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a b s t r a c t

Well injectivity decline during waterflooding is primarily attributed to retention of injected particles 
within pores, subsequently blocking flow channels in near-wellbore regions. Developing a predictive 
model to describe this problem holds significant value as it can inform the development of strategies 
aimed at preventing or mitigating such damage. Previous research has typically assumed a linear sus-
pension flow or a constant filtration coefficient, which does not represent the near-wellbore suspension 
flow very well. In this paper, an analytical model for the radial suspension transport in porous media is 
derived based on the Langmuirian blocking filtration mechanism. Considering the dimensionless dis-
tance from the wellbore as a small parameter, we attain the analytical solution through an asymptotic 
expansion. To provide a basis for comparison, we also obtain numerical solutions using Shampine's 
code, which is based on the explicit central finite difference method. Comparison of the analytical and 
numerical solutions shows that their difference errors remain below 5% under waterflooding conditions. 
Based on the analytical solution for retained particle concentration, expressions for injection pressure, 
damage factor and damaged zone radius are also derived and are also expressed explicitly. In the end, 
we discuss two practical applications of our model: evaluation of existing acidizing jobs and designing 
new acidizing jobs, based on real field data from Tarim Basin, western China. The results indicate our 
model is practical in field operations.

© 2025 Southwest Petroleum University. Publishing services by Elsevier B.V. on behalf of KeAi 
Communications Co. Ltd. This is an open access article under the CC BY-NC-ND license (http:// 

creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Waterflooding is the most common secondary recovery appli-
cation in oilfields, accounting for over 60% crude oil supply in 
China. During waterflooding development of a reservoir, water is 
injected from injectors to drive oil toward producers. Sea water, 
produced or the other sources of water is usually used as the 
injected water [1–3], which often contains varying amounts of 
solid particles. These particles gradually accumulate in the reser-
voir formation, leading to permeability damage. As a result,

injectivity decline or increased injection pressure is commonly 
observed in oilfields after a period of water injection [4–11].

The primary mechanism underlying this phenomenon is the 
retention of solid particles in porous media as a suspension flows 
through it. This problem has been extensively studied in industry, 
both experimentally and theoretically, attempting to quantify the 
associated damage and develop optimal solutions. Experimental 
investigations have focused on identifying the mechanisms 
responsible for particle retention [12], examining factors influ-
encing retention [13], estimating retention rates and the resulting 
permeability reduction [14], measuring the particle deposition 
profile [15], and monitoring the retention process alongside 
pressure changes [16]. Theoretical studies, on the other hand, have 
primarily aimed to describe the particle retention process, with 
deep bed filtration models being the most widely employed
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approach for simulating this behavior [17–24]. For instance, 
Wennberg and Sharma proposed a method to determine the 
evolution of the filtration coefficient over time using the concept 
of critical porosity [18]; Bedrikovetsky demonstrated that micro-
scale equations allow for exact upscaling in case of filtration of 
mono dispersed suspension [20]; Yerramilli et al. established a 
model to predict injectivity decline during produced-water rein-
jection, incorporating deep-bed filtration and external filter cake 
buildup [23]; more recently, Kuzmina and Osipov derived an 
asymptotic solution for a one-dimensional filtration problem in a 
homogeneous porous medium with nearly constant coefficients 
[24]. There are also several studies that integrate experimental 
findings with modeling results [25–27], providing clarifications on 
the application conditions of the proposed mathematical models. 

However, most filtration models currently in use assume a one-
dimensional linear flow in porous media [23,28,29]. In the context 
of water injection, water is injected through a wellbore and dis-
perses radially into the formation, resulting in a typical axisym-
metric flow. While some researchers have developed 
axisymmetric flow models to study particle retention and defined 
the concept of a formation damage zone radius [17,30], these 
models often assume a constant filtration coefficient and infinite 
retention capacity. These assumptions are not always valid, 
because blocking of currently available retention pores can further 
change the rate of retention [28]. Furthermore, the retention ca-
pacity of a formation is inherently finite, with a maximum reten-
tion limit for any given formation.

There are a number of models describing changes in the filtra-
tion coefficient over injection time [31–33]. Among these, the 
Langmuirian dynamics model assumes that the filtration coefficient 
changes linearly with the amount of retained particles [32], while 
the random sequential adsorption model suggests a nonlinear 
change of the filtration coefficient [33]. The Langmuirian dynamics 
model is suitable for waterflooding scenarios, as it is widely used to 
describe particle transport through porous media. This model can 
describe both size-exclusion particle capture and particle capture 
caused by electrostatic attachment. Furthermore, for small-
coverage cases, the discrepancy between the linear change of the 
filtration coefficient and the nonlinear change of it is small [34], 
especially when the injection rate and suspension concentration 
remain constant—conditions typical of water injection processes. 
Liu et al. employed the Langmuirian dynamics model to predict 
solid particle retention in formation pores, obtaining a numerical 
solution using MATLAB [35]. However, this approach may introduce 
the risk of error accumulation in calculating the damage factor. 

This paper focuses on obtaining an analytical solution of a 
particle retention model for near-wellbore axisymmetric suspen-
sion flow based on the Langmuirian blocking [28]. Although nu-
merical solutions can obtain reasonable results, analytical 
solutions are faster in calculations and can elucidate the roles of 
model parameters. We can also incorporate the analytical 
expression into Darcy's law and derive the expressions of a pres-
sure drop and a damage factor caused by particle retention. A 
damaged zone radius is then predicted so that damage-removal 
technologies, including deep perforation, acidizing, and acid 
fracturing [36] can be properly selected and quantitatively 
designed. Two real-world application cases, utilizing actual water 
injection and stimulation data from an Oilfield in Tarim Basin, 
western China, demonstrate the applicability and feasibility of our 
model and analytical solutions.

2. Governing equations and asymptotic analytical solution

Consider a water injector in an oilfield with a wellbore radius of 
r w . Water containing a specific concentration of suspended solid

particles is injected into the well. A physical model is developed 
based on the following assumptions: (1) The flow is radial and 
perpendicular to the wellbore. Flow in both the axial direction 
(parallel to the wellbore) and the circumferential direction is 
neglected. (2) Both the suspended particles and the water carrying 
them are incompressible. (3) The particles are captured within the 
formation pores as the injected water flows through, following the 
Langmuirian blocking mechanism. This implies that the filtration 
coefficient decreases linearly with the concentration of retained 
particles. (4) The increase in injection pressure difference is solely 
attributed to the retention of particles introduced by the injected 
water. (5) At the onset of water injection, the formation is un-
damaged, and all pores are initially clean. Fig. 1 illustrates this 
process.

In assumption (4), pressure difference refers specifically to the 
differential pressure between the downhole injection pressure and 
the reservoir pressure. Pressure difference is highlighted here 
because any increase in reservoir pressure resulting from water 
injection should be excluded from our calculations. While water 
injection can raise reservoir pressure—especially when the voi-
dage replacement ratio (VRR) exceeds 1.0—and subsequently in-
crease water injection pressure, the pressure difference within the 
injection zone remains unaffected by this dynamic. This is because 
the hydrodynamic response affects both pressures similarly, pre-
serving the net differential.

The governing equations of the above problem include a mass 
balance equation, an equation of particle capture kinetics and a 
modified Darcy's law equation [21,30], which are expressed in 
cylindrical coordinates as follows:

ϕ 
∂c 
∂t

+ 
q
2πr 

∂c
∂r

= − 
∂σ 
∂t 
; (1)

∂σ
∂t

= λ ́ Uc = 
qλ ́ c
2πr

; (2)

U =
q
2πr

= − 
k 0 k rwor

(1 + βσ)μ 
∂p
∂r
; (3)

The derivations of Eqs. (1) and (2) are provided in Appendix A. 
The initial and boundary conditions for Eqs. (1) and (2) are:

t = 0 : c = 0; σ = 0; (4)

r = r w : c = c 0 ; (5)

In these equations, c represents the concentration of suspended 
particles, while c 0 denotes their initial concentration. In the 
context of waterflooding, c 0 is actually the TSS (total suspended 
solids) in the injection water. σ is the concentration of retained 
particles. φ represents porosity. q is the volumetric water flow rate 
per zone thickness. t and r are the time coordinate and the radial 
coordinate, respectively. r w is the wellbore radius. λ′ is the filtration 
coefficient, which is a parameter in deep bed filtration models, 
defined as the probability of particles being retained as a sus-
pension flows through a porous medium. It is equal to the prob-
ability of a particle being captured by the matrix per unit of the 
particle trajectory [30]. U represents the averaged flow velocity of 
the carrier water in the flowing cross-section. k 0 is the initial 
permeability of the porous medium free from retained particles, 
and k rwor denotes the relative permeability of water under the 
presence of residual oil. p is pressure, β is formation damage co-
efficient, and μ is viscosity. The formation damage coefficient β 
represents the degree to which retained solid particles reduce the 
permeability of the porous medium. It is typically determined 
through laboratory experiments [19].
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The Langmuirian pore blocking mechanism assumes that the 
filtration coefficient changes linearly with amounts of retention 
[32]. The basic equation is as follows:

λ 
′

= 

⎧ 
⎪⎨ 

⎪⎩ 

λ 
′

0 

( 

1 −
σ 

σ m

) 

; σ ≤ σ m

0; σ > σ m

; (6)

where λ 0 ' is the initial filtration coefficient when the formation is 
free of particles, and σ m is the maximum concentration of retained 
particles. λ 0 ' depends on the pore size distribution of the formation 
and is thus indirectly influenced by both porosity and permeability.
σ m represents the formation's capacity to retain suspended parti-
cles. During the initial stage of water injection, finer pores are 
preferentially occupied by retained particles due to their smaller 
size, resulting in flow being redirected through larger pores. Once 
the concentration of retained particles reaches σ m , the remaining 
pores are sufficiently large to allow particles of all sizes to pass 
through; therefore, no more particles will be retained. However, to 
date, no analytical expressions are available for directly calculating
λ 0 ' and σ m . It is therefore recommended to determine λ 0 experi-
mentally through laboratory tests tailored to the specific formation 
and injection water properties. P. Bedrikovetsky et al. proposed a 
method to measure λ 0 ' and β together through lab tests [19].

To simplify the equations and facilitate their solution, dimen-
sionless processing is used for the parameters and Eqs. (1)–(3) and 
(6) are transformed to

∂C
∂T 

+
∂C 
∂X 

+
∂S 
∂T 

= 0; (7)

∂S
∂T

= 
λ(S)C
2

̅̅̅̅ 
X

√ ; (8)

−
∂P
∂X

= 
1 + βϕc 0 S(X; T)

2X
; (9)

λ(S) =

⎧
⎪ ⎨

⎪⎩ 

λ 0 
( 

1 −
S

S m 

) 

; S ≤ S m

0; S > S m

; (10)

In Eqs. (7)–(10), C is the dimensionless concentration of sus-
pended particles, S is the dimensionless concentration of retained 
particles, X is the dimensionless distance, T is the dimensionless 
time, P is the dimensionless pressure, λ is the dimensionless

filtration coefficient, λ 0 is the dimensionless initial filtration co-
efficient, and S m is the dimensionless maximum concentration of 
retained particles.

The process of obtaining Eqs. (7)–(10) is shown in Appendix B. 
The symbols and their meanings in the above equations are clar-
ified in the Nomenclature section.

Eqs. (7) and (8) can be solved separately from Eq. (9). However, 
when we combine Eqs. (7) and (8) and transform them into a 
parabolic partial differential equation, we find that it does not have 
an exact analytic solution in closed form. Therefore, a set of 
asymptotic solutions is derived (as shown in Appendix C), and the 
results are:

S(X; T) = S m

⎡ 

⎢
⎣1 − e

− 
λ 0 (T− X+X w )

2S m
̅̅̅
X

√ 

+ 
λ 0

2 
̅̅̅̅
X

√ e
− 

λ 0 (T− X+X w )

2S m
̅̅̅
X

√ 

⎛

⎜
⎝ 

∫ X

X w

e
− 

λ 0 (T− X+X w )

2S m
̅̅
x

√ 
dx − (X

− X w )

⎞ 

⎟ 
⎠

⎤

⎥
⎦; … (11)

С(X; T) = 1 − λ 0 
∫X

X w

e
− 

λ 0 (T− X+X w )

2S m
̅̅
y

√ 

⎛

⎜
⎝ 

λ 0 
4

+ 
1

2 
̅̅̅ 
y

√ − 
λ 0 X w
4y

− 
λ 0
4 

̅̅̅
y

√ 

∫ y

X w

e
− 

λ 0 (T− X+X w )

2S m
̅̅
x

√ 
(
1 
̅̅̅ 
y 

√ + 
1
̅̅̅ 
x

√ 

) 

dx

⎞ 

⎟
⎠dy; … (12)

Here X w is the dimensionless wellbore radius. x and y are inte-
gration variables.

The concentration front which separates suspended and 
retained particles from pure water is a straight line T = X − X w . At 
the front, the retained concentration S = 0 and the suspended 
concentration C f is given by exact formula (see appendix D):

C f (X) = C(X; T)| T=X− X w 
= exp 

[ 
− λ 0 

( ̅̅̅̅
X 

√ 
−

̅̅̅̅̅̅̅ 
X w

√ ) ] 
(13)

Transforming the parameters in solutions (11)–(13) into their 
original form, we get

Fig. 1. Illustration of the injected water flow in a formation: (a) top view; (b) side view.
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σ(r; t) = σ m

⎡

⎢ 
⎢
⎣ 1 − e− 

c 0 λ
′ 

0(qt− πϕr 2 +πϕr w 
2 )

2πσ m r

⎛

⎜ 
⎜
⎝ 1 + 

λ
′

0 r e 
2

2r

⎛

⎜ 
⎜
⎝ 

r 2 − r w 
2

r e 2

− 

∫(r=r e ) 
2

(r w =r e ) 
2

e
−

λ 
′

0c 0(qt− πϕr 2 +πϕr w 
2 )

2πr e σ m
̅̅
x

√ 
dx

⎞

⎟ 
⎟ 
⎠

⎞

⎟ 
⎟ 
⎠

⎤

⎥ 
⎥ 
⎦;

(14)

c(r; t) = c 0 − c 0 λ
′

0 r e
∫

( 
r
r e

) 2

( 
r w
r e

) 2

e
− 

λ 
′

0r e c 0(qt− πϕr 2 +πϕr w 
2 )

2πr2e σ m
̅̅
y

√ 

⎛

⎜ 
⎜ 
⎜ 
⎜ 
⎜ 
⎜ 
⎜
⎝ 

λ 
′

0 r e
4 

+ 
1

2 
̅̅̅ 
y

√ 

−
λ 
′

0 r w 
2

4r e y
−

λ 
′

0 r e
4 

̅̅̅
y

√ 

∫ y

( 
r w
r e

) 2

e
− 

λ 
′

0c 0(qt− πϕr 2 +πϕr w 
2 )

2πr e σ m
̅̅
x

√ 
(
1
̅̅̅ 
y

√ 

+ 
1
̅̅̅ 
x

√ 

) 

dx

⎞

⎟ 
⎟ 
⎟ 
⎟ 
⎟ 
⎟ 
⎟ 
⎠

dy; …:

(15) 

c f (r) = c 0 e 
− λ ́ 0 (r− r w ) ; (16)

When studying injectivity degradation, we focus on the con-
centration of retained particles. Therefore, Eqs. (11) and (14) are of 
primary interest. It is worth noting that these integrals in Eqs. (11) 
and (14) can be expressed in terms of the Gamma function

Γ(a; z) = 

∫∞

z

t a− 1 e − t dt

Therefore, in Eq. (11),

∫ X

X w

e
− 

λ 0 (T− X+X w )

2S m 

̅̅
x

√ 
dx= 

[ 

y = 
λ 0 τ

2S m
̅̅̅ 
x

√ ; x = 

(
λ 0 τ
2S my 

) 2
;

dx = − 2 
(

λ 0 τ
2S m

)2 dy
y 3

] 

= − 2 
(

λ 0 τ
2S m

) 2 ∫

λ 0 τ
2S m

̅̅̅̅̅ 
x w

√ 

λ 0 τ
2S m

̅̅
x

√ 
y − 3 e − y dy == 2 

(
λ 0 (T − X + X w )

2S m

) 2

[ 

Γ 
( 

− 2;
λ 0 (T − X + X w )

2S m
̅̅̅̅
X

√ 

)

− Γ 
( 

− 2;
λ 0 (T − X + X w )

2S m
̅̅̅̅̅̅̅ 
X w

√ 

) ] 

;

(17) 

In Eq. (14),

∫ (r=r e ) 
2

(r w =r e ) 
2

e
−

λ 
′

0c 0(qt− πϕr 2 +πϕr w 
2 )

2πr e σ m
̅̅
x

√ 
dx = 2

⎛

⎜ 
⎜
⎝ 

λ 
′

0 eϕc 0 

(
qt
ϕπ − r 2 + r w 

2 
)

2σ m r e

⎞

⎟ 
⎟ 
⎠

2

⎡

⎢ 
⎢
⎣ Γ

⎛

⎜ 
⎜
⎝ − 2;

λ 
′

0 ϕc 0 

(
qt
ϕπ − r 2 + r w 

2 
)

2σ m r

⎞

⎟ 
⎟ 
⎠

− Γ

⎛

⎜ 
⎜
⎝ − 2;

λ 
′

0 ϕc 0 

(
qt
ϕπ − r 2 + r w 

2 
)

2σ m r w

⎞

⎟ 
⎟ 
⎠

⎤

⎥ 
⎥ 
⎦;

(18)

3. Results and discussion

3.1. Comparison with numerical solution

The numerical solutions of Eqs. (7) and (8) with conditions (B-
7) and (B-8) are obtained by Shampine's code [37], which is 
developed in MATLAB using explicit central finite difference 
methods. Among the four methods that Shampine has developed, 
the Lax-Wendroff (LxW) method [38] is employed for our com-
putations. The results are shown in Fig. 2. Solutions (11) and (12) 
are illustrated in Fig. 3 and the difference between them and the
numerical solutions are shown in Figs. 4 and 5. We use the 
dimensionless solutions (11) and (12) instead of the original forms 
(14) and (15) to compare with numerical ones because less pa-
rameters need to be involved; besides, the relative error of the 
asymptotics is independent of the forms of the solutions. 

In these computations, X w = 10 − 6 , S m = 100 and λ 0 = 10 are 
assumed because they are common values in the cases of water 
injection into a well during waterflooding. For example, given a 
condition of drainage radius r e = 100 m, initial concentrations of 
suspended particles c 0 = 8.0 mg/L and porosity φ = 0.2, the 
assumed values of the dimensionless parameters above indicate 
r w = 0.1 m, σ m = 160 mg/L and initial filtration coefficient
λ ́ 0 = 0.1 m -1 .

As we can see from the comparisons in Figs. 4 and 5, Eqs. (11) 
and (12) are good asymptotic solutions of S(X; T) and C(X; T) for 
small X and big T. The deviation of S(X; T) is less than 5% and the 
deviation of C(X; T) is less than 2% when X w ≤ X ≤ 0.005 and 
T ≥ 1.0. Fig. 6 shows the profiles and histories of S at fixed T and X 
respectively, which clearly illustrate the range of errors of S when 
our asymptotic analytical models are used. Furthermore, S m and λ 0 
are adjusted to reflect varying formation conditions, as illustrated 
in Fig. 7, where (a), (b) and (c) represent high, intermediate, and 
low permeability formations, respectively. The results show that 
the difference in S remains within 5% in the domain X w ≤ X ≤ 0.005 
and T ≥ 1.0. Therefore, for a water injection problem described in 
this paper, the asymptotic solutions are workable because we 
mainly care about the solid particle concentration near the well-
bore (X is small) and the formation damage severity after a long
period of water injection (T is large).

3.2. Damage zone evaluation

3.2.1. Pressure drop and damage factor
We use the asymptotic solution of S (X, T), Eq. (11), to quantify 

the extent of formation damage caused by particle retention. From
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Fig. 2. Solutions S(X; T) and C(X; T) from Shampine's code (X w = 10 − 6 ; S m = 100; λ 0 = 10): (a) solution S(X,T); (b) solution C(X,T).

Fig. 3. Solutions S(X; T) and C(X; T) from Eqs. (11) and (12) (X w = 10 − 6 ; S m = 100; λ 0 = 10): (a) solution S(X,T); (b) solution C(X,T).

Fig. 4. The difference of solutions (11) and (12) and numerical ones (X w = 10 − 6 ; S m = 100; λ 0 = 10): (a) difference of S(X,T); (b) difference of C(X,T).

Fig. 5. The difference of solutions (11) and (12) and numerical ones in percentage (X w = 10 − 6 ; S m = 100; λ 0 = 10): (a) difference of S(X,T); (b) difference of C (X,T).
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Eq. (9) we can derive the expression for the pressure drop in the 
injection contour:

ΔP(T) =
∫ 1

Xw

( 

−
∂P
∂X 

) 

dX =
∫ 1

Xw

1 + βϕc 0 S(X; T)
2X

dX; (19)

We do not need to calculate the pressure drop over the entire 
injection contour, as most of the pressure drop occurs in the near-
wellbore area. In other words, the near-wellbore region is more 
sensitive to particle retention, and its impact is more significant. 
Therefore, we focus the damage extent evaluation in the domain
Ω 0.005 = {X w ≤ X ≤ 0.005}, where our asymptotic solution is 
applicable. With this consideration, and by substituting Eq. (11) 
into Eq. (17), we obtain

We define the damage factor S k as the increase in pressure drop 
caused by particle retention during the water injection time T. 
Therefore, the damage factor in the domain Ω 0.005 at time T is 
expressed as follows:

Using the input data shown in Table 1, the change in S k with 
time T can be plotted (as shown in Fig. 8) using Eq. (19).

As seen from Fig. 8, the damage factor increases rapidly with time 
T at the beginning, but the increasing rate gradually plateaus. This 
behavior occurs because particles in the injected water tend to be 
retained more easily within the pores when fewer particles are 
already present. The damage factor reaches its maximum at around 
T = 6.0, as this corresponds to the maximum concentration of 
retained particles S m under Langmuirian Pore Blocking mechanism.

3.2.2. Damage zone radius
We adopt the definition of formation damage zone radius as 

proposed by Nunes et al. [21]. Using this definition, the radius of 
the damaged zone at a specific time point T can be calculated by:

S k(T) 
⃒ 
⃒ 
⃒ 
⃒
0:005 
X w

− S k(T) 
⃒ 
⃒ 
⃒ 
⃒ 
X d 
X w

S k(T) 
⃒ 
⃒ 
⃒ 
⃒
0:005 
X w

≤ ε; (22)

Here ε is denotes the portion of the damage factor to remain, and 
X d is the dimensionless damage zone radius. The smaller the value 
of ε, the larger the calculated damage zone radius. We introduce ε 
because most of the damage occurs in the near-wellbore area, and 
although the further zone contributes to additional pressure drop, 
it is not necessarily considered as part of the damage zone. Using 
the input parameters from Table 1, the calculated damaged zone 
radii for ε = 0:20; 0:10 and 0:01 are listed in Table 2 below. Typi-

cally, ε = 0:20 is good enough for well engineering practices, as it 
implies that stimulation of the predicted damage zone radius will 
remove 80% of the formation damage. r d in Table 2 represents the 
dimensional damaged zone radius.

The change of S k with the distance to the wellbore at the time point 
T = 5, for different values of S m and λ 0 is shown in Fig. 9. As observed in 
the figure, most of the damage occurs near the wellbore. By comparing 
the four different curves, we can conclude that the maximum con-
centration of retained particles S m has a significant impact on the 
damage factor, while the initial filtration coefficient λ 0 has negligible 
effects (the curves for λ 0 = 5, λ 0 = 10 and λ 0 = 50 are almost over-
lapping). Therefore, in a given formation, the estimation of S m is critical 
in predicting formation damage caused by particle retention.

3.2.3. Field applications

(1) Evaluation of existing acidizing jobs

One of the applications of our analytical solution is to predict 
the damage zone radius caused by solid particle retention during
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S k (T) = ΔP(T) − ΔP(0) = 
βϕc 0
2

∫ 0:005

Xw

S(X; T) − S(X;0)
X

dX

= 
βϕc 0 S m

2

∫ 0:005

Xw

− e
− 

λ 0 (T− X+X w )

2S m 

̅̅̅
X

√ 
+ λ 0

2
̅̅̅ 
X

√ e
− 

λ 0 (T− X+X w )

2S m
̅̅̅
X

√ 

⎛

⎜
⎝ 

∫ X

X w

e
− 

λ 0 (T− X+X w )

2S m 

̅̅
x

√ 
dx − (X − X w )

⎞

⎟ 
⎠

X 
dX

− 
βϕc 0 S m

2

∫ 0:005

Xw

− e
− 

λ 0 (X w − X)
2S m

̅̅̅
X

√ 
+ λ 0

2
̅̅̅ 
X

√ e
− 

λ 0 (X w − X)
2S m 

̅̅̅
X

√ 

⎛

⎜
⎝ 

∫ X 

X w

e
− 

λ 0 (X w − X)
2S m

̅̅
x

√ 
dx − (X − X w )

⎞

⎟ 
⎠

X
dX; (21)

H. Liu, Y. Osipov, Z. Yuan et al. Petroleum 11 (2025) 784–799

789



water injection and assess whether an acidizing job can fully cover 
the damage zone. This section demonstrates how our models can 
be used to evaluate an acidizing job based on real field data.

The first step is to obtain the formation damage coefficient β. In 
Eqs. (17) and (19), c 0 and φ are easily obtained, and the filtration 
parameters S m and λ 0 can be measured through deep bed filtration 
experiments. But the formation damage coefficient β is difficult to 
evaluate. Therefore, we use real well injection pressure data to 
estimate β through a matching process, and then apply the 
determined value of β to predict the damage zone radius of new 

wells in the same reservoir. Assuming that the reservoir pressure 
P e at X = 1 is constant (this can be assumed when VRR ≈1.0), and 
the injection rate remains stable (meaning the difference in flow 

friction in the wellbore at different times can be neglected), the 
increase in injection pressure Δp inj over time T can be expressed as 
follows:

Δp inj = −
βqμϕc 0

4πk 0 k rwor

∫ 1

Xw

S(X; T) − S(X;0)
X

dX

≈ −
βqμϕc 0

4πk 0 k rwor

∫ 0:005

Xw

S(X; T) − S(X;0)
X

dX; (23)

Δp inj can be observed from the surface, and S (X,T) can be 
computed using our asymptotic solution. Therefore, the formation 
damage coefficient β can be expressed as follows:

β = − 
4πk 0 k rwor Δp inj 

qμϕc 0
∫ 0:005 

Xw

S(X;T)− S(X;0) 
X dX 

; (24)

Please note that when VRR >1.0 (reservoir is pressurized) or 
VRR <1.0 (reservoir is depleted), the reservoir pressure P e is not 
constant. Under these conditions, the change in reservoir pressure 
should be calculated and subtracted from the observed surface 
injection pressure change in order to isolate the actual pressure 
difference driving fluid flow. Based on the principle of material

Fig. 7. The difference of S(X; T) with various values of S m and λ 0 :(a) X w =10 − 6 , S m =500, λ 0 =2; (a) X w =10 − 6 , S m =200, λ 0 =5; (a) X w =10 − 6 , S m =20, λ 0 =50.

Table 1
Input parameters for pressure drop and damage factor calculations.

Parameter Value Parameter Value

X w 6 × 10 − 7 S m 100
λ 0 10 c 0 7.0 mg/L 
β 0.1 L/mg ϕ 0.20 
X [X w ,0.005] T [2,10]

Fig. 8. The change of S k with time T.

Fig. 6. The difference of profiles and histories of S in percentage (X w = 10 − 6 ; S m = 100; λ 0 = 10): (a) difference of S(X) at a fixed T; (b) difference of S(T) at a fixed X.

Table 2
Calculated damaged zone radii for ε = 0.1 and ε = 0.01 (r e = 100 m).

T ε = 0:20 ε = 0:10 ε = 0:01

X d r d , m X d r d , m X d r d , m

2 0.00070 2.65 0.00160 4.00 0.00440 6.63
5 0.00085 2.92 0.00200 4.47 0.00450 6.71
10 0.00085 2.92 0.00210 4.58 0.00460 6.78
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balance, the change in reservoir pressure can be simply calculated 
using the following expression:

Δp e = 

( 
V inj;eff × B w 

) 
− V pro;eff

C t × V p
; (25)

Here V inj,eff denotes the effective cumulative water injection 
volume, i.e., the cumulative water injection volume corrected by the 
sweep efficiency. B w is the formation volume factor of the injection 
water. V pro,eff is the effective cumulative production volume, which 
refers to the total volume of produced oil, water, and gas converted 
to reservoir (formation) conditions. C t is the total compressibility of 
the reservoir, and V p is the reservoir pore volume.

Taking TL Block in the Tarim Basin, western China, as an 
example, Table 3 presents the water injection and acidizing data 
for three wells in this Block. Well TL33 has two injection stages, 
which can be treated independently. By inputting the parameters 
from Table 3 into Eq. (22), we can calculate the formation damage 
coefficient β. S m and λ 0 are assumed to be 100 and 10 respectively. 
In practice, the values of the two parameters should be determined 
experimentally. However, in this study, we obtain β through his-
tory matching, so any errors arising from these assumptions are 
transferred to β and will be counteracted when S k and r d are 
calculated later. The calculated values of β for each well (or stage) 
are shown in the last row of Table 3.

Next, we evaluated the effectiveness of the acidizing jobs 
conducted in the four cases by calculating the acid coverage ratio, 
which is defined as the stimulation radius divided by the damage

zone radius. The damage zone radius is predicted using Inequality 
(20) with the value of β for each injection in Table 3 and by letting
ε = 0.20. The calculated results are presented in Table 4. The values 
of injection pressure drop resulting from the acidizing jobs are also 
shown in this table for comparison.

From the results in Table 2-2-4 we observe that none of the four 
acidizing treatments completely covered the damage zone radius. 
More acid should have been injected to dissolve the retained solid 
particles in the damage zone. The treatments for the 2nd stage of 
TL33 and TL55 achieved acid coverage ratios larger than 80%, 
which are considered satisfactory since a significant portion of the 
damage was removed. In contrast, the treatment for TL47 is 
deemed unsuccessful, with an acid coverage ratio of only 37.5%. 
The injection pressure drop after acidizing, as shown in Table 4, 
serves as an indicator of acidizing performance. TL55 exhibited the 
largest injection pressure drop after treatment, followed by the 
2nd stage and the 1st stage of TL33; TL47 had the smallest injec-
tion pressure drop. The ranking of injection pressure drop is 
basically consistent with the acid coverage ratio for the four cases. 
This suggests that our model for predicting the damage zone 
radius is valid. Interestingly, although the 2nd stage of TL33 ach-
ieved the largest acid coverage ratio, its injection pressure drop 
was not the highest. This discrepancy might be attributed to the 
continuation of water injection from the 1st stage, potentially 
carrying undissolved particles from the earlier stage into the 2nd 
stage. Additionally, it is important to note that our prediction 
model focuses exclusively on the damage caused by solid particle 
retention. If other dominant damage mechanisms, such as scaling 
or bacterial growth, are present, this method would no longer be 
applicable.

The distribution of the damage factor in the radial direction for 
the four cases is presented in Fig. 10.

(2) Acidizing job design

If the injection data of a water injection well is provided, our 
model can also be utilized to design a tailored acidizing scenario to 
effectively mitigate the damage caused by particle retention. In 
sandstone reservoirs, by quantifying the damage zone radius of a 
well, the volume of acid required to fully cover the damage zone 
can be calculated. In carbonate reservoirs, the required wormhole 
length to penetrate the damage zone can be calculated by inte-
grating a wormhole growth model. In this section, we demonstrate 
how we can apply our model to the stimulation design of well TJ 
116, an injector in the TJ Block of Tarim Basin.

Fig. 9. The change of cumulative damage factor S k with distance X (T = 5).

Table 3
Input data for calculation of formation damage coefficient for TL Block.

Parameter 1st stage of TL33 2nd stage of TL33 TL47 TL55

Averaged porosity 25% 25% 23% 26%
Averaged permeability, 10 − 3 μm 2 221 221 208 364
Wellbore radius, mm 107.95 107.95 107.95 107.95
Sand thickness, m 60.5 60.5 31.5 52.5
Starting date of injection 1998.12.2 2000.4.17 2005.10.30 2012.1.28
Injection pressure at start of injection, MPa 6.5 1.5 1.8 2.3
Solid content of the injection water, mg/L 7.62 10 11.4 12.8
Contour radius, m 250 250 250 200
Averaged injection rate, m 3 /d 462.7 599 438 430
Continuous injection period, d 500 562 1187 1356
Injection pressure before acidizing, MPa 13.5 15 17.4 18.5
Pressure increase Δp, MPa 7.0 13.5 15.6 16.2
Calculated formation damage coefficient β, L/mg 0.217 0.218 0.129 0.317
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The target formation of this well is sandstone. The basic data for 
this well is summarized in Table 5. Similarly, the first step in the 
analysis is to evaluate the formation damage coefficient, β, for TJ 
116. By inputting the water injection data and pressure drop data 
provided in Table 5 into Eq. (22), the formation damage coefficient 
is determined to be β = 0:174 L=mg. Then the calculated β is 
substituted into Eq. (19), allowing us to determine the temporal 
variation of damage factor S k in the domain Ω 0:005 over time T, as 
well as the spatial variation of S k with X at the end of the injection 
period (955 days). These results are illustrated in Fig. 11 and Fig. 12, 
respectively. The damage zone radius is subsequently calculated 
by setting ε = 0.20, yielding the results: X d = 1.5028 × 10 − 4 and 
r d = 2.45 mTable 6 was/were not cited in the text. Please check that 
the citation(s) suggested are in the appropriate place, and correct if 
necessary..

Next, an acidizing treatment is designed to remove the for-
mation damage. The injected acid must fully cover the damage 
zone, meaning it should reach the damage zone radius r d = 2.45 m. 
Since the target formation is a matrix-type sandstone, the required 
acid volume is calculated based on the pore volume of the damage 
zone. Using the data provided in Table 5, the required acid volume 
is determined to be 185 m 3 . It is important to note that in car-
bonate reservoirs, the required acid volume should be evaluated 
by a wormhole growth model. This is because the acidizing radius

in such formations is determined by the length of the generated 
wormholes rather than the pore volume.

The acidizing treatment for well TJ 116 was carried out based on 
our acid volume design. 30 m 3 of pre-pad acid (10% HCl) was 
injected to create an acidic environment near the wellbore. This 
was followed by 185 m 3 of main acid (a mixture of 10% HCl, 5% 
HAC, and 2% HF) for effective damage removal. After the treatment, 
the water injection pressure dropped to zero while the injection 
rate increased to 486 m 3 /d. This significant improvement indicates 
a successful acidizing treatment, with the retained particles near 
the wellbore effectively removed.

3.3. Discussion

While obtaining a numerical solution is not particularly chal-
lenging, our study in this paper primarily centers around acquiring 
an analytical solution. We have opted for this approach because an 
analytical solution explicitly displays variables, enabling us to 
directly observe the correlations between different parameters. 
During evaluation of existing acidizing jobs and planning of new 

acidizing jobs, we can identify the influencing factors and the way 
it influences the results directly, instead of running the 
numerical model to find it. Secondly, by obtaining the analytical 
solution of S(X,T), we can submit it into Eq. (18) and Eq. (19) and

Table 4
Calculated results of the acid coverage ratio and comparison with injection pressure drop in TL Block.

Parameter 1st stage of TL33 2nd stage of TL33 TL47 TL55

Acid volume used for stimulation, m 3 48 116 30 180
Predicted dimensionless damage zone radius X d 0.000049 0.000051 0.0002 0.00015
Predicted damage zone radius r d , m 1.75 1.79 3.54 2.45
Stimulation radius, m 1.01 1.56 1.15 2.05
Acid coverage ratio 56.75% 88.22% 37.47% 83.56%
Injection pressure before acidizing, MPa 13.5 15 17.4 18.5
Injection pressure after acidizing, MPa 1.5 2.0 15.3 1.8
Injection pressure drop, MPa 12.0 13.0 2.1 16.7

Fig. 10. The distribution of the damage factor S k for the four cases in Table 3.
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get the expressions of ΔP(T) and S k (T); otherwise, it is impossible to 
show the expressions of ΔP(T) and S k (T) with numerical solution of 
S(X,T). Besides, an analytical solution of S(X,T) also makes the 
direct calculation of the integral terms in Eq. (18) and Eq. (19) 
possible; otherwise, these integral terms also have to be computed 
numerically.

Our study is based on the following assumptions: the formation 
has no initial damage or initial stimulation before injection of water; 
the damage is not far from the wellbore and the injection time is 
long (typically X ≤ 0.005 and T ≥ 1.0); the injected acid is strong 
enough to dissolve the retained particles wherever it reaches. The 
model and its application method should be optimized if these 
assumptions are not satisfied. The water injection rate is averaged 
during the whole injection period to calculate the formation dam-
age coefficient β; however, the real situation is that water injection 
rate gradually declines, and the injection pressure gradually in-
creases. Our model can also account for variable changes in injec-
tion rate and injection pressure over time. S m and λ 0 are assumed to 
be 100 and 10 respectively to get the formation damage coefficient 
β; but they are better to be obtained through laboratory tests. Future 
work can also consider using the rapid-developing machine 
learning method [39–43] to determine the formation damage co-
efficient of a Block based on the injection data of many wells. The 
corresponding well stimulation design optimization can also 
involve machine learning methods [44,45].

As the filtration parameters employed in this paper originate 
from the field of environmental engineering, a range of their values 
that we have used in our modeling work is presented in the table 
below (see Table 6) to facilitate comprehension for the readers. 

Besides, water injection usually lasts for many years; during 
this period of time, other types of formation damage except for 
particle retention may also occur [46,47], which are also the causes 
of injectivity decline. These types of damage should be compre-
hensively investigated at the micro-scale [48] and incorporated 
into our damage factor prediction models. Additionally, the in-
fluences of each parameter, especially the initial filtration coeffi-
cient, maximum concentration of retained particles and the 
formation damage coefficient, on the damage zone radius should 
be investigated based on our analytical expressions to understand 
the disciplines of formation damage in waterflooding more deeply, 
which is also one of the directions of future work.

4. Conclusions

The following conclusions can be drawn from the analytical 
modeling of radial suspension flow during waterflooding and the 
application of it in two field cases:

(1) A near-wellbore axisymmetric suspension flow and particle 
retention model, based on Langmuirian blocking, was 
developed. An analytical solution of retained particle con-
centration was derived using an asymptotic method, and the 
exact solution for the retained particle concentration at the 
concentration front was obtained.

Table 5
Water injection data for well TJ 116.

Parameter Value Parameter Value

Averaged porosity 24.5% Solid content of the injection water, mg/L 8.8
Averaged permeability, × 10 − 3 μm 2 198 Contour radius, m 200
Wellbore radius, mm 107.95 Averaged injection rate, m 3 /d 377
Sand thickness, m 40.5 Continuous injection period, d 955
Injection pressure at start of injection, MPa 2.0 Injection pressure before acidizing, MPa 13.6
Calculated formation damage coefficient: β =0.174 L/mg

Table 6
Typical value range of key parameters used in this paper.

Symbol Parameter Value range

λ 0 ' Initial filtration coefficient 10 − 3 to 10 2 m − 1 

σ m Maximum concentration of retained particles 10–1000 mg/L 
В Formation damage coefficient 0–100 L/mg 
c 0 Initial concentration of suspended particles 0–80 mg/L 
T Water injection time 720–3650 days 
r Distance from wellbore 0–10 m

Fig. 11. Change of damage factor S k with dimensionless time T for well TJ 116.

Fig. 12. Change of damage factor S k with dimensionless distance X for well TJ 116.
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(2) The asymptotic analytical solution was compared with a 
numerical solution obtained using Shampine's code. The 
comparison indicates that the asymptotic analytical solu-
tion is applicable under conditions where the dimensionless 
distance from wellbore satisfies X w ≤ X ≤ 0.005 and the 
dimensionless water injection time T ≥ 1.0.

(3) The analytical expression for the retained particle distribu-
tion enables explicit calculation of the water injection 
pressure increase and the corresponding damage factor.

(4) A method of calculating the formation damage radius from 

the injectivity decline data in Langmuirian pore blocking 
mode was established. This method facilitates optimization 
of acidizing operations by estimating the required acid 
volume to remove the damage.

(5) The analytical models were applied to evaluate four existing 
acidizing jobs in the Tarim Basin, western China. The eval-
uation revealed that three of the jobs were successful, while 
one underperformed. The modeling results are basically 
consistent with the injection pressure drop observed by 
field operators.

(6) The analytical models were further used to optimize an 
acidizing design in the Tarim Basin. This led to a successful 
acidizing treatment by quantitatively predicting the damage 
zone radius and calculating the appropriate acid volume.

It's important to emphasize that the methodology presented in 
this study serves as a promising proof of concept. Preliminary re-
sults indicate that the proposed models and analytical solutions 
are applicable and practical for field operations. However, further 
research and refinement are necessary to fully realize their po-
tential in broader real-world applications.
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Nomenclature

c Concentration of suspended particles
c 0 Initial concentrations of suspended particles 
σ Concentration of retained particles 
σ m Maximum concentration of retained particles
φ Porosity, dimensionless
q Volumetric water flow rate per zone thickness 
t Time
r e Drainage radius
r Radius
r w Wellbore radius
r d Dimensional damaged zone radius
λ ́ Filtration coefficient

λ ́ 0 Initial filtration coefficient when formation is particle-
free

k 0 Initial permeability of retained-particle-free porous 
media

k rwor Relative permeability of water under the presence of 
residual oil

p Pressure
β Formation damage coefficient
μ Viscosity, ML − 1 T − 1

τ,x, y integration variables
ε Portion of skin to remain, dimensionless
S k Damage factor, dimensionless
U Linear velocity of carrier water, LT − 1

C Dimensionless concentration of suspended particles 
C f Dimensionless concentration of suspended particles at 

the concentration front
S Dimensionless concentration of retained particles 
S m Dimensionless maximum concentration of retained 

particles
X Dimensionless distance
X w Dimensionless wellbore radius
X d dimensionless damage zone radius
T Dimensionless time
P Dimensionless pressure
V inj,eff Effective cumulative water injection volume, L 3 

V pro,eff Effective cumulative production volume, L 3

B w Formation volume factor of injection water, 
dimensionless

C t Total compressibility, M − 1 LT 2

V p Reservoir pore volume, L 3

λ Dimensionless filtration coefficient
λ 0 Dimensionless initial filtration coefficient 
ΔP Dimensionless pressure drop
ΔP inj Dimensionless surface injection pressure change
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Appendix A. Derivations of Governing Equations

The flow of injected water in the formation is more appropri-
ately described using cylindrical coordinates. A typical infinites-
imal element is taken out as a control volume to perform the 
analysis, as illustrated in Figure A-1.
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From Figure A-1, the mass inflow rate of the suspended parti-
cles in the r direction is

cv r ϕrdzdθ

and the mass outflow rate in the r direction is
[ 

cv r + 
∂
∂r 

(cv r )dr 
] 

ϕ(r + dr)dzdθ

Therefore, the net mass flow rate in the r direction in the 
control volume is

cv r ϕrdzdθ − 
[

cv r + 
∂
∂r 

(cv r )dr 
] 

ϕ(r + dr)dzdθ

= − 

[ 

cv r ϕdrdθdz + rϕ 
∂
∂r 

(cv r)drdθdz + 
∂
∂r 

(cv r )ϕ(dr) 2 dθdz 
] 

;

(A-1)

Eliminating the higher-order infinitesimals, the expression (A-
1) becomes

− 

[

cv r + r 
∂
∂r 

(cv r ) 

] 

ϕdrdθdz; (A-2)

Similarly, the net mass flow rates in the θ direction and in the z 
direction within the control volume are

cv θ ϕdzdr − 
[

cv θ + 
∂
∂θ 

(cv θ )dθ 
] 

ϕdzdr

= −
∂ 
∂θ 

(cv θ )ϕdrdθdz;
(A-3)

cv z ϕrdθdr − 
[

cv z + 
∂
∂z 

(cv z )dz 
] 

ϕdθdr

= −
∂ 
∂z 

(cv z )ϕrdrdθdz;
(A-4)

Another factor contributing to the change in the mass of 
suspended particles in the control volume is the retention of 
particles. According to the principle of material balance, the sum 

of the net mass flow rates of particles in the three spatial di-
rections, minus the mass of particles retained within the control 
volume, must equal the rate of change of particle mass with 
respect to time:

− 

{[

cv r + r 
∂
∂r 

(cv r ) 

] 

+ r
∂ 
∂z 

(cv z) + 
∂ 
∂θ 

(cv θ ) 

}

ϕdθdzdr −
∂σ
∂t

rdθdzdr = ϕ 
∂c 
∂t 

rdθdzdr;

(A-5)

Based on our assumptions, the flow in the axial direction and in 
the circumferential direction is neglected. Therefore, Eq. (A-5) is 
simplified to

− 
1 
r 

cv r ϕ −
∂ 
∂r 

(cv r )ϕ −
∂σ
∂t

= ϕ 
∂c 
∂t 
; (A-6)

At a per thickness water injection rate q,

v r = 
q

2πrϕ
; (A-7)

Substitution of Eq. (A-7) into Eq. (A-6) yields

ϕ 
∂c 
∂t

+ 
q
2πr

∂c
∂r

= − 
∂σ 
∂t 
; (A-8)

According to the definition of the filtration coefficient λ′, par-
ticle capture rate is proportional to advective particle flux and 
coefficient of proportionality [30]. Therefore, in the control 
volume,

rdθdzdr 
∂σ 
∂t 

= ϕrdθdzdr⋅c
q

2πrϕ
⋅λ ́ ; (A-9)

Eq. (A-9) can be easily simplified to

∂σ
∂t

= 
qλ ́ c
2πr

; (A-10)

Eqs. (A-8) and (A-10) are just Eqs. (1) and (2) in Section 2.

Appendix B. Dimensionless Equations

To obtain the analytical solution, we transform the parameters 
in Eqs. (1)–(6) into dimensionless ones firstly. The following 
transformation equations are used:

X = 

(
r
r e

) 2
; T =

1 
ϕπr2e

∫ t

0
q(τ)dτ;C = 

c 
c 0 
; S =

σ
ϕc 0 

; λ = λ ́ r e ; λ 0 = λ ́ 0 r e ; 

(B-1)

P = 
2πk 0 k rwor 

μq(t)
p; (B-2)

Then Eqs. (1)–(3) and (6) are transformed to

∂C
∂T 

+
∂C 
∂X 

+
∂S 
∂T 

= 0; (B-3)

∂S
∂T

= 
λ(S)C
2

̅̅̅̅ 
X

√ ; (B-4)

−
∂P
∂X

= 
1 + βϕc 0 S(X; T)

2X
; (B-5)

Figure A-1. Illustration of infinitesimal element analysis in cylindrical coordinates 
(picture courtesy of Frank M. White of University of Rhode Island)
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λ(S) =

⎧
⎪ ⎨

⎪⎩ 

λ 0 
( 

1 −
S

S m 

) 

; S ≤ S m

0; S > S m

; (B-6)

X and T are in domain Ω = 
{ 

X ≥ X w; T ≥ 0 
} 
, where X w = 

(
r w 

r e

) 2
. 

The initial and boundary conditions for Eq. (B-3) and Eq. (B-4) can 
be obtained from conditions (4) and (5):

T = 0 : C = 0; S = 0; (B-7)

X = X w : C = 1; (B-8)

The capital letters in the above equations all represent 
dimensionless parameters, which are described in Nomenclature.

Appendix C. Derivation of Asymptotic Solution

To obtain the asymptotic solution of Eqs. (7) and (8) under 
conditions (B-7) and (B-8), we reduce the system to a single 
equation for the unknown function S(X,T). By substituting Eq. (10) 
into Eq. (8), we can express C as follows:

C = 
2S m

̅̅̅̅ 
X

√ 

λ 0 (S m − S)
∂S
∂T

(C-1)

Then substitute Eq. (B-1) into Eq. (7):

∂ 
∂T 

[
2S m

̅̅̅̅ 
X

√ 

λ 0 (S m − S)
∂S
∂T

+ S 

]

+ 
∂

∂X 

[ 
2S m

̅̅̅̅
X

√ 

λ 0 (S m − S)
∂S
∂T 

] 

= 0 (C-2)

Using the formula

∂ 
∂X 

[
2S m

̅̅̅̅ 
X

√ 

λ 0 (S m − S)
∂S
∂T

]

= 
S m

λ 0
̅̅̅̅
X

√ 
1 

S m − S
∂S
∂T

+ 
2S m

̅̅̅̅ 
X

√ 

λ 0
∂ 

∂X

( 
1

S m − S 
∂S
∂T

)

=
S m

λ 0
̅̅̅̅ 
X 

√ 
1 

S m − S
∂S 
∂T 

+ 
2S m

̅̅̅̅ 
X

√ 

λ 0
∂ 

∂X 

[

− 
∂ln(S m − S)

∂T

]

= −
S m

λ 0
̅̅̅̅ 
X

√ 
∂ln(S m − S) 

∂T 
+ 
2S m

̅̅̅̅ 
X

√ 

λ 0
∂ 

∂T

( 
1

S m − S 
∂S
∂X

)

to transform Eq. (C-2) to

∂ 
∂T 

[
2S m

̅̅̅̅ 
X

√ 

λ 0 (S m − S)
∂S 
∂T 

+ S −
S m

λ 0
̅̅̅̅ 
X

√ ln(S m − S)+ 
2S m

̅̅̅̅ 
X

√ 

λ 0
1

S m − S 
∂S
∂X 

] 

= 0

(C-3)

Integrate Eq. (C-3) with respect to T:

2S m
̅̅̅̅ 
X

√ 

λ 0 (S m − S)
∂S 
∂T 

+ S −
S m

λ 0
̅̅̅̅ 
X

√ ln(S m − S)+ 
2S m

̅̅̅̅ 
X

√ 

λ 0
1

S m − S
∂S 
∂X 

= K(X)

(C-4)

The integration constant K(x) is determined from conditions (B-
7) and Eq. (8):

K(X) = −
S m

λ 0
̅̅̅̅ 
X

√ ln S m

Thus, Eq. (C-4) takes the form

2S m
̅̅̅̅ 
X

√ 

λ 0 (S m − S)
∂S
∂T

+ 
2S m

̅̅̅̅ 
X

√ 

λ 0 (S m − S)
∂S
∂X 

−
S m

λ 0
̅̅̅̅ 
X

√ ln 
( 

1 −
S

S m

) 

+ S = 0

(C-5)

On the boundary X = X w , Eq. (C-1) takes the form

dS
dT

= 
λ 0 (S m − S)
2S m

̅̅̅̅̅̅̅ 
X w

√ (C-6)

Separating the variables in Eq. (C-6) yields

dS
(S m − S)

= 
λ 0

2S m
̅̅̅̅̅̅̅ 
X w

√ dT (C-7)

Denote S w (T) = S(X w ; T) and integrate Eq. (C-7) with respect to 
T considering the initial condition (B-7):

∫ S w (T)

0

du
S m − u

= 
λ 0 T

2S m
̅̅̅̅̅̅̅ 
X w

√ (C-8)

The solution to Eq. (C-8) is

S(X w ; T) = S w (T) = S m 

[ 

1 − exp 
(

− 
λ 0 T

2S m
̅̅̅̅̅̅̅ 
X w

√ 

)] 

(C-9)

The unique solution to Eq. (C-5) is determined by condition (C-
9).

The problem given by equations (C-5) and (C-9) does not have 
an exact analytic solution in closed form. The asymptotic solution 
near the inlet X = X w is constructed below.

After the change of variables

τ = T − X + X w ; x = X; s =
S

S m
(C-10)

Eq. (C-5) takes the form

2 
̅̅̅
x

√ 

λ 0 (1 − s)
∂s
∂x

−
1 

λ 0
̅̅̅
x

√ ln(1 − s) + s = 0 

or

2x
∂s 
∂x 

− (1 − s)ln(1 − s) + λ 0 (1 − s)s
̅̅̅ 
x

√ 
= 0 (C-11)

with the condition

s(τ; x w ) = S w (τ) 
/ 

S m = 1 − exp 
(

−
λ 0 τ

2S m
̅̅̅̅̅̅̅ 
X w

√ 

)

(C-12)

The asymptotic solution to problem (C-11), (C-12) is con-
structed in a form

s = s 0 + s 1 x + R (C-13)

where R is the remainder of the asymptotic expansion.
Neglect the remainder and substitute Eq. (C-13) into Eq. (C-11):

2x 
∂s 0
∂x 

+ 2x 2 
∂s 1
∂x 

+ 2xs 1 − (1 − s 0 − s 1 x)ln(1 − s 0 − s 1 x)

+ λ 0 (1 − s 0 − s 1 x)(s 0 + s 1 x)
̅̅̅
x

√ 
= 0

(C-14)

Expand the logarithm in Eq. (C-14)

ln(1 − s 0 − s 1 x) = ln(1 − s 0 ) 
(

1 −
s 1 x

1 − s0 

) 

= ln(1 − s 0 )

+ ln 
(

1 − 
s 1 x

1 − s0 

) 

= ln(1 − s 0 )

−
s 1 x

1 − s0 
+ O(s 1 x) 

2

and keep only the main terms:
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2x 
∂s 0
∂x 

+ 2x 2 
∂s 1
∂x 

+ 2xs 1 − (1 − s 0 )ln(1 − s 0 )

+ s 1 x[1 + ln(1 − s 0 )] + λ 0 (1 − s 0 )s 0
̅̅̅ 
x

√ 

+ O 
[ 
(s 1 x) 

( 
s 1 x + 

̅̅̅
x

√ )] 
= 0

Unknown functions s 0 , s 1 are determined from the equations

2x 
∂s 0
∂x 

− (1 − s 0 )ln(1 − s 0 ) = 0

and

2x 2 
∂s 1
∂x 

+ 3xs 1 + s 1 x ln(1 − s 0 ) + λ 0 (1 − s 0 )s 0
̅̅̅ 
x

√ 
= 0:

Condition (C-12) yields

s 0 | x=x w 
= S w (τ) 

/ 
S m ; s 1 | x=x w 

= 0

The solution is given by the formulae

s 0 = 1 − e
− 

λ 0 τ
2S m

̅̅
x

√ 
;

s 1 = 
λ 0

2x
̅̅̅ 
x

√ e 
− 

λ 0 τ
2S m

̅̅
x

√ 

⎛

⎜
⎝ − (x − x w ) + 

∫ x

x w

e
− 

λ 0 τ
2S m

̅̅
x

√ 
dx

⎞ 

⎟ 
⎠

(C-15)

The first term of the asymptotics s 1 ∼ 1=
̅̅̅ 
x

√ 
and therefore the

remainder O 
[ 
(s 1 x) 

( 
s 1 x + 

̅̅̅ 
x 

√ )] 
= O(x).

Substitute the functions (C-15) into the expansion (C-13)

s(x; τ) = 1 − e
− 

λ 0 τ
2S m

̅̅
x

√ 
+ 

λ 0
2 

̅̅̅
x

√ e
− 

λ 0 τ
2S m

̅̅
x

√ 

⎛

⎜
⎝ 

∫ x

x w

e
− 

λ 0 τ
2S m

̅̅
x

√ 
dx − (x − x w )

⎞ 

⎟ 
⎠

+ O(x)

(C-16)

In Cartesian variables asymptotics (C-16) takes the form
Note that the integral in asymptotic expansion (C-17) can be 

expressed in terms of the Gamma function

Γ(a; z) = 

∫∞

z

t a− 1 e − t dt:

To derive the asymptotics of the solution C(X,T), we transition 
to the characteristic variables in Eq. (7):

∂C 
∂x 

+ S m
∂s 
∂τ 

= 0 (C-18)

Differentiate the solution (C-16) in τ

∂s
∂τ

= 
λ 0

2S m 
̅̅̅ 
x

√ e
− 

λ 0 τ
2S m

̅̅
x

√ 
(

1 + 
λ 0 (x − X w )

2 
̅̅̅
x

√ 

)

− 
(λ 0 ) 

2

4 
̅̅̅
x

√ e
− 

λ 0 τ
2S m

̅̅
x

√ 

⎛

⎜
⎝ 

1 
̅̅̅ 
x

√ 

∫ x

X w

e
− 

λ 0 τ
2S m

̅̅
x

√ 
dx + 

∫ x

X w

e
− 

λ 0 τ
2S m

̅̅
x

√ dx
̅̅̅ 
x

√ 

⎞

⎟
⎠+ O

( ̅̅̅ 
x

√ )

Substitute it into Eq. (C-18) and integrate it with respect to x 
from X w to x, using condition (B-7):

С(x; τ) = 1 − λ 0 
∫ x

X w

⎛ 

⎜
⎝e 

− 
λ 0 τ

2S m
̅̅
y

√ 
( 

1
2

̅̅̅ 
y

√ + 
λ 0 (y − X w )

4y

)

−
λ 0
4 

̅̅̅ 
y

√ e
− 

λ 0 τ
2S m

̅̅
y

√ 
∫ y

X w

e
− 

λ 0 τ
2S m

̅̅
z

√ 
(
1
̅̅̅ 
y

√ + 
1 
̅̅̅
z

√ 

) 

dz 

⎞ 

⎟
⎠dy + O 

( 
x

̅̅̅ 
x

√ )

In Cartesian variables asymptotics takes the form

С(X; T) = 1 − λ 0 
∫ X

X w

e
− 

λ 0 (T− X+X w )

2S m 
̅̅
y

√ 

⎛

⎜
⎝ 

λ 0 
4
+ 

1
2 

̅̅̅
y

√ 

− 
λ 0 X w
4y

− 
λ 0
4 

̅̅̅
y

√ 

∫ y

X w

e
− 

λ 0 (T− X+X w )

2S m 

̅̅
x

√ 
(
1
̅̅̅ 
y

√ + 
1
̅̅̅ 
x

√ 

) 

dx

⎞ 

⎟ 
⎠

dy + O 
( 

X 
̅̅̅̅
X

√ )

(C-19)

Eqs. (C-17), (C-19) determine the 1-order asymptotic solution 
to system (7)–(10) with conditions (B-7), (B-8).

Appendix D. Exact solution on the concentration front

Conditions (B-7) and (B-8) imply that solution C is discontin-
uous on the concentration front, and solution S is continuous for all

∫ x

x w

e
− 

λ 0 (T− X+X w )

2S m
̅̅
x

√ 
dx = 

[ 

y= 
λ 0 τ

2S m
̅̅̅ 
x

√ ; x = 

(
λ 0 τ
2S my 

) 2 
; dx = − 2 

(
λ 0 τ
2S m

)2 dy
y 3

] 

= − 2 
(

λ 0 τ
2S m

) 2 ∫

λ 0 τ
2S m

̅̅̅̅
x w

√ 

λ 0 τ
2S m

̅̅
x

√ 
y − 3 e − y dy =

= 2 
(

λ 0 (T − X + X w )

2S m

) 2 ( 

Γ 
( 

− 2;
λ 0 (T − X + X w )

2S m
̅̅̅ 
x

√ 

) 

− Γ 
( 

− 2;
λ 0 (T − X + X w )

2S m
̅̅̅̅̅̅ 
x w

√ 

))

S = S m

⎛ 

⎜
⎝1 − e

− 
λ 0 (T− X+X w )

2S m
̅̅̅
X

√ 
+ 

λ 0
2 

̅̅̅̅ 
X

√ e
− 

λ 0 (T− X+X w )

2S m
̅̅̅
X

√ 

⎛

⎜
⎝ 

∫ X

X w

e
− 

λ 0 (T− X+X w )

2S m
̅̅
x

√ 
dx − (X − X w )

⎞ 

⎟ 
⎠

⎞ 

⎟ 
⎠+ O(X) (C-17)
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X ≥ X w ; T ≥ 0. Therefore, at the front S = 0 and according to Eq. 
(10), λ(S) = λ 0 . Substitute Eq. (8) into (7):

∂C
∂T

+ 
∂C 
∂X

+ 
λ 0 C
2 

̅̅̅̅
X

√ = 0 (D-1)

The solution of equation (D-1) with condition (B-8) does not 
depend on time and is given by Eq. (13).

Note that on the concentration front the asymptotics (C-19) 
coincides with the expansion of the exact solution (13) in powers

of 
( ̅̅̅̅ 

X 
√ 

−
̅̅̅̅̅̅̅
X w 

√ ) 
up to the second order.
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