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Abstract

This paper proposes an efficient method for quantifying the stratigraphic uncertainties and modeling the geological formations based
on boreholes. Two Markov chains are used to describe the soil transitions along different directions, and the transition probability matri-
ces (TPMs) of the Markov chains are analytically expressed by copulas. This copula expression is efficient since it can represent a large
TPM by a few unknown parameters. Due to the analytical expression of the TPMs, the likelihood function of the Markov chain model is
given in an explicit form. The estimation of the TPMs is then re-casted as a multi-objective constrained optimization problem that aims
to maximize the likelihoods of two independent Markov chains subject to a set of parameter constraints. Unlike the method which deter-
mines the TPMs by counting the number of transitions between soil types, the proposed method is more statistically sound. Moreover, a
random path sampling method is presented to avoid the directional effect problem in simulations. The soil type at a location is inferred
from its nearest known neighbors along the cardinal directions. A general form of the conditional probability, based on Pickard’s the-
orem and Bayes rule, is presented for the soil type generation. The proposed stratigraphic characterization and simulation method is
applied to real borehole data collected from a construction site in Wuhan, China. It is illustrated that the proposed method is accurate
in prediction and does not show an inclination during simulation.

Keywords: Geological stratigraphy; Markov chain; Transition probability matrix; Statistical method; Copula
1 Introduction

Engineering a geotechnical system requires the consider-
ation of geological formation. The stratigraphic configura-
tion can significantly influence the behavior of geotechnical
systems. For example, the failure of a slope is more likely
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dominated by the spatial distribution of weak soil layers,
and tunnel excavation in mixed face conditions is more dif-
ficult than that within a more uniform soil mass (Chen
et al., 2018, 2016; Gong et al., 2019; Tóth et al., 2013;
Vergara & Saroglou, 2017). Due to the complex deposition
processes and tectonic activities, the soil strata are spatially
heterogeneous and anisotropic in nature (Elkateb et al.,
2003). The mutually exclusive soil types may appear
embedded in one another with sharp boundaries or have
a layered structure such that the soil types are strongly cor-
related in the horizontal direction and less correlated in the
vertical direction.
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Since the stratigraphic configuration varies from site to
site, the site investigation is important in geotechnical prac-
tice. Borehole data are commonly used to delineate the
subsurface geological condition. However, due to limited
budgets and experiment conditions, the number of drilled
boreholes is usually small. As a result, the intervals between
two boreholes are quite large, such that the spatial data are
scarce along the horizontal direction. Uncertainties inevita-
bly arise when interpreting the geological information at
unsampled locations. To quantify the stratigraphic uncer-
tainties and simulate the possible stratigraphic structures,
two probabilistic approaches are mainly used. The first
approach is based on the Markov random field (MRF)
(Gong et al., 2019; Norberg et al., 2002; Li et al., 2016a,
2016b; Wang et al., 2016). In an MRF model, an element
is dependent only on its spatial neighbors. Given the state
of its neighborhood system, the conditional probability of
an element being of a specific state is explicitly expressed
as a function of clique potentials, which reflect the similar-
ity between neighboring elements and define the energy of
the Gibbs distribution of the MRF (Li, 2009). Li et al.
(2016a, 2016b) applied Markov chain Monte Carlo
(MCMC) simulation within the Bayesian framework to
obtain the maximum a posterior (MAP) estimate of the
subsurface configuration based on MRF, and successfully
solved the problem of modeling heterogeneous, anisotro-
pic, and non-stationary geological formation from sparse
borehole data. However, MRF methods have difficulty
accounting for large-scale or long-range patterns because
of the use of small cliques and fixed neighborhood systems
(Tjelmeland & Besag, 1998; Wu et al., 2004). An iterative
updating method, which is usually computationally
demanding, is typically required to generate realizations
conditioned on observations (Li & Zhang, 2008).

The second approach uses Markov chains to describe
the variation of soil types along one direction. To capture
the anisotropic geological structure, two independent Mar-
kov chains are respectively used to model transitions along
the vertical and horizontal directions. The geological for-
mation conditioned on boreholes is then simulated by cou-
pling the two Markov chains, referred to as the coupled
Markov chain (CMC) method (Elfeki & Dekking, 2001).
The CMC method is conceptually simple, and has been
successfully applied to characterize the geological stratigra-
phy for geotechnical reliability analysis as well as contam-
inant concentration predictions (Elfeki, 2006; Li et al.,
2016a, 2016b; Deng et al., 2017). In contrast to the MRF
method, the CMC method explicitly gives the conditional
probability distribution of the soil type at an unsampled
location. As a result, the CMC method is relatively more
efficient in computation (Li et al., 2004). However, the
CMC method is subject to several limitations. First, the
determination of the transition probability matrix (TPM)
lacks a robust and mathematically sound method. The
TPM is typically estimated by counting the number of tran-
sitions between states, which is apparently unstable. In par-
ticular, the counting method for the horizontal TPM is
difficult (sometimes infeasible) due to the sparse borehole
data (Li & Zhang, 2008; Qi et al., 2016). Li (2006) proposed
a transiogram concept to measure the probabilistic depen-
dency between categorical data at two spatial coordinates.
However, the number of transiogram functions to be deter-
mined will increase rapidly with the number of soil types,
causing difficulty in full quantification. Qi et al. (2016) pre-
sented a simple method to estimate the TPMs based on
Walther’s law (Elfeki & Dekking, 2005). While the diago-
nal elements of the horizontal transitions (i.e., number of
transitions from one soil type to the same soil type) are
assumed proportional to those of the vertical transitions,
the off-diagonal elements (i.e., number of transitions
between different soil types) are assumed unchanged in dif-
ferent directions. Then, the estimate of the horizontal TPM
from sparse borehole data is simplified to an estimate of the
ratio. However, in some cases, the distribution of the soils
along different directions does not obey the Walther’s law
(Weissmann et al., 1999) and the application of the method
is restricted. Second, unwanted transitions that different
Markov chains move to the same location with unequal
states have to be excluded. This exclusion in CMC models
will result in an underestimation of soil types that possess a
small proportion in the stratigraphic configuration (Li &
Zhang, 2008; Li et al., 2004). Finally, the CMC simulation
is direction-dependent. The simulated patterns are inclined
along the sampling path, resulting in different simulation
results under different sampling paths even if the same
TPMs are used (Li et al., 2004; Elfeki & Dekking, 2005;
Li et al., 2019). However, the occurrence probability of a
soil type at a location is unique. Thus, a more robust
stochastic simulation technique is needed.

Copula theory is widely used in uncertainty characteri-
zation and reliability modeling due to its efficiency in rep-
resenting multivariate probability distribution (Li et al.,
2015; Wang & Li, 2018; Prakash & Hazra, 2021). The
occurrence of a soil type at an arbitrary unobserved loca-
tion can be viewed as a random event while the similarity
between soil types at two arbitrary locations can be defined
by their stochastic dependency. In other words, the transi-
tion between soil types at any two locations can be fully
described by copula functions. As a result, a statistically
reliable method for estimating the TPMs based on sparse
borehole data becomes feasible.

This paper aims to propose a practical and efficient
Markov chain method for characterizing geological uncer-
tainties based on limited borehole data. An analytical
expression of the TPM of the Markov chain is given based
on copulas. The copula-based expression efficiently repre-
sents the elements of the TPM by a few unknown parame-
ters, and thus can handle a large number of soil types.
Moreover, due to the analytical expression, the likelihood
function can be readily derived. The estimate of the Mar-
kov chain model parameters from borehole data is then
re-casted as a multi-objective constrained optimization
problem. Finally, a random path simulation is proposed.
The conditional probability of the soil type at a location,
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given its nearest known neighbors in cardinal (i.e., vertical
and horizontal) directions, is formulated using Pickard’s
theorem and Bayes rule to avoid the problem of unwanted
transitions and directional effect in the CMC method. Real
borehole data from a construction site are used to illustrate
the proposed method.
2 Copula-based Markov chains

2.1 Copula model for discrete random variables

Copula theory provides an efficient way to construct
joint probability distributions (Nelsen, 2006). Let X and
Y be two discrete random variables and x and y be the cor-
responding realizations. According to the theorem of Sklar,
the joint cumulative distribution function (CDF) of X and
Y can be written as:

Pr X 6 x; Y 6 yð Þ ¼ C u; v; hð Þ; ð1Þ

where u ¼ F X xð Þ and v ¼ F Y yð Þ are the marginal CDFs of
X and Y , respectively; C is the copula function representing
the underlying dependence structure; and h 2 XC is the
copula parameter indicating the strength of dependence
where XC is the range of h. Note the marginal CDF can
be any discrete distributions, such as the categorical distri-
bution for soil types. For discrete random variables, the
copula C is only unique over the Cartesian product of
the ranges of the marginal distributions (Nelsen, 2006);
however, this non-uniqueness does not restrict the use of
copulas for modeling discrete data (Joe, 1997).

Based on Eq. (1), the joint probability mass function
(PMF) can thus be readily obtained by taking differences
of the copula function:

Pr X ¼ x; Y ¼ yð Þ ¼ Pr X 6 x; Y 6 yð Þ
�Pr X 6 x� 1; Y 6 yð Þ
�Pr X 6 x; Y 6 y � 1ð Þ
þPr X 6 x� 1; Y 6 y � 1ð Þ
¼Pa¼0;1

P
b¼0;1 �1ð ÞaþbC

F X x� að Þ; F Y y � bð Þ; h½ �

: ð2Þ
Table 1
Examples of copula functions.

Family Copula function Range of h

Gaussian Uh U�1 uð Þ;U�1 vð Þ� � �1; 1½ �

Frank � 1
h ln 1þ e�hu�1ð Þ e�hv�1ð Þ

e�h�1

� �
�1;1ð Þn 0f g

Clayton u�h þ v�h � 1
� ��1=h

0;1ð Þ

Gumbel exp � � ln uð Þh þ � ln vð Þh
h i1=h� 	

1;1ð Þ

* U�1 is the inverse function of the CDF of a univariate standard normal
distribution. Uh is the bivariate standard normal CDF with a correlation
coefficient of h.
There are many parametric copula functions available in
the literature. Commonly used copulas include Gaussian,
Frank, Clayton, and Gumbel, as listed in Table 1. The for-
mer two copulas are symmetric and can model both posi-
tive and negative dependences by adjusting the value of
h, while the Clayton and Gumbel copulas are usually used
to model positive dependences with asymmetric lower and
upper tails, respectively. The reflection of the random vari-
ables of a copula defines other copula functions. For exam-

ple, Ĉ u; vð Þ ¼ uþ v� 1þ C 1� u; 1� vð Þ is the survival
copula associated with C u; vð Þ. In specific, the survival
Clayton (resp. survival Gumbel) copula also models posi-
tive dependence, but the tail asymmetry is skewed to the
joint upper (resp. lower) tail. There is no need to use the
reflections of Gaussian and Frank copulas because of their
symmetric structures.
2.2 Copula-based transition

The Markov chain model is widely used to describe a
sequence of possible states in which the probability of mov-
ing to the next state depends only on the present state and
not on the past. Let X ¼ X 1;X 2; � � �;Xn½ � be a sequence of
random variables (e.g., soil types sampled in a one-
dimensional space with equal intervals), and
x ¼ x1; x2; � � �; xn½ � 2 Sn be the corresponding realizations
(e.g., a stratigraphic configuration) where S ¼ 1; 2; � � �; s½ �
is the state space (e.g., fill, sand, clay). The sequence is a
Markov chain if

Pr X k ¼ xkjX k�1 ¼ xk�1; � � �;X 1 ¼ x1ð Þ
¼ Pr X k ¼ xkjX k�1 ¼ xk�1ð Þ; ð3Þ

where Pr X k ¼ xkjX k�1 ¼ xk�1ð Þ is the one-step transition
probability. The transition probabilities for all possible
state changes fully specifies the Markov chain model and
can be written in terms of a stochastic matrix P (i.e.,
TPM), where the (i, j)- entry of P corresponds to the prob-
ability of transition from state i to state j:

Pi;j ¼ Pr X k ¼ jjX k�1 ¼ ið Þ

¼ Pr X k ¼ j;Xk�1 ¼ ið Þ
Pr X k�1 ¼ ið Þ ; i; j 2 S: ð4Þ

In particular, the diagonal entries of P indicate the prob-
ability that the state remains unchanged while the off-
diagonal entries indicate the probability of transition
between different states. For stationary Markov chains,
both Pr X k�1 ¼ ið Þ and Pr X k ¼ j;X k�1 ¼ ið Þ are invariant
and thus the TPM is independent of the transition step.
From Eq. (2), the elements of the TPM can be re-written as

Pi;j ¼
P

a¼0;1

P
b¼0;1 �1ð ÞaþbC F X j� að Þ; F X i� bð Þ; h½ �

F X ið Þ � F X i� 1ð Þ ; ð5Þ

where F X denotes the invariant marginal distribution. The
copula function represents the stochastic dependence struc-
ture underlying the joint probability. For different copulas,
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the joint probability is different even if they share the same
marginal distributions. As a result, the conditional distri-
butions are different, which produces different TPMs. In
other words, the copula function governs the geological
transition processes. Note that the TPM is symmetric due
to the stationarity (i.e., Pr Xk ¼ jjX k�1 ¼ ið Þ ¼ Pr
X k�1 ¼ jjX k ¼ ið Þ ¼ Pi;j). The N-step TPM is obtained by
multiplying the one-step TPM N times:

Pr X k ¼ jjXk�N ¼ ið Þ ¼ PN
i;j; ð6Þ

where PN
i;j denotes the (i, j)-entry of the matrix that

obtained by computing P to the N power. If the Markov
chain is irreducible and aperiodic, we have

lim
N!1

PN
i;j ¼ F X jð Þ � F X j� 1ð Þ: ð7Þ

Thus, the marginal distribution can be viewed as a prior
distribution of the stationary state (i.e., probability of X
regardless of the initial observation). Hereafter, the prior
marginal probability of X being a state is denoted as px
(i.e., px ¼ Pr X ¼ xð Þ). For a Markov chain with s possible
states, the assignment of a TPM typically requires an esti-
mate of s� s� 1ð Þ unknown elements. Contrastingly, there
are only s� 1ð Þ unknown marginal distribution parameters
and one unknown copula parameter in the above expres-
sion. The number of unknown parameters in the copula-
based transition increases linearly with the dimension of
the state space. Therefore, the representation of the TPM
is efficient. In previous methods, the lack of an efficient
analytical expression of the TPM prohibits an efficient
and robust estimate of TPM from data. The use of copulas
solves this problem and allows the estimation to be
achieved by a more robust statistical fitting method such
as maximum likelihood.

3 Estimating transition probabilities based on borehole data

Assume that we have m independently observed
sequences and each sequence contains n data. Let
xi ¼ xi;1; xi;2; � � �; xi;n½ �, i ¼ 1; � � �;m denote the dataset (con-
tinuous observations). The log-likelihood of the corre-
sponding Markov chain model is:

L ¼
Xm
i¼1

ln Pr X 1 ¼ xi;1ð Þ½ � þ
Xn�1

j¼1

ln Pr X jþ1 ¼ xi;jþ1jX j ¼ xi;j
� �� �( )

:

ð8Þ
Recalling Eq. (5), the log-likelihood of the Markov

chain model with continuous observations can be re-
written as

L ¼
Xm
i¼1

ln pxi;1 þ
Xn�1

j¼1

lnPxi;j;xi;jþ1

 !
; ð9Þ

where Pxi;j;xi;jþ1
denotes xi;j; xi;jþ1

� �
-entry of the one-step

TPM (i.e., row = xi;j and column = xi;jþ1).
If some data are missing in the observed sequence, the

likelihood can be estimated using the multi-step TPM.
Let xi ¼ xi;1; xi;2; � � �; xi;n½ �, i ¼ 1; � � �;m still denote the data-
set. However, each observed sequence has some missing
data at the same steps, and the steps between two succes-
sive observations are q ¼ q1; q2; � � �; qn�1½ � (discontinuous
observations). For example, q1 denotes that there are q1-
steps between xi;1 and xi;2 for i ¼ 1; � � �;m. Recalling Eq.
(6), the log-likelihood of the Markov chain model with dis-
continuous observations can be written as

L ¼
Xm
i¼1

lnpxi;1 þ
Xn�1

j¼1

lnPqj
xi;j;xi;jþ1

 !
: ð10Þ

In geotechnical engineering practice, the stratigraphic
uncertainties are usually described by two independent
Markov chains: the vertical Markov chain describes the
transition of soil types along the vertical direction, and
the horizontal Markov chain describes the transition of soil
types along the horizontal direction. The borehole data can
thus be regarded simultaneously as the continuous obser-
vations of the vertical Markov chain and the discontinuous
observations of the horizontal Markov chain. Suppose the
field of interest is discretized into a lattice and the geolog-
ical formations at the explored locations are mapped into
this lattice, as illustrated in Fig. 1. Then, the log-
likelihood of the Markov chains can be given as

LV ¼
Xn
j¼1

lnpx1;j þ
Xm�1

i¼1

ln PVð Þxi;j;xiþ1;j

" #
; ð11Þ

LH ¼
Xm
i¼1

lnpxi;1 þ
Xn�1

j¼1

ln PHð Þqjxi;j;xi;jþ1

" #
; ð12Þ

where PV and PH are the one-step TPMs of the vertical and
horizontal Markov chains, respectively.

Apparently, the prior probability of the occurrence of a
soil type in the field px is unique and sums to one. More-
over, suppose two copulas CV �; �; hVð Þ and CH �; �; hHð Þ are
used to represent PV and PH, respectively. The copula
parameters must satisfy that hV 2 XCV

and hH 2 XCH
.

Therefore, the estimate of the model parameters can be
re-casted as a multi-objective constrained optimization
problem as follows:

max
LV

LH

�

s:t:

Ps
x¼1px ¼ 1

hV 2 XCV
; hH 2 XCH

� : ð13Þ

Given specific copula families for vertical and horizontal
TPMs, the marginal distribution px and the copula param-
eters hV and hH can be obtained by solving the above prob-
lem. There are several methods available in the literature to
solve the multi-objective constrained optimization prob-
lem. Here, we propose to transform the multi-objective
optimization problem into a single-objective optimization
problem by simply averaging the objective functions. Then,
the problem can be solved using Matlab’s nonlinear pro-
gramming solver ’fmincon’. To select the best copula fam-



Fig. 1. Illustration of borehole data in a lattice.
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ilies, a natural way is to examine all possible combinations
of candidate copulas for vertical and horizontal TPMs and
compare the corresponding model fitness using some infor-
mation criteria. Here, we only consider one-parameter cop-
ula families. As a result, the best copula families for vertical
and horizontal TPMs are selected such that L is the maxi-
mum among all possible family combinations.
4 Generating stratigraphic configurations conditioned on

borehole data

Before generating a stratigraphic configuration, a sam-
pling path has to be defined. A practical method is to use
the sequential sampling path (e.g., a left-to-right and top-
down sampling order). By computing the conditional prob-
ability of two Markov chains moving to the same location
with the same state, the soil type at this unsampled location
can be simulated. The simulated soil type is then taken as
the conditioning variable for a simulation at the next loca-
tion, and this process is repeated until all cells in the lattice
are filled with soil types. However, it is known that such a
predefined sequential sampling path can affect the simula-
tion result (Li et al., 2004; Elfeki & Dekking, 2005; Li
et al., 2019). Moreover, the direct coupling of the two Mar-
kov chains excludes unwanted transitions, which leads to a
biased conditional probability for simulation (Li & Zhang,
2008; Li et al., 2004). To avoid these problems, a random
path simulation scheme is proposed. Here, we randomly
choose an unsampled cell and infer its state based on the
nearest known neighbors along the cardinal (i.e., vertical
and horizontal) directions. The conditional probability
for simulation is derived using Pickard’s theorem and
Bayes rules to avoid the exclusion of unwanted transitions.
Fig. 2. Sparse-data structure in a lattice.
4.1 Conditional independence of sparse data

In image processing, the adjacent neighbors in cardinal
directions of a cell are usually assumed conditionally inde-
pendent for lattice data (Idier et al., 2001; Fjortoft et al.,
2003). This is known as the Pickard MRF (Pickard,
1980). According to the Pickard’s theorem, any two diago-
nally adjacent pixels within a generic clique are condition-
ally independent. Li and Zhang (2008) extended this
conditional independence to sparse data for remote inter-
action. They proved that the nearest known neighbors in
the general sparse-data structure, as shown in Fig. 2, are
conditionally independent. That is, the nearest four known
neighbors A, B, C, and D are conditionally independent
given x (Li & Zhang, 2008).

Using Bayes rule, the conditional probability of x given
the nearest four known neighbors can be readily computed:

Pr xjA;B;C;Dð Þ ¼ Pr A;B;C;Djxð ÞPr xð ÞPs

x¼1
Pr A;B;C;Djxð ÞPr xð Þ

¼ Pr Ajxð ÞPr Bjxð ÞPr Cjxð ÞPr Djxð ÞPr xð ÞPs

x¼1
Pr Ajxð ÞPr Bjxð ÞPr Cjxð ÞPr Djxð ÞPr xð Þ

: ð14Þ

The conditional probability given less than four known
neighbors can be obtained analogously. For example, if
there is no observed cell on the left of x, the corresponding
conditional probability Pr xjB;C;Dð Þ can be obtained by
removing the term Pr Ajxð Þ from the denominator and
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numerator. In particular, when there are no observations
along the cardinal directions, the conditional probability
becomes the marginal probability Pr xð Þ.

Owing to the symmetry of the TPM in stationary Mar-
kov chains, Eq. (14) can be written as

Pr xjA;B;C;Dð Þ ¼ PHð Þq1x;A PVð Þq2x;B PHð Þq3x;C PVð Þq4x;DpxPs
x¼1 PHð Þq1x;A PVð Þq2x;B PHð Þq3x;C PVð Þq4x;Dpx

:

ð15Þ
It is shown that the conditional probability can be effi-

ciently expressed by the copula-based TPM and marginal
distribution. This equation is different from the conditional
probability given in previous works (Li & Zhang, 2008;
Elfeki & Dekking, 2001; Li & Zhang, 2006). It is clear that
there is no exclusion of unwanted transition, and the pro-
posed expression is general because it does not depend on
the assumed transition direction of the Markov chains.

4.2 Random path sampling

Using the general conditional probability of the soil type
given its nearest known neighbors, it is unnecessary to fol-
low a sampling path that is consistent with the transition
direction. To avoid the directional effect problem, the fol-
lowing random path simulation method is proposed:

(1) Define a lattice and map the observed soil types (e.g.,
borehole data) into the lattice;

(2) Generate the soil type at an unsampled location:
i Randomly choose an unsampled cell in the lattice;
ii Search the nearest known neighbors along the hor-

izontal and vertical directions;
iii Determine the number of nearest known neighbors

and obtain the steps between each neighbor and
the unsampled cell;

iv Calculate the conditional probability accordingly
using Eq. (15) (needs modification if less than four
neighbors are observed), and generate the soil type
at the unsampled cell.

(3) Repeat step 2 until all unsampled cells are filled with
soil types.

(4) Repeat the simulation for M times. Calculate the
total information entropy of the simulated strati-
graphic configurations as H ¼ 1

Zj j
P

z2Z
P

x2S p̂x zð Þ
ln p̂x zð Þ, where z is the index of the cell in the lattice,

Z is the index set indicating all cells, p̂x zð Þ is the esti-

mated probability of a soil type at the z-th cell based
on the simulations, and Zj j denotes the cardinality of
the set Z (Li et al., 2016).

5 Case study

Borehole data from a construction site in Wuhan,
China, were collected. The relative location and the geolog-
ical stratigraphy of the boreholes are shown in Fig. 3. The
explored depth is approximately 60 m on average and the
length of the investigated area is 206 m. There are five soil
types, namely miscellaneous, clay, fine sand, coarse sand,
and weathered rock, which are labeled by 1–5. The bound-
aries of the soil strata were sketched by several experts
based on their domain knowledge and experience in geo-
logical data interpretation.

The field is discretized into a lattice with the cell width of
4 m and cell height of 0.5 m. A finer discretization scheme
may be adopted; however, the diagonal elements in the
TPMs will approach 1, which means that the copula
parameters tend to reach the upper limit of the range and
thus it is difficult to solve the corresponding constrained
optimization problem. The TPM describing the soil type
transitions is typically diagonally dominant, implying that
the dependences between the soil types at two neighboring
locations are positive due to their similarity. The copulas
listed in Table 1, the survival Clayton, and survival Gum-
bel copulas are selected as candidates because of their abil-
ity to model positive dependences. As a result, the ranges of
the Gaussian and Frank copula parameters can be nar-
rowed down to 0; 1ð Þ and 0;1ð Þ, respectively. Since there
are 6 candidate copula families for describing the depen-
dence along each direction, a total of 36 models need to
be evaluated. Figure 4 presents the values of the objective
function corresponding to different copula combinations.
The copula families along the vertical and horizontal direc-
tions are both Frank in the best model. The estimated
Frank copula parameters are 91.83 and 461.29, respec-
tively. The estimated marginal distributions of the soil
types are p1 = 0.048, p2 = 0.210, p3 = 0.481, p4 = 0.040,
and p5 = 0.221, which are generally consistent with their
proportions in the revealed borehole data. The vertical
and horizontal TPMs are given in Table 2. It is shown that
the TPMs are diagonally dominant, particularly for the
horizontal transitions, implying a layered structure. Note
only the fine sand can be neighbors of the coarse sand.
To respect this juxtaposed relationship, we can correct
the TPMs by setting the corresponding elements (e.g., the
probabilities of transitions between coarse sand and weath-
ered rock) to 0 and normalize the remaining probabilities.

A number of stratigraphic configurations conditioned
on the boreholes are generated using the estimated TPMs.
Since the simulation is based on the explicit conditional
probabilities rather than iterative updating, running 500
simulations only requires less than 1 min. Figure 5 presents
the variation of the total information entropy, which
appears to converge fast. Figure 6(a) shows a typical real-
ization of the stratigraphic configuration. The coarse sand
soil layer appears to be embedded in the fine sand soil
layer, while a small pocket of fine sand is reversely included
in the coarse sand soil layer. This mutual inclusion is a
common phenomenon in practice (Elkateb et al., 2003).
Figure 6(b) shows the most probable stratigraphic configu-
ration, i.e., the soil type at each cell is determined according
to its occurrence frequency in the realizations. It is clear



Fig. 3. Drilled boreholes and revealed soil strata.

Fig. 4. Objective function values corresponding to different copula family combinations.
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that the most probable configuration is generally consistent
with the sketch plot provided by the experts. However, the
sketch is rather qualitative whereas the geological uncer-
tainty is quantified in terms of information entropy using
the proposed method, as shown in Fig. 7. The region of
high uncertainty about the soil strata mainly occurs around



Table 2
Estimated TPMs based on borehole data.

Vertical TPM Horizontal TPM

State 1 2 3 4 5 1 2 3 4 5

1 0.846 0.154 0 0 0 0.969 0.031 0 0 0
2 0.036 0.928 0.036 0 0 0.007 0.986 0.007 0 0
3 0 0.016 0.969 0.015 0 0 0.003 0.994 0.003 0
4 0 0 0.183 0.635 0.182 0 0 0.038 0.924 0.038
5 0 0 0.001 0.033 0.966 0 0 0 0.007 0.993

Fig. 5. Total information entropy as a function of the number of
simulations.
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the interface between different soil types and is far from
available borehole information. In addition, the coarse
sand soil stratum is not continuous between boreholes 2
and 3. The revealed coarse sand soil stratum in one bore-
hole does not appear in the other borehole at the same ele-
vation. Thus, the uncertainties of the geological formations
at these regions are high. However, it is inferred that the
location where the coarse sand is likely to disappear and
Fig. 6. (a) A typical realization, and (b) the m
the corresponding high entropy region are both proximal
to borehole 2. The reason is that the relatively shallow
coarse sand soil stratum (approximately 29 to –36 m below
the surface) is continuous on the right and possesses a large
proportion in this local area. Thus, it is more likely to have
a horizontal extension to the left. In contrast, the coarse
sand soil stratum in the deeper layer (approximately 47
to 50 m below the surface) is less continuous on the left
and thus less likely to extend horizontally to the borehole
on the right.
5.1 Comparison to the method based on Walther’s law

To evaluate the accuracy of the proposed method, data
collected from a single borehole is taken as the testing data-
set while their predictions are made using the model that is
developed based on the remaining five boreholes. Then, the
prediction accuracy is calculated as follows:

Accuracy ¼ N e

Nb

� 100%; ð16Þ

where Nb is the size of testing dataset (i.e., number of cells
along the borehole used for testing), and N e is the number
of cells which have the same soil types in both observed
borehole and most probable stratigraphic configuration.
For comparison, the predictions based on Walther’s law
are also presented. Table 3 demonstrates the model param-
ost probable stratigraphic configuration.



Fig. 7. Information entropy plot for the construction site.

Table 3
Estimated parameters and prediction accuracy of different models for each dataset.

Testing dataset Walther’s law Copula approach

K-value Prediction accuracy (%) CV hV CH hH Prediction accuracy (%)

Borehole #2 4.94 93.3 Survival Gumbel 21.33 Frank 504.51 93.3
Borehole #3 5.84 81.7 Frank 90.42 Frank 640.78 90.0
Borehole #4 4.46 90.8 Survival Gumbel 21.57 Gumbel 110.35 91.7
Borehole #5 4.02 95.0 Frank 93.93 Frank 424.24 96.7
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eters and prediction accuracies from different methods.
Data from the two outmost boreholes are not taken as test-
ing datasets because these data are necessary to infer
Walther’s constant. The Walther’s constant K-value,
defined as the ratio of horizontal length to vertical length
(Qi et al., 2016), is shown as inconsistent when different
boreholes are to be predicted, implying the assumption of
a fixed inclination of stratigraphy may be incorrect, i.e.,
the layout of the soil stratum does not obey the Walther’s
law. The copula approach uses two different copula models
to characterize the transitions along different directions.
Thus, it is more flexible to capture the transitions.
Although the best copula family combinations are different
when different boreholes are to be predicted, the correla-
tions implied by the copula models are generally consistent.
In the vertical direction, the Kendall’s rank correlations
between two neighboring cells when predicting boreholes
#2–#4 are 0.9531, 0.9536, 0.9566, and 0.9582, respectively.
In the horizontal direction, the Kendall’s rank correlations
between two neighboring cells when predicting boreholes
#2–#4 are 0.9921, 0.9938, 0.9909, and 0.9906, respectively.
Due to the increased model flexibility, the prediction accu-
racy from the proposed method is generally higher. In par-
ticular, the improvement in prediction accuracy is
significant for data from borehole #3. The reason is per-
haps that the dip direction is varied such that it cannot
be captured by a fixed K-value. As revealed in the drilled
boreholes, borehole #3 is close to borehole #4 but the
observed depths of interface between different soil types
are quite different (e.g., the thickness of the coarse sand
layer in borehole #3 is larger than borehole #2), implying
that the K-value in the local region is smaller than average
in the whole region. However, the inferred K-value tends to
be large (K = 5.84) when data from borehole #3 are
missing.

5.2 Effect of sampling path

To investigate the effect of sampling path on the result,
the simulations are re-run with a left-to-right and right-to-
left sequential sampling path, respectively. The TPMs are
the same as those used in the random sampling path.

Figure 8 presents the most probable stratigraphic con-
figurations under the two sequential sampling paths. Due
to the directional effect, the two simulations are different
despite the use of the same TPMs. For example, the length



Fig. 8. Most probable stratigraphic configuration under sequential sampling path: (a) from left to right, and (b) from right to left.
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of the coarse sand layer between borehole #2 and #3 is lar-
ger if the horizontal simulation started from cells of coarse
sand soil type. As shown in the simulated stratigraphic con-
figurations between borehole #2 and #3, when simulations
are implemented from left to right, the boundary of the
lower coarse sand layer is closer to borehole #3 than that
simulated in the opposite direction. In contrast, the bound-
ary of the upper coarse sand layer is closer to borehole #2
if simulations are from right to left. Particularly, as pre-
sented in the circled region in Fig. 8(a), the coarse sand
layer between borehole #1 and #2 is continuous if they
are simulated from left to right; however, there are two sep-
arate clusters of coarse sand soils in the same region Fig. 8
(b). This major difference is explained in Fig. 9. When
focused on the circled region, the relative position between
observed coarse sand and fine sand soil layers in borehole
#1 happens to be reversed in borehole #2. Due to the high
correlation between cells in the horizontal direction, the
top cells, which are close to the borehole at one side, tend
to have the same soil type as that observed in the borehole.
Therefore, when the cells in the next row are to be simu-
Fig. 9. Coarse sand soil layer between borehole #1 and #2 simulated from
different directions.
lated from left to right, the cells near borehole #1 are more
likely to be coarse sand because the corresponding top cell
is probably coarse sand and the horizontal Markov chain is
also conditioned on a future state of coarse sand. As a
result, the coarse sand soil layer tends to expand from
the upper left corner to the right bottom corner in Fig. 9.
In contrast, if the cells are simulated from right to left,
the fine sand soil layer tends to expand from the upper
right corner to the left bottom corner, which separates
the coarse sand soil cells into two clusters.

As illustrated above, the undesired directional effect
occurs because the state of the sampled cells has influence
on the state of the unsampled cells. Although the soil types
in the observed cells are the same, the sequence of using
these observed cells for simulation may be different under
different predefined sampling paths, resulting in different
simulation results. The undesired directional effect is
avoided using the proposed random sampling path because
the TPMs along one dimension are invariant when mod-
eled from different directions.
6 Conclusions

This paper proposes a statistical method for characteriz-
ing the TPMs of the Markov chains that are used to
describe the soil transitions. The use of copulas enables
an analytical expression of the TPM and provides an expli-
cit likelihood function of the Markov chain model. This
copula representation is efficient because the number of
unknown parameters does not increase rapidly as the
dimension of state space increases. The estimation of the
unknown parameters from borehole data is then formu-
lated as a multi-objective constrained optimization
problem.

The proposed method was applied to a real construction
site. The estimated TPMs are both diagonally dominant,
particularly in the horizontal direction, indicating a layered
structure of the stratigraphic configuration. The estimated
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prior marginal probability reveals that the miscellaneous
soil type and coarse sand soil type are small classes. This
result is consistent with the observations in the boreholes.
The simulation gives a quantitative description of the
stratigraphic configuration conditioned on observed bore-
hole data. The most probable geological map agrees well
with the sketch plot provided by experienced experts while
the uncertainty about the geological formation is given in
the information entropy plot. The region of high entropy
value mainly occurs around the interface between different
soil types and far from drilled boreholes. The accuracy of
the proposed method for predicting soil types at unob-
served locations is generally higher. The reason for its high
accuracy is that the proposed method does not rely on
specific assumptions, such as the Walther’s law used for
defining the relationships between different transition direc-
tions. Therefore, the proposed method is more flexible to
capture complex geological stratigraphy such as varied
stratum dip direction.

The quantification of the geological uncertainty usually
requires the simulation of the stratigraphic configuration
conditioned on boreholes. To avoid the directional effect
in simulation, a random path sampling method is pre-
sented. Using Pickard’s theorem and Bayes rule, a general
form of the conditional probability of soil type is given.
The soil type at a location is inferred from its nearest
known neighbors along the cardinal directions (i.e., vertical
and horizontal). The case study reveals that this random
path sampling scheme does not suffer from the problem
of directional effect. In contrast, the simulated stratigraph-
ical configuration is influenced by the predefined sequential
sampling path. Sometimes, this influence is significant, as
illustrated that the inferred coarse sand soil layer is contin-
uous and separate when simulations are from left to right
and right to left, respectively.

The proposed copula method for model parameter esti-
mation and the random path sampling scheme for simula-
tion proves to be effective and efficient. However, this
method assumes that the Markov chains are stationary.
This assumption generally holds in a site with small scales.
For large-scale site characterizations, more complex depen-
dences such as directional asymmetry have to be consid-
ered, which requires the adaptation of the copula model
and the use of more flexible copula families. Moreover,
the modeling along two orthogonal directions may not be
adequate for non-layered geological structures. Future
researches are required to describe the transitions in a more
sophisticated pattern.
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