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A Note on Covariance Matrix Estimation
in Quantile Regressions
Abstract This note discusses some issues related to bandwidth selection based on

moment expansions of the mean squared error (MSE) of the regression quantile esti-

mator. We use higher order expansions to provide a way to distinguish among asymp-

totically equivalent nonparametric estimators. We derive approximations to the (stan-

dardized) MSE of the covariance matrix estimation. This facilitates a comparison of

different estimators at the second order level, where differences do occur and depend

on the bandwidth choice. A method of bandwidth selection is defined by minimizing

the second order effect in the mean squared error.
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1    Introduction

Quantile regression, as introduced by Koenker and Basset (1978), is gradually evolv-

ing into a comprehensive approach to the statistical analysis of linear and nonlinear

response models for conditional quantile functions. Just as classical linear regression

methods based on minimizing sums of squared residuals enable one to estimate mod-

els for conditional mean functions, quantile regression methods based on minimizing

asymmetrically weighted absolute residuals offer a mechanism for estimating models
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for the conditional median function, and the full range of other conditional quantile

functions. By supplementing least squares estimation of conditional mean functions

with techniques for estimating a full family of conditional quantile functions, quantile

regression is capable of providing a much more complete statistical analysis of the

stochastic relationships among random variables.

There is already a well-developed theory of asymptotic inference for many impor-

tant aspects of quantile regression. Rank-based inference based on the approach of

Gutenbrunner et al. (1992) appears particularly attractive for a wide variety of quan-

tile regression inference problems including the construction of confidence intervals

for individual quantile regression parameter estimates. There has also been consider-

able attention devoted to various resampling strategies. Koenker and Machado (1999),

Koenker and Xiao (2002, 2006), Chernuzhukov and Fernandez Val (2005) studied in-

ference based on the entire quantile regression process.

An important component in quantile regression inference is estimating the covari-

ance matrix of the regression quantile estimator, which usually depends on the sparsity

function at the corresponding quantile. Noting that in estimating the covariance ma-

trix, what we are really after is a matrix weighted density estimator, Powell (1989)

proposes a kernel estimator. This (and other) covariance matrix estimators entail a

choice of bandwidth h. Unsuitable bandwidth selection can produce poor estimates.

However, as long as the bandwidth parameter satisfies appropriate regularity condi-

tions, all such covariance estimators are consistent. The asymptotic approximation

can be quite accurate for small samples, but it is also easy to find examples where

the consistent estimator provides poor approximations even when the sample contains

hundreds of observations, and estimates can vary considerably with bandwidth choice.

For this reason, it is useful to have some guidance for bandwidth selection.

This note discusses some issues related to bandwidth selection based on moment

expansions of the mean squared error (MSE) of the regression quantile estimator. We

believe that higher order expansions can provide a way to distinguish among asymp-

totically equivalent nonparametric estimators. This paper derives approximations to

the (standardized) MSE of the covariance matrix estimation. This facilitates a com-

parison of different estimators at the second order level, where differences do occur

and depend on the bandwidth choice. A method of bandwidth selection is defined by

minimizing the second order effect in the mean squared error.

2    The Model

Consider a linear regression model
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yi = α0 + β
′
0xi + ui, i = 1, ..., n. (1)

where xi is (k − 1) dimensional vector of regressors, and ui are iid distributed (Our

analysis may easily be extended to more general cases along various directions). Let

zi =

(
1
xi

)
, θ =

(
α

β

)
,

then, we can re-write the regression as

yi = θ
′
0zi + ui, i = 1, ..., n.

Denote the τ -th conditional quantile of yi as Qy(τ |xi), then Pr{yi �
Qy(τ |xi)|xi} = τ , the τ -th quantile of yi given xi is given by:

Qy(τ |xi) = α0(τ) + β0(τ)′xi = θ0(τ)′zi. (2)

We consider the following quantile regression

(α̂(τ), β̂(τ)) = arg min
∑
i

ρτ (yi − α − β
′
xi), (3)

under regularity assumptions, let Fy(.|xi) be the conditional CDF of yi given xi,

and assume that Fy(.|xi) is differentiable to the third order, in particular, denote

F ′
y(.|xi) = fy(.|xi). we have

√
n
(
θ̂(τ) − θ(τ)

)
� N

(
0, τ(1 − τ)Σ−1

f ΩΣ−1
f

)
, (4)

where

Σf = lim
1
n

n∑
i=1

fy(θ0(τ)′zi|xi) · ziz
′
i, Ω = lim

1
n

n∑
i=1

ziz
′
i. (5)

The above asymptotic distribution facilitates statistical inference based on quantile

regressions. An important component in quantile regression inference is the estima-

tion of Σf (Ω can be estimated relatively easily). An important estimator in practice

is the kernel based estimator proposed by Powell (1989). Denote

uiτ = yi − α(τ) − β(τ)′xi, ûiτ = yi − α̂(τ) − β̂(τ)′xi.

Powell (1989) suggested a kernel based method of the following form to estimate the

quantile regression covariance matrix sandwich Σf :

Σ̂f =
1

nh

n∑
i=1

K

(
ûiτ

h

)
ziz

′
i =

1
nh

n∑
i=1

K

(
yi − α̂(τ) − β̂(τ)′xi

h

)
ziz

′
i, (6)
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where K (·) is a kernel function, h is a bandwidth parameter satisfying: h → 0,

nh → ∞, as n → ∞. Candidate kernel functions can be found in standard texts (e.g.,

Hannan, 1970; Brillinger, 1980; and Priestley, 1981). An important special case that

is widely used in applications is

Σ̂f1 =
1

2nh

n∑
i=1

1(|ûiτ | < h)ziz
′
i

=
1

2nh

n∑
i=1

1(α̂(τ) + β̂(τ)′xi − h < yi < α̂(τ) + β̂(τ)′xi − h)ziz
′
i,

corresponding to the following kernel function,

K(t) =

{
1/2, |t| � 1,

0, otherwise.

3    Main Result

Under very general conditions, Σ̂f in (6) is a consistent estimator of Σf . This asymp-

totic result holds as long as the bandwidth parameter h satisfies: h → 0, nh → ∞,

as n → ∞. No guidance concerning bandwidth selection is available since the band-

width parameter h does not show up in the first order asymptotics. However, the per-

formance of the estimator (and statistics using such an estimator) can depend greatly

on this choice. The objectives of this paper is to derive higher order expansions for the

estimator Σ̂f so that the effect of the bandwidth can be seen in the higher order terms.

Theorem 1 below gives the leading bias and variance terms in Σ̂f .

Theorem 1. Given the regression model (1), let (α̂(τ), β̂(τ)) be the solution of

quantile regression (3) and Σf be given by (5). If we estimate Σf by Σ̂f given by

(6), and assume that K is a second order kernel, then the leading terms of bias and

variances in Σ̂f are as follows:

Bias
(
Σ̂f

)
= h2μ2(k)

[
1
n

n∑
i=1

Ef ′′
y (α(τ) + β(τ)′xi|xi)ziz

′
i

]
,

where

μ2(k) =
1
2

1∫
−1

K(t)t2dt,

and, for any given k-dimensional vectors a and b,

Var(a′Σ̃fb) ≈ 1
nh

ν2(k)
[

1
n

E
n∑

i=1

fy(β′
0xi + η0(τ)|xi)(a′ziz

′
ib)

2

]
,
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where

ν2(k) =

1∫
−1

K(t)2dt.

The result of Theorem 1 shows that the bias of the kernel estimator is dependent

on the bandwidth h2, the kernel function, μ2(k), and the error density f ′′
y , and the

variance of the kernel estimator is of order 1/(nh). The specific form of the leading

bias and variance effects are given by the formulae in Theorem 1. In the special case

Σ̂f1 =
1

2nh

n∑
i=1

1(|ûiτ | < h)ziz
′
i,

we have

Bias
(
Σ̂f1

)
=

h2

6
E
{

1
n

n∑
i=1

f ′′
y (α(τ) + β(τ)′xi|xi)

}
ziz

′
i,

and,

Var(a′Σ̂f1b) ≈ 1
2nh

[
1
n

n∑
i=1

E{fy(α(τ) + β(τ)′xi|xi)(a′ziz
′
ib)

2}
]

.

4    Further Discussion

Theorem 1 provides important information for bandwidth selection in quantile

regression inference. Using the result of Theorem 1 and combined with the criterion

function (usually related to the specific research question), one can apply the above

result in a wide range of applications. For example, if we are interested in constructing

a confidence interval (or region) of some parameter in θ (τ) , say, in the form of 	′θ, or

if we consider testing a hypothesis in the form of Ho : 	′θ = c, we need to construct

an estimator of 	′Σ−1
f ΩΣ−1

f 	. For Ω, a natural estimator of Ω is

Ωn =
1
n

n∑
i=1

ziz
′
i.

Suppose that we estimate Σf with Σ̂f given by (6), and plug it into the above formula,

then the corresponding estimator of 	′Σ−1
f ΩΣ−1

f 	 is given by 	′nΣ̂=1
f ΩnΣ̂f

−1	, which

is, of course, dependent on the bandwidth. To analyze 	′nΣ̂=1
f ΩnΣ̂f

−1	, first, we

consider a geometric expansion of Σ̂f
−1around Σf

−1to the second order, and get

Σ̂f
−1 = Σf

−1 − Σf
−1(Σ̂f − Σf )Σf

−1 + Rn,
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where the remainder term Rn is of order Op

(∥∥∥Ĥn − Hn

∥∥∥2) under regularity as-

sumptions. Next, using the truncation Σ̂f
−1 ≈ Σf

−1 − Σf
−1(Σ̂f − Σf )Σf

−1 in the

variance estimator, we obtain the following approximation (upto appropriate order) of

	′Σ̂−1
f ΩnΣ̂−1

f 	:

	′Σ−1
f ΩΣ−1

f 	 − 2	′Σf
−1(Σ̂f − Σf )Σf

−1ΩnΣf
−1	

+	′Σf
−1(Σ̂f − Σf )Σf

−1ΩnΣf
−1(Σ̂f − Σf )Σf

−1	.

Denote

Fn =
1
n

n∑
i=1

Ef ′′
y (β′

0xi + η0(τ)|xi)ziz
′
i,

Wn =
1

2
√

nh

n∑
i=1

[1(|uiτ | < hn)a′ziz
′
ib − E1(|uiτ | < hn)ziz

′
i] .

One can show that the leading bias effect in 	′Σ̂−1
f ΩnΣ̂−1

f 	 is given by

−2h2μ2(k)	′Σf
−1FnΣf

−1ΩnΣf
−1	,

and the leading variance effect in 	′Σ̂−1
f ΩnΣ̂−1

f 	 is given by

−2
1√
nh

	′Σf
−1WnΣf

−1ΩnΣf
−1	.

If we look at the mean squared error of 	′Σ̂−1
f ΩnΣ̂−1

f 	, the leading terms of errors are

given by

4h4μ2(k)2	′Σf
−1FnΣf

−1ΩnΣf
−1	+

1
nh

ν2(k)
{

1
n

n∑
i=1

Efy(β′
0xi + η0(τ)|xi) · Gi

}
,

where

Gi = 	′Σf
−1ZiZ

′
iΣf

−1ΩnΣf
−1		′Σf

−1ZiZ
′
iΣf

−1ΩnΣf
−1	

=
(
	′Σf

−1ZiZ
′
iΣf

−1ΩnΣf
−1	
)2

.
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Appendix: A Sketch of Proof

We derive the result of Theorem 1 by the following steps: First, under regularity

conditions, ∥∥∥Σ̂f − Σ̃f

∥∥∥ = Op

(
1√
n

)
,

where

Σ̃f =
1

nh

n∑
i=1

K
(uiτ

h

)
ziz

′
i.
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We next look at the bias in Σ̃f . Notice that under the Assumption that Fy(.|xi) is

differentiable to the third order, by the Taylor expansion,

Fy(α(τ) + β(τ)′xi + h|xi)

=Fy(α(τ) + β(τ)′xi|xi) + fy(α(τ) + β(τ)′xi|xi)h

+
1
2
f ′

y(α(τ) + β(τ)′xi|xi)h2 +
1
6
f ′′

y (α(τ) + β(τ)′xi|xi)h3 + op(h3).

Denote the conditional expectation given x by Ex,

EK
(ui

h

)
ziz

′
i =E

(
Ex

{
K

(
yi − α(τ) − β(τ)′xi

h

)
ziz

′
i|xi

})

=E

1∫
−1

fy(α(τ) + β(τ)′xi + tih|xi)K(ti)(ziz
′
i)hdti

=hE[fy(α(τ) + β(τ)′xi|xi)(ziz
′
i)]

1∫
−1

K(ti)dti

+E[f ′′
y (α(τ) + β(τ)′xi|xi)(ziz

′
i)] ·

1
2
h3

1∫
−1

K(ti)t2i dti.

Thus

EΣ̃f = Σf +h2

⎛⎝1
2

1∫
−1

K(ti)t2i dti

⎞⎠[ 1
n

n∑
i=1

Ef ′′
y (α(τ) + β(τ)′xi|xi)(ziz

′
i)
]
+o(h2).

Third, we consider the leading variance term.

Var(a′Σ̃fb)

=Var
[

1
nh

n∑
i=1

K
(ui

h

)
a′ziz

′
ib

]

=
1

n2h2
E

⎧⎨⎩ n∑
i=1

⎡⎣ 1∫
−1

fy(yi|xi)K
(

yi − α(τ) − β(τ)′xi

h

)2

dyi

⎤⎦ (a′ziz
′
ib)

2

⎫⎬⎭+o(1/nh)

=
1

n2h2
Ex

⎧⎨⎩ n∑
i=1

⎡⎣ 1∫
−1

fy(α(τ) + β(τ)′xi|xi)K(ti)2hdti

⎤⎦ (a′ziz
′
ib)

2

⎫⎬⎭+ o(1/nh)
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=
1

nh

⎡⎣ 1∫
−1

K(ti)2dti

⎤⎦⎡⎣ 1
n

n∑
i=1

⎡⎣ 1∫
−1

fy(α(τ) + β(τ)′xi|xi)(a′ziz
′
ib)

2

⎤⎦⎤⎦+ o(1/nh).

Suppose that we consider the following kernel function,

K(t) =

{
1/2, |t| � 1
0, otherwise

}
,

then we may write
1
2
I(|ui| < hn) = K

(ui

h

)
,

1∫
−1

K(ti)2dti =

1∫
−1

1
4
dt =

1
2
,

1∫
−1

K(t)t2dt) =

1∫
−1

1
2
t2dt) =

1
2

(
1
3
t3
) ∣∣∣∣1

−1

=
1
6
[[1 + 1] =

1
3
,

and

EΣ̃f = Σf +
1
6
h2

[
1
n

n∑
i=1

Ef ′′
y ZiZ

′
i

]
+ o(h2).
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