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Abstract

Ovaling deformation of circular tunnels has received great interest from the tunneling community because this mode of seismic-
induced deformation is considered the most critical. However, there is growing evidence that other deformation modes can also be
important and thus need to be considered in design. This study presents a new analytical solution to estimate axial bending (snaking),
a mode of deformation caused by S-waves impinging on a tunnel parallel to the tunnel axis. The solution is developed using the soil-
structure interaction approach with the assumption that the interface between the ground and the tunnel lining is frictionless (full-
slip). Full dynamic numerical simulations are conducted to verify the new full-slip solution, together with the existing no-slip solution.
Effects of dynamic amplification are also explored for both full-slip and no-slip interface conditions by changing the wavelength (or fre-
quency) of the seismic input motions.
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1 Introduction

Analytical solutions have been widely used in engineer-
ing practice to estimate the seismic response of tunnels,
especially in the preliminary design stage, due to their sim-
plicity and convenience in obtaining a quick evaluation of
problems (Hashash et al., 2001; Chou & Bobet, 2002;
Kouretzis et al., 2013; Bobet & Yu, 2017; Yu et al.,
2019). While there are multiple solutions for deep tunnels
found in the technical literature, most of them only focus
on the ovaling deformation (Tsinidis et al., 2020), caused
by transversely impinging S-waves with the direction of
particle movement perpendicular to the tunnel axis. This
is because, in general, ovaling seems to produce the most
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critical damage to tunnels, when compared to other modes
of seismic-induced deformations (Wang, 1993; Penzien,
2000; Hashash et al., 2005; Huo et al., 2006). However,
there has been growing evidence that other deformation
modes, resulting from either P-waves (Kouretzis et al.,
2014) or S-waves (Yu et al., 2016), can also be critical
and thus need to be considered in seismic design.

When a deep circular tunnel is subjected to body waves,
there are five possible modes of deformation (Owen &
Scholl, 1981; St. John & Zahrah, 1987; Pitilakis &
Tsinidis, 2014; Savigamin, 2022): (1) axial compression-
extension – due to P-waves impinging parallel to the tunnel
axis; (2) transverse compression-extension – due to P-waves
impinging perpendicular to the tunnel axis; (3) ovaling –
due to S-waves impinging transversely to the tunnel axis
with the direction of particle movement perpendicular to
the tunnel axis; (4) axial shear – due to S-waves impinging
transversely to the tunnel axis with the direction of particle
ehalf of KeAi Communications Co. Ltd.

mmons.org/licenses/by-nc-nd/4.0/).
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Nomenclature

D width or diameter of the tunnel
E Young’s modulus of the ground
Es Young’s modulus of the structure or the liner
err, rrr radial strain and stress, respectively, in cylindri-

cal coordinates
ehh, rhh tangential strain and stress, respectively, in

cylindrical coordinates
ezz, rzz axial strain and stress, respectively, in both

Cartesian and cylindrical coordinates
f frequency
G shear modulus of the ground
Gs shear modulus of the structure or the liner
crh, srh in-plane shear strain and stress, respectively, in

cylindrical coordinates
crz, srz axial shear strain and stress, respectively, in

cylindrical coordinates
chz, shz axial shear strain and stress, respectively, in

cylindrical coordinates
k wavelength
Mh bending moment in the cylindrical shell
Mz bending moment in the cylindrical shell
Mhz twisting moment in the cylindrical shell
Nh hoop force in the cylindrical shell
Nz axial force in the cylindrical shell
Nrz axial shear force in the cylindrical shell
Nhz axial shear force in the cylindrical shell

vs shear wave velocity
m Poisson’s ratio of the ground
ms Poisson’s ratio of the structure or the liner
/ Airy stress function
r, h, z cylindrical coordinate system, in which the z-

axis is parallel to the tunnel axis
ro external radius of the tunnel
q density of the ground
qs density of the structure or the liner
t time; thickness of the liner
syz axial shear stress in Cartesian coordinates
uff far-field wave amplitude
ur radial displacement in cylindrical coordinates
uh tangential displacement in cylindrical coordi-

nates
ux displacement along the x-axis in Cartesian coor-

dinates
uy displacement along the y-axis in Cartesian coor-

dinates
uz axial displacement in both Cartesian and cylin-

drical coordinatesbur, buh, buz functions only of the radial and tangential
coordinates

x, y, z Cartesian coordinate system, in which the z-axis
is parallel to the tunnel axis
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movement parallel to the tunnel axis; and (5) axial bending
or snaking – due to S-waves impinging parallel to the tun-
nel axis. Based on the latest state-of-the-art review (Tsinidis
et al., 2020), there is only one analytical solution, by St.
John and Zahrah (1987), available for axial bending, but
with the limitation that the tunnel works as an elastic beam
supported on an elastic foundation. Since that time, addi-
tional research has been undertaken to explore this area
further (Yang et al., 2020; Huang et al., 2021; Zhao
et al., 2022, 2023; Bobet et al., 2023; Savigamin & Bobet,
2024), but more work is still required.

Typically, analytical solutions are derived under drained
and undrained loading conditions, where, for the latter,
excess pore pressures are generated and do not dissipate dur-
ing the seismic event (Bobet, 2003, 2010). At the ground-
liner interface, two extreme scenarios are often considered:
no-slip and full-slip (Penzien & Wu, 1998; Hashash et al.,
2001, 2005; Naggar et al., 2008; Park et al., 2009;
Kouretzis et al., 2013). This is because the actual frictional
characteristics of the interface may not be fully known but
should fall between these two extreme conditions.

Recently, Savigamin and Bobet (2021) proposed an ana-
lytical solution to estimate axial bending (snaking) defor-
mation of deep circular tunnels with the assumption that
the interface between the ground and the tunnel lining is
tied (no-slip). This paper expands their work and provides
a new analytical solution for axial bending (see Fig. 1) with
a full-slip interface. The assumptions used in deriving the
full-slip solution are: (1) the tunnel is deep and very long
and has a circular cross section; (2) the ground and the sup-
port are homogeneous and isotropic, and their response
remains elastic; (3) the interface between the ground and
the tunnel lining is frictionless (full-slip); (4) the pseudo-
static approach is acceptable to estimate seismic deforma-
tions, i.e., inertia forces can be neglected; and (5) the wave-
length of the impinging S-waves is much larger than the
tunnel radius. Due to the assumption that the tunnel is
deep, the existing in-situ stresses at the ground-liner inter-
face are assumed to be large enough such that the liner
remains attached to the ground when the seismic deforma-
tion occurs. Full dynamic numerical simulations are per-
formed to validate the new full-slip solution, together
with the recent no-slip solution by Savigamin and Bobet
(2021). The effects of dynamic amplification due to different
wavelengths (or frequencies) for both interface conditions
are also studied.



;

Fig. 1. Axial bending (or snaking) deformation. (a) Schematic diagram of
a deep circular tunnel impinged by S-waves that propagate parallel to the
tunnel axis, and (b) tunnel behavior due to impinging S-waves parallel to
the tunnel axis.
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2 Analytical solution for axial bending (snaking) deformation:

No-slip interface conditions

The no-slip analytical solution proposed by Savigamin
and Bobet (2021) is presented here for completeness. Later
in this paper, the solution is further evaluated using full
dynamic time-history analyses, including the determination
of its applicable limit as a function of the frequency of the
seismic input.

The solution is applicable regardless of drained or
undrained loading conditions and is given in Eq. (1) for
the liner and Eq. (2) for the ground.
usr ¼ uff cos 2pz
k sin h

ush ¼ uff cos 2pz
k cos h

usz ¼ 2p
k uffro B1 � 1ð Þ sin 2pz

k sin h

N s
h ¼ �ms 2p

k

� �2
uffro 1� B1ð ÞD cos 2pz

k sin h

N s
z ¼ � 2p

k

� �2
Dr2o � K
� �� DB1r2o
� �

uffr�1
o cos 2pz

k sin h

N s
rz ¼ � t r2oþt2

12

� �
1þkð ÞGsGg

tþro
1
ro

4p
k Gsuff sin 2pz

k cos h

N s
hz ¼ � rot

1þkð ÞGsGg
tþro

4p
k Gsuff sin 2pz

k cos h

M s
h ¼ � 2p

k

� �2
msKuff cos 2pz

k sin h

M s
z ¼ � 2p

k

� �2
B1Kuff cos 2pz

k sin h

M s
hz ¼ 1�msð Þ

ro
2p
k

� �
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� �
Kuff sin 2pz

k sin h cos h

B1 ¼ 2 1þkð Þ t
ro

1þkð ÞGsGg
t
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þ1

� �
Gs

Gg
; D ¼ Est

1�m2s
; K ¼ Est3

12 1�m2sð Þ ; k ¼ 1
12

t
ro

� 	2

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

;

ð1Þ
where uff is the far-field wave amplitude; k is the wave-
length; z is the coordinate along the tunnel axis; ro is the
tunnel radius; E and m are the Young’s modulus and Pois-
son’s ratio of the ground, respectively; Es, t, and ms are the
Young’s modulus, thickness, and Poisson’s ratio of the
liner, respectively; G and Gs are the shear modulus of the
ground and the liner, respectively; N s

h, N s
z, N s

rz, and N s
hz

are the hoop force, axial force, axial shear force, and axial
shear force, respectively, in the liner; and M s

h, M
s
z, and M s

hz

are the bending moments and twisting moment, respec-
tively, in the liner.

ur ¼ uff cos 2pz
k sin h� 1þm

4E 1�mð Þ
2p
k

� �2 1
2
1þ 2mð Þ ro

r

� �2
þ 1� 4mð Þ ln r

" #
Guffr2o cos

2pz
k sin h

uh ¼ uff cos 2pz
k cos h� 1þm

4E 1�mð Þ
2p
k

� �2 3� 1
2
1þ 2mð Þ ro

r

� �2
þ 1� 4mð Þ ln r

" #
Guffr2o cos

2pz
k cos h

uz ¼ 2p
k uff

r2o
r B1 � 1ð Þ sin 2pz

k sin h

rrr ¼ 1þ2m
4 1�mð Þ 1� ro

r

� �2h i
2p
k

� �2
Guff

r2o
r cos 2pz

k sin h

rhh ¼ 1
4 1�mð Þ 3 1� 2mð Þ � 1þ 2mð Þ ro

r

� �2h i
2p
k

� �2
Guff

r2o
r cos 2pz

k sin h

rzz ¼ � 2þ mþ m 1þ2mð Þ
2 1�mð Þ

ro
r

� �2h i
2p
k

� �2
Guff

r2o
r cos 2pz

k sin h

srh ¼ 1þ2m
4 1�mð Þ 1� ro

r

� �2h i
2p
k

� �2
Guff

r2o
r cos 2pz

k cos h

srz ¼ � 1þ B1 � 1ð Þ ro
r

� �2h i
2p
k Guff sin

2pz
k sin h

shz ¼ � 1þ 1� B1ð Þ ro
r

� �2h i
2p
k Guff sin

2pz
k cos h

B1 ¼ 2 1þkð Þ t
ro

1þkð ÞGsG t
ro
þ1

� �
Gs

G
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ð2Þ

where r, h, and z refer to the cylindrical coordinate system,
in which the z-axis is parallel to the tunnel axis.
3 Analytical solution for axial bending (snaking)

deformation: Full-slip interface conditions

A new analytical solution for axial bending is found,
when the interface between the tunnel lining and the sur-
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rounding ground is frictionless (a full-slip interface). Simi-
lar to what was done to obtain the solution for a no-slip
interface, the full-slip problem is decomposed into three
manageable problems, as illustrated in Fig. 2, using the
principle of superposition in elasticity. The decomposition
assumes that, because of the full-slip interface conditions,
shear stresses (srh, srz, and shz) at the ground-liner interface
are zero and the radial stresses/displacements in the ground
at the interface are the same as those of the liner. Conse-
quently, the axial displacement (uz) of the ground at the
interface, for the problem in Fig. 2(c), has to be zero as
there is no axial movement in the ground. The decomposi-
tion of the full-slip problem shown in Fig. 2 satisfies the
compatibility of stresses between the ground and the liner
at the ground-liner interface (i.e., at the perimeter of the
excavation). Compatibility of displacements is also satisfied
by making the displacements of the liner (Fig. 2(d)) equal
to the sum of the displacements of the ground (Fig. 2(b)
and (c)).

The solution of an unsupported tunnel subjected to an
axial far-field shear stress (Fig. 2(b)) was given by
Savigamin and Bobet (2021) and is repeated here in Eq.
(3). Thus, only the problems in Fig. 2(c) and (d) are new.
The complete full-slip solution is obtained by combining
the solutions found for the problems in Fig. 2(b), (c),
and (d).
Fig. 2. Decomposition of (a) a supported tunnel with a far-field shear stress an
the opening with the radial stress due to the ground-liner interaction, and (d)
ur ¼ 1� 1þm
4E 1�mð Þ

2p
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� �2 1
2
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8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

:

ð3Þ
The solution of the problem in Fig. 2(c) is obtained
using two assumptions: (1) the displacements and stresses
follow the same sinusoidal functions as those of the solu-
tion for the problem in Fig. 2(b); and (2) the wavelength
of the sinusoidal motion (k) is much larger than the tunnel
radius (ro), i.e., k � ro. Based on these two assumptions,
displacements and the corresponding strains can be
expressed as
d a full-slip interface into: (b) the opening with the far-field shear stress, (c)
the liner with the radial stress due to the ground-liner interaction.
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ur ¼ ûr cos 2pz
k

uh ¼ ûh cos 2pz
k

uz ¼ ûz sin 2pz
k

err ¼ @ûr
@r cos 2pz

k

ehh ¼ ûr
r þ 1

r
@ûh
@h

� �
cos 2pz

k

ezz ¼ ûz 2pk cos 2pz
k

crh ¼ 1
r
@ûr
@h þ @ûh

@r � ûh
r

� �
cos 2pz

k

crz ¼ @ûz
@r sin 2pz

k

chz ¼ 1
r
@ûz
@h sin 2pz

k

8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:

; ð4Þ

where bur, buh, and buz are functions only of the radial (r) and
tangential (h) coordinates. Because the second assumption
(k � ro), @rzz=@z � 1, and so the equilibrium equations in
cylindrical coordinates, given Eq. (4), are:

@rrr
@r þ 1

r
@srh
@h þ rrr�rhh

r ¼ �G 2p
k

@ûz
@r cos 2pz

k
@srh
@r þ 1

r
@rhh
@h þ 2srh

r ¼ � G
r

2p
k

@ûz
@h cos 2pz

k

r2 @2ûz
@r2 þ r @ûz

@r ¼ � @2 ûz
@h2

8>><>>: : ð5Þ

The third equation in Eq. (5) can be solved, in terms ofbuz, using separation of variables, i.e.:

ûz ¼
X1
n¼1

Anrn þ Bnr�n½ � cos nhð Þ

þ
X1
n¼1

Cnrn þ Dnr�n½ � sin nhð Þ; ð6Þ

where An, Bn, Cn, and Dn are constants to be determined
from the boundary conditions. Due to the symmetry of
the problem and the fact that buz ¼ 0 when r ! 1, Eq.
(6) is simplified to:

ûz ¼
X1

n¼1;3;5

Dnr�n sin nhð Þ: ð7Þ

The compatibility equations in cylindrical coordinates
are (Carlucci et al., 2013):

1
r
@2err
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þ @
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� �
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� �
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r
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� �

8>>>>>>>>>>><>>>>>>>>>>>:
:

ð8Þ
Given Eq. (4) and the second assumption (k � ro), the

compatibility conditions reduce to Eq. (9), which only con-
siders the in-plane strains.

1

r
@2err
@h2

þ @

@r
r
@ehh
@r

� err � ehhð Þ
� �

¼ @

@h
@crh
@r

þ crh
r


 �
ð9Þ
The solution of Eq. (5), given Eq. (7), can be obtained
using the Airy stress function, /. Thus, the in-plane stresses
are:

rrr ¼ 1
r
@/
@r þ 1

r2
@2/
@h2

� G 2p
k

P1
n¼1;3;5

Dnr�n sin nhð Þ cos 2pz
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srh ¼ � @
@r

1
r
@/
@h

� �

8>>>>><>>>>>:
:

ð10Þ
Following Timoshenko and Goodier (1970), the Airy
stress function that satisfies the boundary conditions of
anti-symmetric loading and zero in-plane stresses at the
far-field (r ! 1) is:

/ ¼ � 1

2
c1rh cos hþ c01r

�1 þ d 0
1r ln r

� �
sin h

þ
X1

n¼3;5;7

c0nr
�n þ d 0

nr
�nþ2

� �
sin nhð Þ; ð11Þ
where the coefficients c1, c01, d
0
1, c

0
n, and d 0

n are determined
from the boundary conditions. Hence, the stresses and
the corresponding displacements (obtained from integra-
tion of strains) can be expressed as
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� �
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Imposing the boundary conditions at the perimeter of
the tunnel (Eq. (13)) determines the unknown constants
in Eq. (12) and thus results in the solution for the problem
in Fig. 2(c), as given in Eq. (14).

ur ¼ usr
uz ¼ 0

rrr ¼ rs
rr

srh ¼ srz ¼ shz ¼ 0

8>>><>>>: ; ð13Þ

where the superscript ‘‘s” stands for the structure or liner.
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For the solution of the problem in Fig. 2(d), the ground-
liner interaction is considered. At the perimeter of the tun-
nel (r ¼ ro), the radial displacement and stress of the prob-
lem in Fig. 2(c) are:

ur ¼ 1þm
E 1� 2 3�4m

1�2m

� �
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� �
c01r

�2
o cos 2pz

k sin h

rrr ¼ �8 1�m
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�3
o cos 2pz

k sin h

(
; ð15Þ

and, given the compatibility of displacements/stresses
between the ground (Fig. 2(b) and (c)) and the liner
(Fig. 2(d)), the radial displacement and stress in the liner
are:

usr ¼
uff sin h� 1þm

4E 1�mð Þ
2p
k
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2
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8>><>>: :

ð16Þ

From the theory of a thin-walled circular cylindrical
shell, e.g., Flügge (1960), the relations between displace-
ments and stresses in the liner are given as
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Given that k � ro, the in-plane stresses (rrr, rhh, and srh)
are small and can be disregarded. Thus, only the first equa-
tion in Eq. (17) is considered. Flügge (1960) also provided
the equations for forces (N ) and moments (M) in the cylin-
drical shell, which are:
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By substituting Eq. (16) into Eq. (17), the solution for
displacements in the liner (Fig. 2(d)) can be obtained.
Accordingly, given Eq. (18), the corresponding forces and
moments in the liner can be determined. Therefore, the
complete solution for the problem in Fig. 2(d) is:
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The complete full-slip solution is obtained by the sum of
the solutions for the problems in Fig. 2(b), (c), and (d). The
complete solution for the liner is given in Eq. (19), while
that for the ground is in Eq. (20). Note that the terms with
(2p=k)2 in Eq. (20) are small and have been neglected.
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Inspection of Eq. (3), i.e., the solution of the problem in
Fig. 2(b), reveals that the in-plane stresses (rrr, rhh, and srh)
and the axial stress (rzz) are of the order of O(ro=k)

2.
Hence, these stresses are relatively small, and so are the
volumetric strains. The axial shear stresses (srz and shz),
on the contrary, are of the order of O(ro=k) and thus gov-
ern the ground response. This implies that volumetric
strains of the complete full-slip problem in Fig. 2(a) are
small. Hence, excess pore pressures under undrained load-
ing conditions are small and can be disregarded, meaning
that the analytical solution applies to both drained and
undrained loading conditions.
4 Verification – Dynamic analyses

Verification of the analytical solutions for both no-slip
and full-slip interface conditions is carried out by compar-
ing the results obtained from the analytical solutions with
those obtained from the full dynamic numerical simula-
tions. Verification of the new full-slip solution with static
numerical analyses has been conducted but is not presented
in this paper, since the results are in essence similar to those
obtained with dynamic numerical analyses using a large
wavelength (presented in this section). In addition, verifica-
tion of the existing no-slip solution with static numerical
analyses is not included because it has already been con-
ducted by Savigamin and Bobet (2021).

The model is presented in Fig. 3 with the following input
parameters: (1) the external radius (ro) and the liner thick-
ness (t) are 2 and 0.1 m, respectively; (2) the width and
height of the model are 10ro (20 m), which are large enough
such that the boundaries of the simulation do not affect the
results; and (3) the axial length of the model is equal the
wavelength of the applied S-wave. At the four external sur-
faces of the model that are perpendicular to the x- or
y-axis, the far-field wave amplitude (uff ) in the y-axis direc-
tion is taken as one unit (e.g., 1 m), while the movement
along the x- and z-axis is constrained. The applied far-
field displacements are:

uy;ff ¼ uff cos 2p
k z� vstð Þ

ux;ff ¼ uz;ff ¼ 0

�
: ð21Þ

Accordingly, the corresponding far-field stresses are:

syz;ff ¼ � 2p
k Guff sin

2p
k z� vstð Þ

rxx;ff ¼ ryy;ff ¼ rzz;ff ¼ sxy;ff ¼ sxz;ff ¼ 0

(
: ð22Þ

The far-field boundary conditions, presented in Eq. (21)
and illustrated in Fig. 3(b), are imposed to simulate the
behavior of S-waves traveling along the z-axis with the
direction of particle movement along the y-axis. In other
words, applying these boundary conditions causes the
model to move sinusoidally up and down (along the y-
axis) with an interval of one wavelength. The material
properties for the ground are E = 500 MPa, m = 0.2, and
q = 2000 kg/m3; and for the liner are Es = 25 000 MPa,
ms = 0.3, and qs = 2000 kg/m3. 20-node isoparametric solid
elements are used for the ground under drained loading,
while 20-node isoparametric solid elements with pore pres-
sure at the corners are used for the ground when excess
pore pressures are allowed (undrained loading). 4-node
isoparametric shell elements are used for the liner. The sim-
ulations are performed using a dynamic, implicit analysis
with a sinusoidal input motion and constant frequency.
The finite element code ABAQUS is used for dynamic
drained loading conditions, while the finite element code
MIDAS GTS NX is used for dynamic undrained loading
conditions (given that coupled mechanics-flow analyses
under dynamic loading are unavailable in ABAQUS’s
built-in options).

A full comparison is carried out between the analytical
and numerical solutions for a wavelength of 500 m
(k=D = 125), for drained and undrained loading condi-
tions, for both no-slip (the solution presented in
Savigamin and Bobet (2021)) and full-slip (the solution
presented here) interface conditions. Displacements and
stresses in the ground as well as displacements and forces
in the liner are retrieved from the nodes at the
ground-liner interface (r = 2 m), at two cross sections:
z = 0.5k and z = 0.75k. These numerical results are
obtained at the peak amplitudes after reaching steady state
conditions in the numerical simulations and are compared
with those of the analytical solutions in Eqs. (1) and (2) for
a no-slip interface and in Eqs. (19) and (20) for a full-slip
interface. Comparisons of the results are given in terms
of: (1) displacements normalized by the amplitude of the
far-field displacement; (2) stresses in the ground normalized
by the amplitude of the far-field shear stress; and (3) forces
in the liner normalized by the amplitude of the far-field
shear stress multiplied by the tunnel radius. Comparisons
of the moments are not included since the results are
negligible.



Fig. 3. Details of the implemented finite element model. (a) Discretization and geometry of the finite element model, and (b) the applied far-field boundary
conditions.
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Figures 4 and 5 show the displacements at z = 250 m
(0.5k) and stresses at z = 375 (0.75k), respectively, at the
tunnel perimeter with a no-slip interface, for both drained
and undrained loading conditions. Similarly, Figs. 6 and 7
show the forces in the liner at z = 250 m (0.5k) and z = 375
(0.75k), respectively. These results are retrieved when the
maximum magnitudes occur at peak amplitudes of the
input motion. The comparisons between the analytical
and numerical results show good agreement, with differ-
ences less than 4%. Based on these numerical results, the
assumption that the analytical solution is applicable to
both drained and undrained loading conditions is verified.
Note that, for no-slip interface conditions, displacements at
the tunnel perimeter are the same for the ground and the
liner. It can also be observed that the axial shear stresses
in the ground dominate the ground response, while the
axial shear forces in the liner dominate the liner response.

Figures 8 and 9 show the displacements at z=250m (0.5k)
and stresses at z = 375 (0.75k), respectively, at the tunnel
perimeterwith full-slip interface conditions, for both drained
and undrained loading conditions. Similarly, Figs. 10 and 11
show the forces in the liner at z = 250 m (0.5k) and z = 375



Fig. 4. Normalized displacements at the ground-liner interface (r = 2 m)
and z = 250 m (0.5k) – drained/undrained loading with no-slip interface
conditions.

Fig. 5. Normalized stresses in the ground at r = 2 m and z = 375 m (0.75k)
– drained/undrained loading with no-slip interface conditions.

Fig. 6. Normalized forces in the liner at r = 2 m and z = 250 m (0.5k) –
drained/undrained loading with no-slip interface conditions.

Fig. 7. Normalized forces in the liner at r = 2 m and z = 375 m (0.75k) –
drained/undrained loading with no-slip interface conditions.
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(0.75k), respectively. As before, these results are obtained
when the maximum magnitudes occur at peak amplitudes
of the inputmotion.The comparisons showgoodagreement,
with differences less than 5%. Displacements in Fig. 8 are
almost identical to those for the no-slip conditions (Fig. 4),
with differences less than 0.5%. This means that the interface
conditions between the ground and the liner do not affect the
in-plane displacements. The interface conditions do, how-
ever, affect stresses in the ground and in the liner. In addition,
although tangential and axial displacements in the ground
are not exactly the same as those of the liner, the differences
are small (less than 0.1%). Once again, the assumption that
the full-slip analytical solution is applicable regardless of
the drainage loading conditions is verified with the drained
and undrained loading numerical results. Because of the



Fig. 8. Normalized displacements at the ground-liner interface (r = 2 m)
and z = 250 m (0.5k) – drained/undrained loading with full-slip interface
conditions.

Fig. 9. Normalized stresses in the ground at r = 2 m and z = 375 m (0.75k)
– drained/undrained loading with full-slip interface conditions.

Fig. 10. Normalized forces in the liner at r = 2 m and z = 250 m (0.5k) –
drained/undrained loading with full-slip interface conditions.

Fig. 11. Normalized forces in the liner at r = 2 m and z = 375 m (0.75k) –
drained/undrained loading with full-slip interface conditions.
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full-slip interface, axial shear forces at the two cross sections
(Figs. 10 and 11) are zero. Note that the results of srz in Fig. 9
are obtained at r = 5 m, given that the shear stress at the
ground-liner interface is zero due to the full-slip conditions.

For both no-slip and full-slip interface conditions, the
results demonstrate that the analytical solutions can effec-
tively estimate seismic deformations, under dynamic analy-
sis (i.e., where inertia forces are included), when the
wavelength of the seismic input motion is large. Effects of
the seismic frequency are discussed later.

5 Effects of dynamic amplification

The no-slip and full-slip analytical solutions are derived
assuming that the wavelength of the sinusoidal motion is
much larger than the tunnel radius (i.e., k � ro). To evalu-



Fig. 12. Largest displacement errors between the results of the analytical
solutions and the dynamic numerical simulations at the ground-liner
interface.

Fig. 13. Largest stress errors between the results of the analytical
solutions and the dynamic numerical simulations at the ground-liner
interface.

Fig. 14. Largest force errors between the results of the analytical solutions
and the dynamic numerical simulations at the ground-liner interface.
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ate errors associated with the assumption or, in other
words, to determine the effects of dynamic amplification
due to different wavelengths/frequencies, two sets of
dynamic simulations are carried out: (1) for a no-slip inter-
face and (2) for a full-slip interface. All model parameters
(e.g., geometry, boundary conditions, and material proper-
ties) are the same as those used previously, with the axial
length (in the z-axis direction) of each model equal to the
applied wavelength. The following axial lengths are
explored: 500, 250, 100, 80, 50, 40, 30, and 20 m
(k=D = 125, 62.5, 25, 20, 12.5, 10, 7.5, and 5; or frequen-
cies, f = 0.65, 1.3, 3.2, 4, 6.5, 8.1, 10.8, and 16.1 Hz). In
all models, the number of elements on the x-y plane (cross
section) and the number of elements along the longitudinal
axis (z-axis) are kept constant. Hence, all the numerical
simulations have the same total number of elements. Even
though all errors are retrieved and compared separately for
simulations with drained and undrained loading, the trends
(associated with different wavelengths or frequencies) for
the two drainage loading conditions are similar.

The largest errors of the analytical results, when com-
pared with the dynamic numerical results, at any point at
the tunnel perimeter (r = 2 m) are presented in Figs. 12,
13, and 14 for displacements, stresses, and forces, respec-
tively. Since these plots report only the largest errors, the
differences should be viewed as an upper bound. As
expected, the errors increase when the wavelength-to-
diameter ratio decreases, or when the frequency increases.
The errors are less than about 20% (a threshold of 20% is
taken, given the uncertainties associated with any seismic
analysis of underground structures) when the wavelength-
to-diameter ratio is larger than 7.5 (for a no-slip ground-
liner interface) and 12.5 (for a full-slip ground-liner
interface).

The effects of dynamic amplification presented in
Figs. 12, 13, and 14 also apply to tunnels with other relative
stiffnesses. This is because of the wave equation, v ¼ f k,
where the wavelength can be changed not only by changing



278 C. Savigamin et al. /Underground Space 17 (2024) 267–279
the frequency while keeping the velocity constant (as done
in Figs. 12, 13, and 14) but also by changing the velocity
while keeping the frequency constant. The latter can be
achieved by changing the Young’s modulus of the ground
and, thus, essentially changing the relative stiffness of the
tunnel.

6 Conclusions

This study presents a new analytical solution to estimate
the seismic response of deep circular tunnels subjected to S-
waves that propagate parallel to the tunnel axis, causing a
mode of tunnel deformation generally called axial bending
or snaking. The assumptions used in developing the solu-
tion include (1) the tunnel is deep and very long and has
a circular cross section; (2) the ground and the support
are homogeneous and isotropic, and their response remains
elastic; (3) the interface between the ground and the liner is
frictionless (full-slip); (4) the pseudo-static approach, i.e.,
inertia forces can be neglected, is acceptable to estimate
seismic deformations; and (5) the wavelength of the
impinging S-waves is much larger than the tunnel radius.
The solution is derived using the superposition principle
(by decomposing the original problem into manageable
problems that can be solved separately), while the soil-
structure interaction is established using the theory of a
thin-walled circular cylindrical shell.

Verification of the no-slip analytical solution (provided
in Savigamin and Bobet (2021)) and the full-slip analytical
solution (derived in this paper) is carried out with full
dynamic time-history analyses, using the finite element
codes ABAQUS and MIDAS GTS NX. The comparisons
between the analytical and numerical results not only show
good agreement but also confirm that the analytical solu-
tions are applicable to both drained and undrained load-
ing, due to the small volumetric strains caused by the
axial bending deformation. The verification also demon-
strates that the analytical solutions can effectively estimate
seismic deformations under dynamic loading (i.e., where
inertia forces are included), when the wavelength of the
seismic input motion is large.

In addition, dynamic numerical simulations with shorter
wavelengths (in other words, higher frequencies) are per-
formed to explore the effects of dynamic amplification
and the limitations of the analytical solutions for both
no-slip and full-slip interface conditions. As expected, the
errors increase when the wavelength-to-diameter ratio
decreases (or when the frequency increases). The results
show that the analytical solutions may be acceptable, with
errors less than 20%, when the wavelength-to-diameter
ratio is larger than 7.5 (for a no-slip ground-liner interface)
and 12.5 (for a full-slip ground-liner interface). The effects
of dynamic amplification presented in this study also apply,
within the context of elasticity, to other tunnels that have
different relative stiffnesses.
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