a quote or description of S.

This application of the T-schema echoes Frege’s claim that “p is true” has the
same content as “p,” although Tarski explained the truth of sentences of an
object language in a metalanguage. Logicians and mathematicians who broke
with the new traditions set up by Frege and Russell, were not concerned with
creating a theory of meaning, but rather with the relationship between
mathematical structures and formal languages and with what operations on
mathematical structures maintain the truth of sentences of object languages.
Tarski’s definition of truth as T-schema takes place in metalanguage, in which
the left side is the definiendum and the right side is the definiens. If the
recursive definition of the formulas of object language is taken, then it is clear
that the definiendum in the definition of truth is not a sentence of any object
language. Following Tarski, logicians and philosophers think that the
definition of truth should also take place in the field of language, because we
cannot define anything without language. However, philosophers have aired
the criticism that Tarski’s semantic framework is not in itself a theory of
meaning. They have suggested that a theory of meaning is a theory that is
intended to explain how a language is understood, and this theory should not
presuppose our understanding of any metalanguage, for it remains to be shown
how we understand metalanguage. Unlike Frege, such scholars have not
considered sense or thought as a third realm, and they believe that to know the
meaning (sense, in Frege’s terms) is to know how to use the language.
Hintikka’s GTS operates in the same spirit as these philosophers.

4.2 Hintikka on the Definition of Truth

Observing that on the right hand side of the T-schema, the truth condition of &
is found, Hintikka held that this truth condition could be expressed in the
language of IFL. Because the definition can be expressed in a second-order
formula in Z} , it is equivalent to an IFL formula. By contrast with Dummett,
the truth of a sentence is interpreted as a game relative to a structure M, in
which it is not winning in the game, but instead having a winning strategy.
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Although this definition can be expressed in metalanguage, Hintikka
discovered a way to express it in object language.

Using model theory, Tarski gives a definition of truth. In Hinitkka’s
opinion, model theory is based on higher-order logic, or set theory. Because
higher-order logic is essentially set theory, this theory is beset with the
questions of sets and their existence. On this point, Hintikka writes,

It is generally thought that all that there is unproblematical to logic (at
least to the kind of logic a mathematician has occasion to use) is
first-order logic. Everything else depends on a set theory, formulated as a
first-order axiomatic theory. But set theory is not a part of logic, but a part
of mathematics. Hence it cannot provide any absolute basis for the rest of
mathematics, and is itself beset with all the problems of set existence.
(Hintikka 1996, 18)

Indeed, the apparent dependence of Tarski-type truth definitions on set
theory is in my view one of the most disconcerting features of the current
scene in logic and in the foundations of mathematics. I am sorely tempted
to call it “Tarski’s curse”. It inflicts model theory with all the problems
and uncertainties of the foundations of set theory. More generally, Tarski’s
curse might be understood as the undefinability of truth for a given
language in that language (given Tarski’s assumptions). (Hintikka 1996,
16)

After rejecting set theory as a tool for defining truth, Hintkka proposed that
the definition of truth could be given in the language of IFL. How could this
come about? Hintikka answers, “In my metalogical discussion, I will refer to
the Godel number of a formula S by means of corner quotes. In other words,
'S7 is the Godel number of S” (Hintikka 1996, 113).

The first thing that Hintikka does is to use the Godel number of a sentence
to represent that sentence. Then the truth of a formula in a game over a
structure M is defined with a sentence in a second-order logic language, in

E} form. Because a formula in E} form, can be treated as equivalent with

an IFL formula, then this definition could be expressed in IFL using natural
numbers. Therefore, the language in which Hintikka’s definition is expressed
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is not purely logical, because it includes natural numbers. There is nothing
wrong with using Godel’s coding method in syntactics, but Hintikka’s claim
that the definition of truth is given in IFL is misleading.

Hintikka’s definition of truth could be expressed as T(#S) & S, in which
#S is the Godel’s number of S, and S is a E} sentence. The weak link, “<,”
here means an equivalent relation. By A & B, we mean that A and B are true
in the same models.

If we use Godel numbers for true sentences in IFL, then this set is E}
definable and therefore it is definable in the language of IFL. This however
does not imply that the truth in IFL is definable in the extension of language
of IFL with natural numbers. Rouilhan and Bozon (2006) showed that “&” is
not a connective and cannot be expressed in IFL. This result shows that the
definition of truth for IFL sentences cannot be expressed in IFL with natural
numbers.

Second, Hintikka’s GTS cannot give a theory of meaning, as philosophers
expect, for it does not interpret how atomic sentences are understood.
Furthermore, it generally does not explain how we understand IFL. Some
sentences in IFL have same truth conditions, but have different contents.
Although Hintikka claimed that he gave semantics for IFL by game rules, but
the semantics itself is not a theory of meaning.

5 Hintikka’s Criticism of Frege

Frege does not use metalogic to study logic. Frege maintains that logic is
universal, and if premises are true, then the conclusion from the premises by
logical inferences are also true. Frege’s logicism regarding arithmetic, briefly,
concerns reducing arithmetic truths to logical truths and definitions. His logic
is second-order logic, and the axiom V as the definition of cardinality is
inconsistent, relative to the second-order logic. There are two challenges to
Frege’s logicism. One, apparently, is the inconsistency of his system, and this
inconsistency is taken as marking the failure of Frege’s logicism. This
inconsistency is deduced from Frege’s system, using only the axioms and
deduction rules of the system. In other words, without metalogic, we get A
and —A in this system.

The second challenge is Gddel’s incompleteness theorem. From the first
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incompleteness theorem, we know that the set of true arithmetic sentences
cannot be presented in a finite axiomatization. Therefore, we should not
expect to enumerate all the arithmetic truths once for all. This is a
metalogical conclusion, reached through mathematics.

However, Hintikka’s criticism of Frege is not restricted to these two
challenges. His concern is the independent relation of quantifiers, and this
relationship is beyond the expressive power of first-order language. The real
source of the expressive power of first-order logic lies not in quantifiers per
se, but in dependent quantifiers. In Hintikka’s opinion, to understand
first-order logic is to understand the notion of dependent quantifiers. However,
the notion of independent quantifiers cannot be expressed in the language of
first-order logic. I agree with Hintikka. Two points, however, should be made
clear.

First, Frege did not explicitly formulate first-order logic. As noted
previously, Frege’s logic is a higher-order logic, and first-order logic is
included in his logic.

Second, because the notion of independent quantifiers is expressible in the
language of second-order logic, Hintikka’s criticisms of Frege are not entirely
appropriate.

6 Conclusion

Tarski’s theorem states that arithmetic truths cannot be defined using
arithmetic and Gddel’s incompleteness theorem says that there is a arithmetic
truth which cannot be proved in Peano arithmetic. These negative results in
mathematical logic led logicians and philosophers to rethink the foundations
of logic and mathematics. It is now generally accepted that Godel and
Tarski’s negative results imply that first-order logic is not self-sufficient. For
this reason, some philosophers, such as Putnam thought that, for the
foundation of mathematics, logic should be taken to encompass higher-order
logic. There are, as is well known, overlapping questions between
second-order logic and set theory; therefore, if you take second-order logic to
be the foundational logic then, by implication, second-order logic should
form at least part of set theory. Wang (1996) claims that Godel’s logic
includes set theory.



Hintikka’s Logical Revolution 647

Hintikka observed that first-order logic is not sufficient, but he denied that
second-order logic was logic at all because, like Quine, he considered
second-order logic to be set theory. Of course, Hintikka will not accept set
theory as logic, as it is beset with questions of the existence of sets and other
uncertainty. Against this background, Hintikka puts forward his IFL, which,
in Hintikka’s opinion, is more expressive than first-order logic, and, as a
result, all operations within mathematics can, in principle, be performed in
extended independence friendly first-order logic. Hintikka’s revolution has
three aspects. First, there is the contention that logical truths are not
recursively enumerable. I believe this is correct. However, I do not agree that
there is an excuse for not pursuing logical truths in a syntactic way. Hintikka
allows for logic having a deductive function, but he believes that the
descriptive function of logic is more basic. This forms the second aspect of
the revolution. Although logical truths are not recursively enumerable, this
means that we cannot list logical truths once for all in an axiomatic system,
but at the same time it does not mean that the deductive function of logic in
the foundation of mathematics should be neglected. No assurance exists that
all logical truths can be syntactically expressed in IFL. Third, Hintikka
attempts to challenge Tarski’s thesis that the definition of truth can only be
expressed in higher-level language. However, this challenge fails.

If one accepts second-order logic as pure logic, like abstractionists or many
structuralists do, then second-order logic can do what IFL does for the
foundation of mathematics.
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