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A B S T R A C T

Deep underground rocks exhibit significant layered heterogeneity due to geological evolution and sedimentation.
Rock fracture toughness, as one of the important indicators of hydraulic crack propagation, also exhibits het-
erogeneous distribution. In order to investigate the influence of non-uniform fracture toughness of layered rocks
on hydraulic crack propagation, this paper establishes a planar three-dimensional hydraulic crack propagation
model. The model is numerically solved using the 3D displacement discontinuity method (3D-DDM) and the finite
difference method. The calculation results indicate that when the distribution of the fracture toughness of layered
rocks changes from uniform to non-uniform, the fracture morphology develops from a standard circular crack to
an elliptical crack. When the difference of the rock fracture toughness between adjacent rock layers and the
middle rock layer (pay zone) is large enough, the fracture morphology will develop towards a rectangular shape.
In addition, when the fracture toughness of rock layers is non-uniformly distributed, the hydraulic crack not only
rapidly expand in the softening layer (rock layer with lower fracture toughness), but also slowly propagate in the
strong layer (rock layer with higher fracture toughness). However, the propagation speed in the softening layer is
much faster than that in the strong layer. The results indicate that the heterogeneity of rock fracture toughness has
an important impact on the morphology, propagation speed, and direction of hydraulic fractures.
1. Introduction

Hydraulic fracturing, an innovative fracture creation technology in
deep underground engineering, is extensively utilized in shale oil and gas
extraction [1], coal seam roof cutting and decompression [2], gas pre-
vention and control [3], geothermal energy extraction [4], and in-situ
stress measurement [5]. Its mechanical mechanism comprises two pri-
mary parts: one is the stress-strain field of the rock within the fracture,
characterized by fluid-solid mechanical coupling, and the fluid flowing
velocity and pressure fields within the fracture; the other is the speed and
direction of fracture propagation, described by fracture mechanics. The
former's mechanical model is more developed, in which the rock
stress-strain field is obtained through semi-analytical solution for frac-
ture aperture [6,7], and the fluid flowing velocity field and pressure
distribution are represented by momentum conservation and fluid
lubrication equations [8]. The latter about rock fracture propagation
patterns and mechanism is still subject to much controversy [9,10], but
largely agree on conditions for fracture propagation, delineated by rock
orm 17 March 2024; Accepted 24

ces by Elsevier B.V. on behalf of K
y-nc-nd/4.0/).
fracture toughness.
Rocks of deep shale oil and gas reservoir exhibit pronounced layered

heterogeneity because of their extensive sedimentation and compaction
[11,12]. Each layer possesses unique in-situ stress, shear modulus,
porosity, permeability, and fracture toughness [13]. Most of the research
mainly focuses on in-situ stress [14,15], shear modulus [16,17], and
porosity [18,19] heterogeneity effects on hydraulic fracture propagation,
yet studies on rock fracture toughness heterogeneity impact remain
limited [20]. Both experimental and numerical data suggest that fracture
toughness in unconventional reservoir rocks is unevenly distributed,
attributed to the rock anisotropy and the spatiotemporal variations in
their structural components [21,22]. Results in Refs. [20,23] indicate
that rock fracture toughness is one of pivotal parameters for fracture
initiation and propagation. However, in most studies on the effects of
rock layered heterogeneity on hydraulic fracture propagation [24–27],
the heterogeneity of rock fracture toughness has been considered with
other variables like shear modulus and in-situ. What role does the layered
heterogeneity of the fracture toughness play in the hydraulic fracture
March 2024
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Fig. 1. 3D schematic diagram of the hydraulic fracture around the wellbore.

Fig. 2. Cross-sectional view of the plane where the hydraulic fracture is located.

Fig. 3. Initial fracture triangular mesh division.

Fig. 4. Three displacement forms of triangular fracture element in local coor-
dinate system.
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propagation? They did not mentioned this in these articles. This high-
lights a significant gap in examining heterogeneous fracture toughness as
a standalone influencing factor.

Indeed, some scholars have used the fracture toughness as an inde-
pendent influencing factor to study its impact on fracture propagation
[28,29]. In the reference [28], based on the KGD model, a
quasi-three-dimensional (3D) fracture propagation model is proposed. In
the reference [29], a planar-3D model is proposed for studying the effect
of anisotropic fracture toughness on hydraulic fracture propagation.
However, in this model the rock fracture toughness for propagation is a
combination of fracture toughness perpendicular to the bedding direc-
tion and fracture toughness parallel to the bedding direction, which still
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has a certain difference from the real layered heterogeneity of rock
fracture toughness.

In the realm of 3D crack propagation models, researchers have
developed and examined displacement discontinuity methods for layered
rocks [30,31]. Studies have also explored the propagation of
penny-shaped fluid-driven fractures in impermeable rocks, incorporating
fluid leak-off considerations [32]. Additionally, investigations into stress
intensity factors for branching cracks in 3D environments have been
conducted [33,34]. The topic of reservoir and management of hydrau-
lically driven fractures in 3D spaces has been addressed in research [35,
36].



Fig. 5. Comparison of the analytical solution and 3D-DDM numerical solution for the initial fracture aperture.

Table 1
Distribution of non-uniform fracture toughness in layered rocks.

rock layer KIc= (MPa �m0:5)

Case 1 Case 2

upper layer K1
Ic 1.5 1.5

middle layer K2
Ic 1 2

lower layer K3
Ic 1.5 1.5
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A notable limitation of these existing models is their lack of focus on
the early stages of hydraulic fracture evolution [37]. This includes both
the pre-propagation phase and the initial propagation stage [38,39].
Furthermore, these models often overlook critical factors such as the
wellbore radius and the distribution of fluid pressure within a fracture
[40,41]. These elements are crucial for a comprehensive analysis of the
models.

Therefore, in order to overcome the above-mentioned drawbacks, in
this paper a planar-3D fracture propagation model is established to
Fig. 6. Fracture contours at different momen
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investigate the effect of layered heterogeneous fracture toughness in
reservoir rocks on the initiation and expansion of hydraulic fracture.
Understanding this propagation mechanism is crucial for guiding hy-
draulic fracturing engineering in complex heterogeneous reservoirs.

2. Mathematical model

2.1. Basic assumptions

In the surrounding rock of a hydraulic fracturing wellbore, an initial
penny-shaped fracture is observed, as illustrated in Fig. 1: the blue cyl-
inder represents the fracturing wellbore, with a radius denoted as r0,
while the grayish-yellow circular region encircling the wellbore denotes
the initial fracture with a radius of R0. This fracture is moderately open,
sustained by a controlled volume of fracturing fluid, which has a uni-
formly distributed pressure with a magnitude of p0. The fracture aper-
ture, denoted as w, varies at different points and is measured at a radius r.

To simplify the model, the following assumptions have been adopted
for the hydraulic fracture propagation:
ts for the middle layer as a weak layer.



Fig. 7. Fracture contours at different moments for the middle layer as a
strong layer.
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(1) The reservoir rock is assumed to be an isotropic linear elastic
homogeneous medium with low permeability and low porosity,
thereby neglecting the seepage of the fracturing fluid.

(2) The influence of the lagging zone of fracturing fluid at the fracture
tip is disregarded, implying that the front of the fracturing fluid
coincides with the fracture tip, and that the fracturing fluid fills
the entire fracture.

(3) The fracturing fluid is characterized as an incompressible New-
tonian fluid with a viscosity coefficient of μ.
Fig. 8. Pressure distribution at different mom
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(4) The hydraulic fracture propagates within the fracture plane, and
propagation occurs when the stress intensity factor KI � KIc (rock
fracture toughness).
2.2. Fracture aperture solution

As shown in Fig. 1, the planar hydraulic fracture is symmetrical about
the z-axis. In the cylindrical coordinate system, the relationship between
the fracture aperture (width) wðr;θ;tÞ, in-situ stress σ0, and the fracturing
fluid pressure pf ðr; θÞ can be expressed as [42]

pðr; θÞ ¼
Z
ΩðtÞ

Cðr; θ; ξ; ηÞwðξ; η; tÞdξdη (1)

In this formula p ¼ pf � σ0 denotes the difference between the fracturing
fluid pressure and in-situ stress, which reflects the residual pressure of
the fracturing fluid; ΩðtÞ is the region occupied by the fracture on the
fracture plane at time t; the non-local kernel function C contains all the
information about the layered elastic medium. This complex boundary
value problem, stemming from fractures, presents analytical challenges
and will be addressed using the 3D displacement discontinuity method
(3D-DDM) [43].
2.3. Fracturing fluid flow model

When disregarding the seepage of fracturing fluid, the continuity
equation for the flow of fracturing fluid is

∂w
∂t þ

1
r
∂ðrwurÞ

∂r þ 1
r
∂ðrwuθÞ

∂θ ¼ 0 (2)

where urðr; θ; tÞ and uθðr; θ; tÞ denote the radial and tangential flowing
velocities of the fracturing fluid, respectively. Prior to the propagation of
the hydraulic fracture, owing to the fracture's symmetry, all variables are
independent of coordinate θ. It results in no tangential flow (uθ ¼ 0),
which eliminates the third term in equation (2).

According to lubrication theory and Poiseuille's principle, the flowing
ents for the middle layer as a weak layer.



Fig. 9. Pressure distribution at different moments for the middle layer as a
strong layer.
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velocity field of the fracturing fluid complies with the momentum con-
servation equation:

rp ¼ � μ'

w2
u (3)

where μ
0 ¼ 12μ (μ is the fracturing fluid viscosity coefficient), and u ¼

ður ; uθÞ denotes the fluid flowing velocity vector.
The fracturing fluid is pumped at a constant rate, implying that the

volume of fluid pumped into the fracture per unit time remains constant,
represented as Q0. According to the local volume conservation principle,
the boundary condition must be met at the interface between the well-
Fig. 10. Three-dimensional fracture contou
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bore and the fracture:

w � ur ¼ Q0

2πr0
; r ¼ r0 (4)

Ignoring the seepage of fracturing fluid, the flow rate at the fracture
tip equals zero, denoted as

�w3

μ0
∂p
∂r ¼ 0; r ¼ RðθÞ (5)

where r ¼ RðθÞ denotes the boundary curve of the hydraulic fracture.
Owing to the non-uniformity of fracture toughness, the fracture propa-
gation across layers results in varying propagation speeds in different
radial directions, causing the radius lengths of the fracture to differ in
each radial direction.

Initially, the entire fracture remains slightly open, with the fracturing
fluid within it being relatively static and exhibiting a uniformly distrib-
uted pressure, denoted as

pf ðr; θÞ¼ p0; t ¼ 0 (6)

2.4. Heterogeneous fracture toughness of layered rocks

According to linear elastic fracture mechanics, there are three
different forms of rock failure, which are characterized by three stress
intensity factors (tensile KI, in-plane shear KII, and anti-plane shear KIII).
In this planar 3D model only the first tensile failure is considered,
because the shear stresses between the two surfaces of hydraulic fracture
are ignored due to the assumption of homogeneous in-situ stress.

To accurately depict the layered heterogeneity of rocks fracture
toughness, and to facilitate computation, the reservoir rocks are divided
into three layers: upper, middle, and lower, as illustrated in Fig. 2. The
fracture toughness of each rock layer is identified as K1

Ic, K2
Ic, K3

Ic,
respectively. The elastic modulus E, Poisson's ratio ν, and in-situ stress σ0
exhibit a uniform distribution in each layer. The center of the initial
fracture (wellbore) is situated in the center of the middle layer rock
(indicated by the red dot), with the fracture region Ω enclosed by the
black circle. As the fracturing fluid is continually injected, once the
fracture propagation condition KI � Ki

Ic (i ¼ 1; 2; 3) is satisfied at the
fracture boundary, it propagates forward along its radial direction, as
depicted by the dashed arrows in Fig. 2.

According to linear elastic fracture mechanics theory, when K1
Ic, K

2
Ic,

K3
Ic differ, the ease of fracture propagation in each layer varies corre-

spondingly, and the fracture boundary does not form a regular circular
ring. From an engineering perspective, it is preferable for hydraulic
r for the middle layer as a weak layer.



Fig. 11. Three-dimensional fracture contour for the middle layer as a strong layer.

Fig. 12. Evolution of hydraulic fracture radius along the x-axis and y-axis directions over time for the middle layer as a weak layer.
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fractures to maximally propagate within the pay zone, rather than
expand into other rock layers.

3. Model solution

3.1. Rock deformation model solution

The relationship between the fracture aperture w, the fracturing fluid
pressure pf , and the in-situ stress σ0, as delineated in equation (1), can be
solved using the 3D-DDM. The advantage of this numerical method is its
lack of necessity to mesh the entire rock layers, rather, it only requires
meshing the planar fracture region, thereby significantly reducing the
number of mesh elements. As shown in Fig. 3, the initial planar fracture
region Ω is segmented into several triangular elements both radially and
tangentially, where (i, j) represent the numbering of the triangular ele-
ments, and m and n indicate the maximum indices for the radial and
126
tangential numbering of the fracture mesh elements. Each triangular
element corresponds to the upper and lower surfaces of the fracture.

Select a triangular fracture element ω on the planar fracture region Ω,
whose upper and lower surfaces are denoted as sþ and s�, respectively.
Then, under external loading, three independent discontinuous relative
displacements Dx0 , Dy0 , Dz0 may occur in the local spatial coordinate

system o0 � x0y0z0 , illustrated by the red dashed arrows in Fig. 4:

Dx0 ¼ uþ
x0 � u�x0

Dy0 ¼ uþ
y0 � u�y0

Dz0 ¼ uþ
z0 � u�z0

9>>=
>>;

(7)

where ux0 , uy0 , uz0 denote the displacements of the fracture element in the
local Cartesian coordinate system, with the superscript “þ” and “-” cor-
responding to the upper surface sþ and lower surface sþ of the fracture



Fig. 13. Evolution of hydraulic fracture radius along the x-axis and y-axis directions over time for the middle layer as a strong layer.
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element, respectively. Should a small discontinuous displacement (Dx0 ;

Dy0 ; Dz0 ) occur on the upper and lower surfaces (sþ; s�) of the fracture
element, the stress field and displacement field of the surrounding rock
will be altered. This boundary value problem has been elaborated in Refs.
[43,44], where semi-analytical solutions are provided.

In this fracture propagation model, since only the fracturing fluid
pressure pf and the in-situ stress σ0 (normal stress) perpendicular to the
fracture plane are considered, symmetry dictates that all fracture ele-
ments exhibit relative displacement solely in the direction of fracture
aperture, namely, the fracture aperture w, equivalent to Dz0 in the local
coordinate system x

0
y

0
z
0
. According to the results in Refs. [43,44], the

normal stress in the z-direction σz0 at some point Pðx0
; y0

; z0 Þ of the rock
medium resulting from the discontinuous displacement (Dx0 ¼ 0, Dy0 ¼
0, Dz0 ) of a particular fracture element in the local coordinate system
x

0
y

0
z
0
is given by

σz' ¼
E'

8πIz'z'Dz' (8)

where E
0 ¼ E =ð1� ν2Þ, and Iz0 z0 represents the partial derivative of the

kernel function Iðx0
; y0

; z0 Þ relative to the corresponding subscript. This
kernel function Iðx0

; y
0
; z

0 Þ constitutes the integral within the fracture
element ω:

Iðx'; y'; z'Þ ¼
ZZ

ω

1ffiffiffi
r '

p dξdη (9)

where ω denotes the triangular fracture element in Fig. 4, while r
0 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðx0 � ξÞ2 þ ðy0 � ηÞ2 þ z0 2
q

denotes the distance from the point Pðx0
; y0

;

z
0 Þ in rock medium to any point ðξ; η;0Þ in the fracture element (where
the fracture plane aligns with the x

0
y

0
plane). Ultimately, through coor-

dinate transformation, equation (8) transitions from the local coordinate
system o

0 � x
0
y

0
z
0
to global coordinate system o� xyz (or o� rθz),

thereby elucidating the relationship between the residual pressure of the
fracturing fluid pðr; θ; tÞ and the fracture aperture wðr;θ; tÞ.
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In accordance with the fracture mesh division strategy, equation (8) is
reformulated in discrete form:

pi;j ¼ E'

8π
Xm
i¼1

Xn

j¼1

Iz'z' ði; jÞwi;j (10)

3.2. Numerical solution of the fracturing fluid flow model

Substituting the fracture fluid flowing velocity expression (3) into the
flow equation (2), yields

∂w
∂t �

1
μ0

1
r
∂
∂r

�
rw3∂p

∂r

�
� 1
μ0

1
r

∂
∂θ

�
w3

r
∂p
∂θ

�
¼ 0 (11)

Applying the finite volume method's difference format, equation (11)
is rewritten as

Δw¼Δt

2
64 1
μ0Δri

0
B@w3

iþ
1
2
;j

piþ1;j � pi;j
riþ1 � ri

� w3

i�
1
2
;j

pi;j � pi�1;j

ri � ri�1

1
CA
3
75

þΔt

2
64 1
μ0 r2i

0
B@w3

i;jþ
1
2

pi;jþ1 � pi;j
θiþ1 � θi

� w3

i;j�
1
2

pi;j � pi;j�1

θi � θi�1

1
CA
3
75

(12)

Considering the characteristics of grid division and the discrete rules
of the finite volume method, it becomes evident that the boundary
condition (5) is discretized into

�
rw3∂p

∂r

�
1�1=2;j

¼ �Q0μ'

2π (13)

Examination of equation (13) reveals that this equation does not
include the variable wellbore radius r0. This demonstrates that r0 does
not directly factor into the model governing equations, and further
confirms the feasibility of treating the fracturing well as a point source for
grid division (as illustrated in Fig. 3).

The boundary condition at the hydraulic fracture's external boundary
is reformulated as
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rw3∂p
∂r ¼ 0 (14)
� �
mþ1=2;j

Throughout the set of discrete equations (10)–(14), i and j denote the
radial and tangential numbering of fracture elements, while m indicates
the numbering of fracture boundary elements in the radial direction.
Combining equations (10), (12)–(14) forms a closed set of nonlinear
equations pertaining to the residual pressure p and fracture aperture w.
Subsequently, employing the initial condition (6) and utilizing the
Newton iteration method, enables the derivation of the numerical solu-
tion for this model.

3.3. Numerical solution for stress intensity factor

The primary objective of this model is to ascertain the propagation
morphology of the fracture under non-uniform fracture toughness con-
ditions, making the calculation of the stress intensity factor KI a critical
aspect of this model. The traditional approach to defining KI , entailing
the use of limit values of the stress field at the fracture tip, or the
application of integrals, proves to be cumbersome and complex. Conse-
quently, the relationship between the stress intensity factor and the
fracture aperture near the fracture tip, as presented in Ref. [45], is
selected for solution. The specific formula is

KI ¼ E'

4

ffiffiffi
π
2

r
lim
r→R

wffiffiffiffiffiffiffiffiffiffiffi
R� r

p (15)

where R represents the radius at the fracture boundary, r denotes the
radial coordinate of a point infinitely close to the fracture boundary, and
w indicates the fracture aperture of this point. As a result, the limit
expression is discretized based on the physical quantities of the fracture
boundary elements:

KIðθÞ ¼ E'

4

ffiffiffiffi
π
2

r
wm;jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rj � rm

p ; θ ¼ θj (16)

where (rm, θj) represent the radial and circumferential coordinates at the
centroid of the boundary element, wm;j denotes the fracture aperture at
the centroid, and Rj indicates the radius from boundary to the fracturing
wellbore.

4. Numerical simulation of hydraulic fracture propagation

The initial perforation fracture has a radius of R0 ¼ 0:3 m, with the
fracture mesh comprising relatively uniform triangular elements, as
illustrated in Fig. 3. For layered rocks, the elastic modulus E ¼ 40 GPa,
Poisson's ratio ν ¼ 0:22, and the static initial residual pressure p0 � σ0 ¼
0:3 MPa are taken [27,31,46].

4.1. Verification of the 3D-DDM numerical method

The elastic deformation relationship between fracture aperture w and
residual pressure pf � σ0 is computed using the 3D-DDM numerical
method, necessitating the verification of this method's accuracy and
precision. An analytical solution for the aperture of a penny-shaped
fracture under uniform internal pressure is given as

wðrÞ ¼ 8ð1� ν2Þ
Eπ ðp0 � σ0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 � r2

q
; ð0 � r � R0Þ (17)

By employing 3D-DDM method, the numerical solution for the initial
fracture, as depicted in Fig. 3, can also be derived from equation (10),
with the entire calculation process being programmed in Matlab soft-
ware. Numerical comparison of the results given by the two methods are
presented in Fig. 5: the 3D-DDM numerical solution and the analytical
solution of equation (17) demonstrate identical trends, with the 3D-DDM
solution being marginally larger than the analytical solution yet
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remaining closely aligned, exhibiting a minor error that satisfies the ac-
curacy requirements of numerical calculations. This substantiates the
rationale behind utilizing the 3D-DDM numerical method for calculating
fracture aperture.

4.2. Model parameters and non-uniform fracture toughness

Related numerical simulation parameters include: the wellbore (or
the center of the initial fracture) being located at the center of xoy plane
(point o), and the middle rock layer (pay zone) with a thickness of h ¼
2 m. As the thickness of the upper and lower layers do not influence the
calculation results, they can be considered infinite large. The fracturing
well maintains a constant pumping rate of Q0 ¼ 1:2� 10�4 m3=s, with
the fluid viscosity coefficient at μ ¼ 1:2� 10�3 Pa � s, an initial time step
of Δt ¼ 5� 10�3 s, and a calculation duration of 15 s. The model
considers a non-uniform distribution of fracture toughness in layered
rocks, outlined as two cases in Table 1: Case 1 describes the middle layer
(pay zone), where the rock fracture toughness K2

Ic is less than the upper
and lower layers’ rock fracture toughness K1

Ic and K3
Ic, termed the “weak

layer”; Case 2 states that the fracture toughness of the middle layer ex-
ceeds that of the upper and lower layers, termed the “strong layer”.

4.3. Numerical simulation results

Figs. 6 and 7 depict the fracture contour (boundary) distribution at
t ¼ 0;5;10; 15 s for the two different fracture toughness distributions as
outlined in Table 1. In these figures, the two black dashed lines at y ¼ 1
and y ¼ �1 represent the boundary surfaces between the middle rock
layer (pay zone) and the upper and lower rock layers. Results demon-
strate that hydraulic fractures propagate more rapidly in rock layers with
lower fracture toughness (weak layer), and exhibit a tendency to prop-
agate more easily towards the direction of the weak layer. As fracturing
fluid is continuously injected, due to the layered non-uniform distribu-
tion of rock fracture toughness, the fracture contour progressively
evolves into an elliptical, and eventually a rectangular shape, with the
long axis of the ellipse oriented towards the direction of the weak layer
and the short axis aligned perpendicular to the strong layer. Furthermore,
a comparison of the fracture contours at various moments reveals that the
speed of fracture propagation gradually decreases over time, with the
highest rate in the initial propagation stage (0～5s) and the lowest rate in
the 10～15s phase.

Figs. 8 and 9 respectively depict the distribution of fluid pressure
within the fracture for the two different non-uniform toughness distri-
butions as outlined in Table 1. Initially, at t ¼ 0, the fluid pressure is
uniformly distributed in a static manner. With continuous injection of
fracturing fluid, the pressure gradually increases, leading to fracture
propagation once propagation condition is met. A vertical analysis of
Figs. 8 and 9 (b), (c), (d) shows that, with ongoing fracture propagation
and increasing fracture area, the pressure at the wellbore and the overall
pressure gradually decreases, trending towards uniformity. In a hori-
zontal comparison of Figs. 8 and 9, it is evident that the fracture area is
larger when the middle layer is a weak layer than when the upper and
lower layers are, yet the pressure distribution inversely correlates: the
larger the fracture area, the lower the overall pressure.

Figs. 10 and 11 illustrate the 3D contour of the fracture for the two
cases presented in Table 1, with xoy representing the fracture plane, and
the z-axis denoting the direction of fracture aperture w. Fig. 10 (a) and
Fig. 11 (a) display the complete fracture contours, while Fig.10 (b) and
Fig.11 (b) depict the cross-sectional view of the 3D fracture contour in
the first quadrant. In both cases, the maximum fracture aperture is
observed at the wellbore. Comparing Figs. 10 and 11 reveals that a
smaller fracture area (as seen in Fig. 11) corresponds to a larger fracture
aperture at the wellbore, consistent with the law of fluid volume con-
servation and indirectly supporting the model calculations’ validity. The
3D contour of the fracture indicates that, under high in-situ stress and
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fluid pressure, its upper and lower surfaces can be considered as smooth
and continuous, undergoing continuous deformation with fracture
propagation. Fig. 10(b) and 11(b) provide precise cross-sectional views
illustrating the long and short axes of the fracture: in Fig. 10(b), the long
axis aligns with the x-axis, while in Fig. 11(b), it aligns with the y-axis, a
consequence of the reservoir rock fracture toughness differing from that
of the adjacent layers.

Figs. 12 and 13 depict the variation of fracture radius along the x-axis
and y-axis over time in two different cases (presented in Table 1). In the
case where the middle layer functions as a weak layer, the fracture
propagation speed along the middle layer (x-axis) exceeds that along the
strong layer. As shown in Fig. 12, after a few seconds the propagation
velocity along the weak layer is much faster than the fracture propaga-
tion velocity cross the adjacent layers, i.e. the slope of the blue curve is
much larger than that of the red curve. These results indicate that after
the fracture propagating into the adjacent layers, its propagation velocity
begins to significantly decrease. Conversely, when the middle layer
serves as a strong layer, the fracture propagation speed along the middle
layer direction is slower that cross the weak layer. The diminishing slope
of the curves in these figures over time suggests a reduction in the frac-
ture propagation speed in all directions.

5. Mechanism of non-uniform fracture propagation

Modifying the fracture toughness of the middle layer (reservoir) from
K2
Ic ¼ 1:0 MPa �m0:5 to K2

Ic ¼ 2:0 MPa �m0:5, while keeping the fracture
toughness of the upper and lower layers constant, results in a trans-
formation of the pay zone from a weak to a strong layer. This leads to
signification changes in the fracture's overall propagation direction and
shape, shifting from primarily longitudinal propagation along the middle
layer to perpendicular propagation. This underscores the significant in-
fluence of fracture toughness distribution in the reservoir rock and sur-
rounding layers on the hydraulic fracture propagation. Numerical
experimental results demonstrate that regardless of whether the pay zone
is a weak or strong layer, hydraulic fractures do not limit their propa-
gation exclusively to weaker rock layers with lower fracture toughness.
Instead, they achieve cross-layer propagation, penetrating the strong
layers. This phenomenon is attributed to the fact that while fractures
propagate more readily in weak layers, their propagation significantly
promotes subsequent propagation in strong layers.

In a closed, quasi-spherical fracture, regardless of the long or short
axis, the fracture aperture at the center point (wellbore) remains
consistent, and similarly, the aperture at the tip is the same (equal to
zero). The greater the distance from the wellbore to the fracture
boundary is, the more gradual the overall slope of the fracture surface
becomes. Conversely, a shorter distance yields a more pronounced
overall curvature. Numerical results, as illustrated in Fig. 10(b) and
11(b), indicate that the slope at the tip of the fracture short-axis direction
is steeper than that at the tip of the fracture long-axis direction. Ac-
cording to the formula (15), the stress intensity factor at the tip of the
short-axis is higher than that at the tip of the long-axis. As the fracture
along the long-axis continues to grow, the difference in stress intensity
factors at tips of the short-axis and long-axis direction intensifies. As a
result, even though the short-axis is located in a rock layer with greater
fracture toughness, the continuous forward propagation along the long-
axis direction leads to an incremental increase in the stress intensity
factor at the tip of the short-axis direction. Once it reaches its fracture
toughness threshold, fracture along the short-axis direction will also
commence to propagate, albeit at a slower rate compared to propagation
speed along the long-axis direction. This explains the phenomena
observed in Case 1, where the fracture continued to propagate into the
adjacent layers with larger fracture toughness, and in Case 2, where the
fracture experienced propagation within the middle layer with higher
fracture toughness.

The difference in propagation velocities between the long and short
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axes of the fracture is contingent on the non-uniformity of fracture
toughness of rock layers. When fracture toughness is uniformly distrib-
uted, the propagation velocity of the fracture remains uniform in all di-
rections, obviating any distinction between the long and short axes.
Greater heterogeneity in fracture toughness between rock layers,
whether in terms of difference or ratio, emphasizes the distinction be-
tween the long and short axes of the fracture contour, thus elucidating
the predominant direction of fracture propagation.

6. Conclusion

In this study, we have developed a planar 3D hydraulic fracture
propagation model to examine the impact of non-uniform fracture
toughness in deep underground rock layers on hydraulic fracture prop-
agation. We conducted an analysis of mechanism underlying non-
uniform fracture propagation, yielding the subsequent results:

(1) Fracture shape is influenced by the distribution of fracture
toughness within layered rocks. Fractures exhibit a standard cir-
cular shape when fracture toughness is uniformly distributed.
However, in the presence of weak rock layers, fractures trend to
assume an elliptical shape. Moreover, as the difference in fracture
toughness between adjacent layers and pay zone widens, fractures
undergo a transition towards a rectangular contour.

(2) In the cases of non-uniform fracture toughness distribution in
layered rocks, hydraulic fractures exhibit a higher likelihood of
propagating through layers with lower fracture toughness, often
referred to as weak layers.

(3) Non-uniform distribution of fracture toughness within rock layers
can lead to the propagation of hydraulic fractures not only within
weak layers but also within strong layers, albeit at a considerably
slower propagation rate in the latter.

(4) The shape, propagation rate, and direction of hydraulic fractures
exhibit a strong correlation with the distribution of fracture
toughness in deep underground rocks. Further exploration in this
direction holds significant implications for the field of hydraulic
fracturing engineering.

Notably, this fracture propagation model does not account for factors
such as bedding planes, spatial propagation, and the anisotropy of rock
fracture toughness. Subsequent research endeavors will delve into the
analysis of these three aspects.
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