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ARTICLE INFO ABSTRACT
Keywords: The integration of Digital Signal Processing (DSP) and Reinforcement Learning (RL) for optimal consensus
Off-policy control in Networked Multi-Agent Systems (NMASs) has garnered significant research attention. However, prior

Optimal control
Multi-agent systems
Reinforcement learning
Digital signal processing

research encounters some limitations: 1) dependency on initial admissible control policies, and 2) systemic data
redundancy arising from ineffective data governance in distributed architectures and slow convergence rates
of conventional RL algorithms. To overcome these challenges, this paper proposes a Distributed Collaborative
Iteration Adaptive Dynamic Programming (DCIADP) framework. The methodology reformulates the solution of
Hamilton-Jacobi-Bellman (HJB) equations by integrating Value Iteration (VI) and Policy Iteration (PI) within
a unified architecture, eliminating reliance on prior knowledge of system dynamics. Specifically, a dynamic
factor is introduced to synergistically integrate the complementary strengths of VI and PI, achieving accelerated
convergence while bypassing the initialization requirement for admissible policies. This innovation significantly
mitigates computational overhead in distributed nodes during localized DSP operations. Furthermore, a
self-tuning mechanism dynamically optimizes the factor, enhancing adaptability to heterogeneous network
conditions. Through rigorous theoretical analysis, the proposed framework is proven to ensure asymptotic
convergence and Lyapunov stability. Practical implementation is realized through actor-critic Neural Networks
(NNs), incorporating an experience replay mechanism to exploit temporal correlation characteristics in networked
data streams. This enables derivation of optimal control policies solely from transmitted network signals,
independent of explicit system parameter knowledge. The framework thus establishes a resource-efficient
adaptive control paradigm for bandwidth-constrained networked MASs. Finally, several numerical simulations
validate the effectiveness and superiority of the proposed approach.

1. Introduction states, enabling effective negotiation and collaborative task execution.
In practical applications, with advancements in 5G communication, IoT,
and edge computing technologies, NMASs have been widely deployed

across domains including flexible production scheduling in smart man-

NMASs, originating from distributed artificial intelligence and com-
plex network theory, aim to collaboratively accomplish global tasks
through local information interactions [1,2]. NMASs comprise indi-
vidual intelligence and communication networks [3]. Individual in-
telligence refers to agents’ autonomous capabilities, including self-

ufacturing [5], vehicle-road coordination in intelligent transportation
[6], economic dispatch in smart grids [7], and drone swarm operations

motion control, local information sensing, processing, and communica-
tion within limited spaces. The communication network facilitates agent
interaction and coordination by using models like peer-to-peer, broad-
cast, and blackboard pattern [4], and allows agents to share crucial
information about intentions, objectives, actions, and environmental

in military systems [8]. Through NMASs, agents acquire enhanced envi-
ronmental awareness, detailed task specifications, and real-time insights
into peer agents’ intentions and actions, thereby improving coordination
efficiency and optimizing collective performance through synchronized
operations [9,10].
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In recent years, the optimal consensus problem of NMASs has at-
tracted increasing research attention [2], which belongs to an essential
branch of cooperative control in Cyber-Physical Systems (CPS) [11-13],
aiming to design optimization strategies that enable multiple agents
to achieve state or output consensus in dynamic environments while
minimizing energy consumption, time, or other performance metrics
[14,15]. The optimal consensus problem of NMASs is widely used in
formation control [16], energy trading in microgrids [17], cooperative
output regulation [18], etc. The challenges of this problem stem from
factors such as the nonlinear characteristics of the system, unknown dy-
namic models, and communication constraints. Conventional methods
often rely on solving coupled HJB equations to derive optimal con-
trol laws, namely, reaching Nash equilibrium among agents, but the
complexity of nonlinear models limits their practical application [19].
Over the past decades, DSP technology offers novel solutions for opti-
mal consensus control in NMASs, which can improve agent perception,
communication, and coordination in complex environments through
advanced signal processing, particularly in real-time processing, high-
dimensional fusion, and dynamic optimization scenarios. For example,
a least-mean-square algorithm based on NMASs with digital commu-
nication significantly enhances the dynamic response performance of
discrete-time systems by adaptively adjusting step-size parameters [20].
Digital signal compression techniques and event-triggered control mech-
anisms can effectively reduce data transmission volume for NMASs, alle-
viate network congestion in CPS, and ensure the performance of optimal
consensus control [21]. In addition, the NMASs with DSP technology has
been widely applied in high-precision positioning and cooperative path
planning for vehicular networks [22], consensus control of distributed
energy systems in smart grids [23], et al. Remarkably, in recent years,
digital signal-driven RL methods have garnered significant attention for
optimal consensus control in NMASs [24,25].

RL methods further reduce reliance on prior model knowledge by
online learning of interaction signal patterns among agents [26], and
integrated with adaptive control, have developed methods known as
Adaptive Dynamic Programming (ADP) [27,28]. Through iterative in-
teractions with the partially observable environment, the agent pro-
gressively optimizes its behavioral strategy by maximizing cumulative
reward digital signals [29-34]. In NMASs, RL provides a model-free
framework for solving optimal control and decision-making problems
under incomplete system knowledge, a critical challenge that conven-
tional control paradigms fail to address [29]. Contemporary RL method-
ologies have predominantly been categorized into two computational
frameworks: PI [35-40] and VI [41-43]. The PI framework necessitates
an initial admissible control policy, which presents significant practi-
cal implementation barriers due to the inherent difficulty in obtaining
such policies. In contrast, the VI framework eliminates this initializa-
tion requirement but suffers from computational inefficiency, typically
requiring extended learning durations compared to PI-based approaches
[44].

Notably, while most RL-based control strategies operate within these
established VI/PI frameworks, they inherit their respective limitations:
VI's slow convergence properties versus PI's strict initialization con-
straints. To address these dual challenges, [44] develops a hybrid it-
erative architecture for continuous-time linear systems that synergisti-
cally integrates the computational efficiency of PI with the initialization
flexibility of VI. Subsequent work by [45] introduces adaptive parame-
terization mechanisms to balance convergence speed and initialization
requirements in linear quadratic regulation problems. However, these
hybrid approaches remain confined to single-agent scenarios, leaving a
notable research gap in the NMASs domain regarding the systematic in-
tegration of VI and PI algorithmic advantages. This critical limitation in
existing literature motivates the present investigation into developing
unified hybrid iteration frameworks for NMASs applications.

While RL demonstrates strong theoretical guarantees in single-agent
scenarios, its direct applicability to NMASs remains fundamentally con-
strained by several critical challenges [46]. Unlike single-agent RL
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where learning objectives predominantly derive from dyadic agent-
environment interactions, NMASs inherently involve heterogeneous task
distributions and tightly coupled interdependencies among agents’ ob-
jectives, necessitating coordinated policy learning across distributed
entities [47]. Furthermore, NMASs environments exhibit heightened
stochastic complexity and dynamic state transitions compared to their
single-agent counterparts, significantly amplifying the learning conver-
gence challenges [48]. The scalability limitations of conventional RL ar-
chitectures become particularly pronounced in NMASs due to the combi-
natorial explosion of joint action-state spaces with increasing agent pop-
ulations. This dimensionality curse not only exponentially escalates the
computational complexity of deep network training but also fundamen-
tally undermines the exploration efficiency of RL algorithms, potentially
inducing convergence failures [49]. Additionally, the non-stationarity
intrinsic to NMASs environments introduces persistent learning insta-
bility, as each agent’s exploratory policy updates continuously modify
the perceived state transition dynamics for all other agents. This mutual
adaptation mechanism leads to oscillatory learning trajectories.

In this paper, we develop the DCIADP method to solve optimal con-
sensus control problems for NMASs. Overall, the main contributions are
summarized as follows.

1. This paper presents a novel DCIADP algorithm to tackle the optimal
consensus control problem in discrete-time NMASs by integrating
PI [35-37,39] and VI [41-43] within a unified architecture. The
proposed algorithm exhibits a fast convergence rate even when the
initial conditions do not satisfy admissible control policy require-
ments. Furthermore, this work successfully addresses the learning
instability issues discussed in [42] and [43]. Building upon this,
rigorous theoretical proofs for the convergence and stability of the
proposed algorithm are provided.

2. This paper proposes an adaptive rule with data-driven dynamic fac-
tor adjustment. This rule introduces a dynamic factor p, as the bal-
ance weight of current and past Q-functions, and combines with the
real-time processing capability of digital communication, enabling
the algorithm to obtain the optimal control strategy from the effi-
cient transmission network signals and independent of the knowl-
edge of unknown system parameters. Consequently, this frame-
work establishes a resource-efficient adaptive control paradigm for
bandwidth-constrained NMASs.

3. This paper constructs an off-policy approach to overcome the issue
of limited exploration through the utilization of digital signals ac-
quired from arbitrary control actions. The Experience Replay (ER)
technique is introduced to reduce the experience required in the
learning process by using the historical sampled signals stored in
the experience pools. In addition, the ER technique breaks the cor-
relation of the data, which makes the training process more efficient
and stable. The action-state value function (Q-function) applied al-
lows any behavior policy to collect data for learning.

Other parts of this article are arranged as follows. Section 2 reviews
the necessary knowledge of graph theory and the optimal consensus con-
trol theory of NMASs. In Section 3, the DCIADP algorithm is proposed.
The failures of VI and PI algorithms are overcome, and then the conver-
gence and stability of the algorithm are strictly proved. Section 4 gives
an adaptive adjustment rule, and the actor-critic NNs are used to imple-
ment the algorithm. Section 5 provides a simulation example to verify
the effectiveness of our method. Section 6 gives the conclusion.

2. Preliminaries
2.1. Algebraic graph theory
A directed graph E = (i E, Z) is used to represent the network com-

munication topology of the NMASs, where V = {1, 2, ..., N } is the vertex
set of the graph, and each vertex represents an agent in the NMASs.
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Fig. 1. Communication structures of NMASs with single leader.

£ = e; = {(i,j)evxvli,j e?} denotes the set of all edges of a

graph. The matrix A= [a; j],,j < is the weighted adjacency matrix of
the NMASs. If communications messages from agent j can be received
by agent i, that is, there is an edge ¢;; = (i, j) € £, then g;; > 0, otherwise
a;; = 0. In particular, we define a; =0 fori € y.

The neighbor set of node i that is represented as ¥; = {j : (i,j) € E}.
The matrix D is a diagonal matrix that represents the in-degree of each
node in the graph, which can be expressed as D = diag {dl-}, and its
diagonal element d; = Y, jew, a;j- The Laplacian matrix of CisL=D-A.
If the graph involves a directed spanning tree, then it is said to have a
directed path from the root node to any other node.

Assumption 1. The graph ¢ =(V,€, A) includes a directed spanning
tree whose root node is considered the leader.

Under Assumption 1, Fig. 1 shows three typical communication
architectures of single-leader NMASs. For the star network, such as
manned-unmanned aerial vehicle networking [50], high-cost manned
systems including land-based/carrier-based fighter aircraft and airborne
early warning platforms are designated as leader aircraft, while high-
speed, low-cost Unmanned Aerial Vehicles (UAVs) serve as follower
agents (i.e., loyal wingmen). The leader-follower hierarchy establishes
unidirectional radial connections, enabling UAVs to execute combat
tasks based on commands issued by the swarm system. For the hybrid
star-ring network, such as Bluetooth Low Energy (BLE) networking [51],
the leader master node allocates roles for each node through a star struc-
ture, including intrabridges, interbridges or slaves, to construct local
subnets. Moreover, nodes at each level will form mesh-ring subnets to
achieve better throughput and lower latency for BLE. The aforemen-
tioned network types can be regarded as special case of the mesh single-
leader network. Its follower subnetwork is allowed to contain multiple
nodes with zero in-degree, provided that all zero-in-degree nodes can
reach any non-zero-in-degree node. Therefore, we focus on the optimal
consensus control problem of NMASs within the mesh single-leader ar-
chitecture.

2.2. Problem formulation

Consider the following discrete-time NMASs with N followers and
one leader, the dynamics of the i-th agent is

s,(c+1)=As;(Q)+ Bz, (¢)i=1,2,....N 6))

where s;(¢) € R" and 7;(¢) € R™ denote the state and control input of
agent i, respectively. A € R™" and B; € R™" are system constant ma-
trices, which are usually considered to be unknown. Using the leader as
a reference system, the corresponding system is

s0(¢ + 1) = Asy(¢) (2
where 5(¢) € R" is the state of the leader. The consensus control of the

dynamical systems Egs. (1) and (2) can be achieved asymptotically if

Jim [}5(6) = so()]| =0.vi € v 3
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Namely, the control protocol z;(¢) for Vi in the system Eq. (1) solves the
consensus problem asymptotically [52]. In the directed graph, to study
the consensus problem, we define the local neighborhood tracking error
as

GO =Y a; (5:(6) = 5,(0)) +b; (5:(6) = 50(c)) )
jeY¥;

where the pinning gain b; > 0, if a path exists that is follower i connected

the leader, otherwise b; = 0. According to Eq. (4), the overall tracking

error vector C is expressed as

C©)=(L®1,) (5(5) = 50(0)) + (B L,) (s(5) = 50(c))
=((L+B)®1,) (s)—5p(9)) 5)

where £ = [I;;] € RN*N s the Laplacian matrix of a directed communi-
cation topology, /B = diag{b,;} € R¥*V is a diagonal matrix with the di-
agonal entries equal to the pinning gain b;, C(¢) = col (C;(¢)), 5 € R"Y,
s(¢) = col (5;(¢)) 5 € R"™Y, 50(¢) = col (s50(¢) ), .5 € R™Y, and 1, is the
n-dimension identity matrix. By Egs. (1), (2) and (4), the iterative local
tracking error can be expressed as

Cl+D= Z a;j (As(©) + Bimi(¢)) = Z a;; (As;(¢)+ B;m;(c))

i€y, je¥;
+b; (A (S,-(g) - So(g)) + Bi”i(g))
=AC,() + (L; + b;) Bimy(¢) — Z @ B;7;() ©
JEY;

For the description that all agents are synchronized with the leader,
the global consensus error &(¢) is defined as

&(9) = 5() — 5p(9) )

Thus, Lemma 1 below demonstrates that £(¢) can be constrained by C(¢).

Lemma 1. [53] Let (L + B) be nonsingular. Then, the consensus error is
bounded by

C
e < ol ®

min(L + B)
where A;,(L + B) stands for the smallest singular value of (L + B).

From Lemma 1, it reveals that when ||C(¢)|| = 0, then [|&(¢)|| — O.
i.e., all agents reach consensus with the leader. To satisfy the condition
that (£ + B) is a nonsingular matrix in Lemma 1, it is necessary to ensure
that the communication directed graph has a spanning tree.

Remark 1. From formula Eq. (6), we obtain that the control inputs of
all neighbors of the agent i are included in the local tracking error, that
is, C;(¢ + 1) is driven by x;(¢) and 7,(¢),j € ¥;.

2.3. Optimal consensus control based on Q-function via Nash equilibrium

The local performance index function of the ith agent is defined as

J; (Ci(©).7(9)) = ¢; (C(€). 7 (©)) +7J; (Ci(g + 1) my( + 1) )]

where the utility function ¢; (C;(¢), 7,(¢)) = CT(¢)M;C;(¢) + 7 (<)
Nmi(6), M;; € R™M N, € R™™ are all positive symmetric weighting
matrices; the constant 7 € [0, 1] represents the discount factor in RL.

Remark 2. From Remark 1, we can obtain that the local performance
index function J; contains the local tracking error C;(¢) which also im-
plies the control input of the neighboring agent of agent i.

Definition 1. [43]. (Admissible Control) Denoting z;(C;(c)) for agent
i as admissible control policies, it is necessary to ensure that z;(C;(¢))



J. Li, J. Lu, L. Ji et al.

makes the performance index Eq. (9) finite and also stabilizes the error
system Eq. (6).

Define the local state-value function (V-function) as

Vi(G©) = X (G mh)

(10)
I=¢
Rewrite Eq. (10) as
Vi (€(9) = ¢ (Ci(€). () + V3 (Ci(s + 1)) an
Then, the optimal V-function of agent i is determined to
Vi (€(©) = min [¢; (Ci(©). m:(0)) +7V; (Ci(s + D)) (12

Next, the Q-function is to be introduced. Given the ith agent’s control
policies 7;(-) are admissible, the definition of the Q-function for agent i
is given by

0, (Ci(¢).pt) =¢; (Ci(¢). ) +70Q; (Cilc + 1), 7, (Ci(g + 1)) (13)

where u represents the randomly taken control policy. In time step ¢, a
method utilizing the V-function would employ 7;(¢) as the control input,
whereas a method based on the Q-function would use y, which might
not necessarily match z;(¢). Put differently, V;* (C[(g)) =07 (Ci(g), ;4)
holds if and only if 4 = 7 (¢). According to the Bellman optimality, the
HJB equation below characterizes the optimal local Q-function

0; (C(),u) = ¢; (Ci(e), 1) + 705 (Ci(s + D af (Ci(c + 1))
=¢; (Ci(©),u) + TV (Cilc + 1))

Under the necessary condition 007 (C;(¢), 1) /om;(¢) = 0, the local
optimal control policy z;(-) results in the following

(14)

7 (Ci(9)) = argmin V;” (Ci(¢)) =arg min O (Ci(9). )

907 (Cilc+ 1), u)

3T D 1%

1 -1 pT

=737 (d;+b;) Ni ' B;

To design an optimal control policy 7} (Ci(g)), one needs to find the

optimal Q-function of agent i. The model-based method is not feasible

because the accurate matrix B; is unavailable. Thus it is necessary to
explore the model-free approach.

Remark 3. We choose the Q-function instead of the V-function to up-
date the optimal control policy. The need for a complete state trajectory
is based on the characteristics of V-function optimization, which means
that the learning process experience is inseparable from the state tra-
jectory. Compared to V-function, Q-function optimization is an action
taken at every moment. It does not require a complete state trajectory,
but also enhances the exploratory behavior strategy.

Definition 2. [34] (Global Nash Equilibrium) A N-tuple of control pol-

icy

[EAOX ORI SO RN O]

is referred to as a solution of the Nash equilibrium, if there exists
VAN EHOR MO N AC RN A O))

<inf(J7 (2} (). 75 (), (), o () )

(16)

for arbitrary z;,Vi € V.

According to Definition 2, the Q7 (C;(¢), u) for Vi can also be ex-
pressed as
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0; (Ci(©). 1) =mine; (C(¢). 1) + 70 (Cic + 1.7 (Cc + 1)) (A7)

Algorithm 1 PI Algorithm.

Initialization: Start with an admissible control policy n?(ci (¢)) as the initial
starting point.
Step 1. Policy evaluation:

0} (Ci(¢). ) =¢; (Ci(€). ) +7Q} (Ci(s+1). 7] (Ci(6+1D))) a8
Step 2. Policy improvement:
7 (C9) a9

=a_rgrrilin {ci (C,-(g),y) +rQ: (C,-(g + 1),71'{ (Ci(g + 1)))}

Algorithm 2 VI Algorithm.

Initialization: Begin with control policies n?(Ci(g)) that are arbitrary and
not necessarily admissible or stabilizing.
Step 1. Policy evaluation:

0 (C(0). 1) =¢; (C(©). ) +7Q! (Clc+ 1) 7! (C(c+1))) (20)
Step 2. Policy improvement:
=+ (C(9) @D

:argrrLin {¢; (C©),u) +7Q} (Cic+ D,z (Cic+ 1))}

3. Data-based DCIADP algorithm for optimal consensus control of
NMASs

In this section, VI and PI algorithms are given. We propose the DCI-
ADP algorithm for data-based distributed optimal consensus control by
combining both types of algorithms. Lastly, the corresponding stability
and convergence analysis is provided.

3.1. Analysis of PI and VI algorithms

For #7 (C;(¢)) in Eq. (15), it needs to solve the HJB equation (14)
for its solution Qf (Ci(g), /4). Two algorithms, including PI (see Algo-
rithm 1) and VI (see Algorithm 2), are often used to solve the complex
HJB equation [54].

The main challenge of PI is the high computational cost of policy
evaluation, which involves complex matrix operations and is impractical
for large state spaces. Greedy updates in policy improvement can slow
down convergence if the initial policy is poor or rewards are sparse. Stor-
ing policy distributions for each state-action pair can also be memory-
intensive, especially in high-dimensional spaces. VI updates the value
function iteratively with lower per-step cost, but requires more itera-
tions for convergence and is sensitive to termination conditions. Both
methods struggle with the curse of dimensionality and model depen-
dence, limiting their application to unmodeled or continuous control
problems.

It has been noted that both the VI and PI algorithms utilize a com-
mon policy improvement scheme. However, their policy evaluation
techniques differ. The PI algorithm exhibits fast convergence, yet it
necessitates an initial admissible control that is both feasible and ac-
ceptable, which can pose a challenge in practical scenarios. Using the
VI algorithm, the need for an initial admissible control policy can be
avoided, but its convergence speed will be prolonged, even the algo-
rithm sometimes fails to converge. To combine the advantages of VI
and PI algorithms, we propose DCIADP algorithm (see Algorithm 3) for
reaching the optimal consensus control of NMASs Egs. (1)-(2).
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Algorithm 3 Optimal Consensus Control Using the Off-Policy DCIADP
Algorithm.
Initialization: Choose a sufficient small calculation e. Start with initial arbi-
trary control policies 71:?(~) for i. Establish the starting value of iteration index
I to be 0, and x!(-) = z0(-).
Step 1. Policy evaluation: Let / =/ + 1. The iterated local Q-function can be
obtained by solving the equation associated with the iterative control policy

7l

0} (Ci(9). n) =¢; (Ci(©). 1) + 7,0} (Ci(s + 1), 7} (Ci(s + 1))
+7(l-p) 07" (Clc+ 1.2 (Cc+ D))

where 0 < p; <1 is the dynamic factor.
Step 2. Policy improvement: Improved iterative local control policy 7r,’ )
updated control policy by

(22)

7 (C(9)
=argmin {¢, (C(). u) +70,0] (Cic + D7} (Cilc + D))

+7(l=p) 07" (Clc+ .27 (Cc+ D))}

(23)

Step 3. If ”Qf (Ciom) - Q! (Ci,y)” <, for a sufficiently small constant e,
stop the iteration. Otherwise, repeat Step 2 and proceed.

3.2. Data-based DCIADP algorithm for optimal consensus control

The DCIADP algorithm is noteworthy for its three key attributes.
Firstly, it utilizes an off-policy learning approach, overcoming the issue
of limited exploration through the utilization of data acquired from ar-
bitrary control actions y. Secondly, a dynamic factor p; is utilized in
the DCIADP algorithm to balance between current and past Q-functions
Qﬁ and Qﬁ’l. The larger p; means that Qf.’l is decreasing in importance
and Qﬁ is increasing in importance. In the limiting cases, the values of p,
equal to 0 and 1 correspond to the VI and PI approaches, respectively.
Moreover, the DCIADP algorithm is an off-policy method that operates
without the need for analytical mathematical expressions of the system
model and performance index function.

Remark 4. To clarify the off-policy approach, further explanation is nec-
essary. RL presents two crucial frameworks, off-policy and on-policy,
that are distinguished by their differing techniques for policy evalua-
tion. We first introduce target and behavior policies and explain the
difference between them. Typically, goal policy is applied to the pol-
icy that evaluates value function, while the behavior policy is used to
generate learning data. For the on-policy approach, both target and be-
havior policies are used with the same control policy, but this may lead
to under-exploration and is often challenging to implement. Off-policy
learning methods offer a key advantage in policy evaluation, allowing
for the use of system data generated by any behavior policy to evaluate
the target policy. This effectively leverages real-world system data to
enhance the learning process. Consequently, the off-policy method sim-
plifies the process and effectively eliminates under-exploration. As can
be seen, step 1 of Algorithm 3 reveals that the behavior policy u can
be selected freely, characterizing the DCIADP algorithm as an off-policy
learning approach.

3.3. Stability analysis for the DCIADP algorithm
The convergence of Algorithm 3 is demonstrated by showing that

the sequence {Qﬁ(C,., y)}, generated by equation (22), converges to the
optimal Q-function {Q;* (&% /4)} in this section.

Theorem 1. Let {Q,(C;, )} > O satisfy

0, (Ci(©)m) = ¢; (Ci(e) ) +70; (Cilc + D,a(Cic + 1)) (24
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where a (Cl-) =argmin,, Q,»(Cl-,y). Additionally, letE?(Ci, INES Q,—(C,»,y),
the series {E" (C;, )} is generated by
2 (C(e). 1) =¢; (C(©). ) + TpE! (Ci(c + 1).a (Cic + 1))

+7(1-p)Q; (Cs + D,a(Cc +1)) (25)

where 0 < p < 1. The solution to the following equation defines Q, ( C;, ;4) as

Qi (Ci(9), u) =¢; (Ci(&) 1) +7pQ; (Ci(s +1),a (Ci(s +1)))

+7(1=p)Q; (Cis +1).a(Cis + 1)) (26)
Thus, for Vn, we get the following conclusions
1 &M (Cop) <E(Com);
=% (G = 0, (€)= [ 75 1P (€)= (Gt
=1 (Con) =0 (Com)|| < [Z2] B! (com) - =2 (Com)| s
57 (C,,y) =¢i (Cw”>'

Proof. Mathematical induction applied to part 1) of Theorem 1. For in-
dex n=0. We have E" (C;, ) <E? (C;,u) and E ”"+1 (Ciu) <EMN(Ciom),
it follows from Egs. (24) (25) that

B! (Ci(e) i) =¢; (Ci(e) ) +7pE] (Ci(g + Dsa (Ci(g + 1))
+7(1=p)Q; (Ci(s +1.a(Cc + 1))

<0; (Ci(9) ) =E) (Ci(¢), 1)

) @7)
57 (Ci(g)Jl) < E

Assume that (Ci(g), #). Based on (25), we have

2 (Ci(e) ) <¢; (Ci(e)o ) +pEI (Cilg + 1),a (Ci(s + 1))
+7(1 - p)O; (C,-(g +1),a (C,.(g + 1)))
:E? (Ci(g)’/")

It guarantees that the validity of part 1) of Theorem 1 is upheld for V7.
2) Referring to equations (25) and (26), we have

2¢O - Qi (€ 1)
—1p [E;?“ (Cic+Dsa(Cic+1D))
-0 (Cilc+ D.a(Cils + 1))>]
—1p [Ej?“ (Clc+1a(Clc+D))
-8 (Cic+ ,a(Cic +1))]

Then, for all C;(¢), C;(¢+1) € E and u, a(C;(c + 1)) € U, where E and U
have defined the compact set and we have A 2 {(C,7)|C € E,z € U}

IZ* (Coom) = Qi (Civ k) Nl

,_r,+1 (Ciom) -0 (Ciom) ”DQ
Hnﬂ (Ci’/‘) - 57 (Ci’/‘)” (28)

_n+l (Ciom) — %(Ci,M)Hoo <

Thus, part 2) of Theorem 1 holds. i.e.,

(2] and 1= (o) =] (C) e
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3) Based on part 2) of Theorem 1 and (25), one has

IS (Cion) = Q1 (Ciott) s
s% =/ (Com) =B (Com)|
- et -2 )]
125 | (Com) -2 )],

4) From part 3) of Theorem 1, lim, _, ”E:’ (Ciom) = O, (Ciop) H =0,
namely -

Jim =7 (Ciou) = Qi (Ciom)

The proof is concluded. []

Theorem 1 demonstrates a single policy evaluation process Eq. (22)
within Algorithm 3. In other words, for VI, if we set B (C;,u) =
Qﬁ (Ci,p), the series {E? (c, ;4)} generated by Eq. (25) is nonincreas-
ing and converges to O'*! (C;, ), i.e., lim,_  E (C. 1) = Q' (Cpop).
Theorem 2 below verifies the convergence of Algorlthm 3 through the
application of the results presented in Theorem 1.

Theorem 2. The series {Q (&% y)} can be generated byAlgon'thm 3. Let the

condition Q% (C,(¢).u) = ¢; (Ci(¢).u) + 7Q° (Ci(c + 1), 7" (C;(h+1)))
hold, then
1) for Vi

O (Ci(e) ) <¢; (C(©). ) + 70} (Ci(g + 1), 2! (Ci(c + 1))
<0 (Ci(¢). m)
2) lim,_, Q' (C;o1t) =0 (C; 1)

(29)

Proof. 1) Conclusion Eq. (29) is proved through mathematical induc-
tion, utilizing the principles established in Theorem 1.

For index [ =0, let B (C;, u) = Q; (C;ou) =0V (C;opu) and a (C;) =
70 (C;). It follows from Theorem 1 that & H"H (Ciop) <E(C;op) and

lil m,_ &5 (C,,y) Q’. (Cl,u). Then, we have

0! (Ci(o). ) = Jim = B! (Ci(¢). u) B! (Ci(o) )

=¢; (C(©). ) +7Q° (Ci(c + 1), 20 (Ci(c + 1))
Thus, conclusion Eq. (29) is applicable when / = 0.
By taking into account that conclusion Eq. (29) holds for / — 1 as the
index, we move forward with the proof, i.e.

0! (C(©)u) <¢; (Ci(©).u) + 1O (Cilc + Da(Ci(c + 1))

<07 (Cio)m) (30)
From Eq. (22)
Q! (Ci(9), 1) =¢; (Ci(¢), ) + 70} (Ci(c + 1), 7} (Ci(s + 1))
+7(1-p) (Q7" (Cls+ 1.2t (Cis+ 1))
-0 (Cic+ 1), al (Ci(s+1))))
>¢; (C() ) + 70! (Ci(g + 1), 7l (Cic + 1)) (31)

We have already completed the proof of the right-hand side of
the conclusion Eq. (29). Next, the left-hand side is proved using the
conclusion of Theorem 1. Let & :0 (Ciom) =0; (Ciop) = Qﬁ (Ci,p) and
a (C,.) = 7r( (C ) It follows from Theorem 1 that & ”"H (C,-,u) < E:? (C,-,u)

and lim,Hm (C,, ,u) Qﬁ“ (Cl, /4). Therefore, we have established
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Fig. 2. Policy evaluation.

0/ (Cie). ) = lim & (C(0). 1) < (Cie) )

=c; (Ci(g),y) +7p,E; (C ¢+ D),x; (C (c+ 1)))
+7(1-pP0! (Ci(c+ Dzl (Cic+ 1))

=¢; (Ci(6), m) +7Q} (C(c + D7/ (Ci(s + 1))

The combination of Egs. (31) and (32) demonstrates that conclusion Eq.
(29) holds for all /.

2) As per Eq. (29), the series {Qﬁ (<, ;4)} is non-increasing and lower-
bounded by 0, meaning Qf(C,-, u) > 0. Since a bounded monotonic series
always have a limit, we denote it with Q% (C;, p) £1im;_, Q' (C;. pt)
and ﬂ;’° <) Sarg minM Q;."’(C,-, ). A limit calculation of Eq. (29) yields

(32)

0% (Ci(¢) ) Z¢; (C(©).u) +TO% (Cic + 1), 2> (Ci(c + 1))

(33)
<0 (Ci(6), )

ie.,

0 (Ci(6) 1) = ¢; (Ci(e), ) + 70 (Ci(s + 1), (Cis + 1))

which can be seen as an equivalent statement to equation (14), meaning
that Q% (C;, ) = @} (C;, u). The proof is concluded. []

(34

In Theorem 2, based on the conclusion of Theorem 1, the DCIADP
algorithm is shown to converge by proving that O} (C;, u) is the limit of
the non-increasing series {Qﬁ(Ci, y)}. Fig. 2 provides a visual represen-
tation of the relationship between Theorem 1 and Theorem 2 for better
understanding.

Corollary 1. Let 0 < f; < f, < 1, and Q;(C;, p) > 0 satisfy

0, (Ci(¢), 1) 2 ¢; (Ci(6), ) +70; (Ci(s + 1), a (Ci(g + 1)) (35)

where

a(C;)=argminQ; (C;, 1) (36)

For ,,p=1,2,0, 5 (C;, p) satisfies

0,5, (Ci(©). 1) =¢; (C/(©). 1) + 70,0, 5, (Ci(c + D.a (Cis + 1))
7(1-5,) 0, (C(c+1).a(Clc+ 1)) @37

Then, Q,',pl (Ci,ﬂ) > Qi,ﬂz (Cia M.

Proof. For p=1,2, let =0 (C;, ) = Q;(C;, p) and the series {E’, (&%
i.Bp .8y

;4)} be generated with

=1 (Co) ) =¢; (Clo) ) + 7B, (G + Doa(Cile + 1))

+7(1-5,)0, (C,-(g+1),a(C,»(g+1))) (38)
According to part 1) of Theorem 1, we have Z ~”+1 (Cl,u) < E (Ci,ﬂ)
forall y and p=1,2.
We will prove that for all values of #, the inequality =" L, (C,-, H) >
E (Cl ) ,u) holds by using mathematical induction. Note that = g (C,-, ,u)
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E?ﬁz (Cion) = Q; (Cjpt). For m = 5 — 1, suppose ::ﬂ (Ciu) =
o (C;, 1) holds. We will show it for m = 5. From Eq. (38), we have

E i.fp
2, (G m) 26 (Co)m) + A E],] (Cile + Daa (Cile + 1))
7(1=4) Q; (Cic+ D.a(Cic + 1))

As a result of Egs. (38) and (39), it can be deduced that

(39)

E?ﬁl (€(e1Lm—E], ,(Ci(S), 1)
2t(fy - ﬁz):f’ﬁl(c (c+D.alCc+ 1))
— (B — F)Q;(Ci(¢c + D), a(Ci(c + 1))
=7(p, — ﬂ1)[ ,ﬁz(C ¢+ D,aCc+ D)

211G+ D,a(Cils + )] 20 “0)

which means that E:’ﬁl (Ci(g),y) > E:’ﬁz (C,-(g), /4) holds for all #. From
. :”ﬂp (Ci,y) for
p=1,2. As a result of Eq. (40), it can be concluded that Qi’ﬂl (C,-,/l) >
Oy, (C;, u). The proof is concluded. []

part 4) of Theorem 1, we have Qi,ﬂ,, (Ciom) = lim, _,

As demonstrated in Corollary 1, under the conditions specified in Eq.
(35), a larger dynamic factor p; in Algorithm 3 yields a more optimized
Q-function at each iteration.

Theorem 3. Let Assumption 1 hold. If QF (C;(¢), u) satisfies equation (14)
and x (C;(¢)) takes the form defined in equation (15), then the neighbor-
hood tracking error C;(¢) for all i will be asymptotically stable, and all agents
achieve synchronization with the leader.

Proof. Available from Eqgs. (12) and (14), we have Q7 (C(¢).u) =
V¥ (Ci(¢)). According to the Bellman optimality principle, it has
Vi (C(9) = ¢; (Ci(e).u) + TV (Cic + 1))

Both sides of Eq. (41) are simultaneously multiplied by z¢ and define
the difference in the Lyapunov candidate function as

(41)

AV (C0) = =1 (G4 1)~V (€0)
=—1° (Ci(g),y) <0

The proof is concluded. []

(42)

According to Eq. (42) and Lyapunov stability theorem, it can be con-
cluded that £(¢) — 0, and all agents will synchronize with the leader.

4. Implementing DCIADP with actor-critic neural networks

In this section, we develop an actor and critic NNs to implement
the DCIADP algorithm (see Algorithm 4). A dynamic parameter tuning
method is used to adjust p; in Algorithm 3 to make the implementation
of the algorithm more efficient and convenient. Moreover, the actor-
critic structure is utilized to approximate Q; (C,-(g), ;4) and 7 (C,-(g)).

4.1. Adaptive adjustment rule of dynamic factor

The dynamic factor p, is used to adjust the weights of VI and PI in Eq.
(22), based on the DCIADP algorithm and the analysis in Section 3.1. As
p, increases, the contribution of PI to policy evaluation becomes more
significant, while the contribution of VI becomes smaller. The proposed
Algorithm 3 seeks to strike a balance between the benefits of VI and
PI by eliminating the need for an initial admissible control in PI while
also improving the speed of VI. In addition, it should be noted that the
dynamic factor p; in equation (22) can be updated at each iteration.
Therefore, it makes sense to start with a smaller value of p; in Eq. (22),
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so that VI has a greater influence on policy evaluation and eliminates
the need for an initial control policy. We gradually increase the value
of p;, with each iteration to accelerate convergence.

After analyzing the relationship between p,, policy evaluation, and
convergence rate, we propose an adaptive adjustment rule

p; = tanh(yIn(x + 1)) (43)

where both x > 1 and y > 0 are constants. It is noteworthy that Eq.
(43) displays a steady upward progression during iteration /, as it is
a monotonically increasing function. As / — oo, p; = 1 and the DCI-
ADP algorithm approach the Q7 (-). Then, PI dominates in the policy
evaluation Eq. (22), leading to accelerated convergence. The choice of
parameters x and y in equation (43) can impact the calculation of p,
and, consequently, the convergence rate of the DCIADP algorithm. In
the early stages of the DCIADP algorithm, the parameter x is adjusted
to optimize p,; that is, increasing x in the initial stage will result in a
higher weight for PI and a lower weight for VI. The parameter y primar-
ily adjusts the rate of increase for p;, meaning that increasing y results
in a more rapid increase in the weight of PI. In practice, the values of
parameters x and y are typically chosen based on prior experience, and
they may vary across different systems or applications.

4.2. Designing the critic NNs

The critic neural networks are used to estimate the Q-function of
agent i, as shown below

0, (Ci) ) = ZL &P, (110016 a4)

where the vector 0, ;(¢) is composed of C;(¢) and #;(¢) for agent i, F, ; (-)
is the activation functlon, y ;and Z ), T ; represent the weight matrix of the
critic NNs for agent i. The output of cr1t1c neural networks is denoted as
0, (C,, #), while y and Z, T are kept constant in this paper.

The definition of the error function for agent i can be expressed using
equation (22)

e.i(¢) (45)

=¢; (Ci(©). 1) +7p,0 (Ci(c + D)) +7 (1= p;) 017" (Cilc+1)) = 0! (Ci(9))

To minimize the error performance index E, ;(¢) = E e ,(g)ec i(©), we
update the weights of critic NNs using a gradient-descent- based method
as follows

s _ gt _ . 9Eei©) 0e(©) 00, (C;. )
c,i c,i c,i decq,'(g) aQ[ (C,-,ﬂ) 0ZAC’i(g)
=Z,/(¢) + K, ;0.(¢)e () (46)

where K.,
Yeibe. ,(c)

; is the learning rate of critic NNs for agent i and ¢.(¢) =

4.3. Designing the actor NNs

To define the actor NNs that approximate the control policies, we
proceed as follows

.i( Va,i a,(€)>

where the vector 6,;(¢) is constructed by C;(¢), F,,;
function, y,; and Za_j denote the weight matrix. Similarly, y,; is held
constant, while 7;(¢) is the outcome of the actor NNs. The error function
is defined as follows

#() =21 (OF, (47)

is the activation

e,i(g)= (Cl,ll> 0 (Ci»ll) 48

In the RL procedure, the ultimate utility goal @, is turned to 0, cor-
responding to “success”. To minimize the objective function E,;(¢) =
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2 e, l(g)ea :(¢), the weights of actor NNs are updating law are designed
as

ZI+1 2! _KaiaEa,i(g) ?ea,i(g) aQi (Ci’/‘)
@ 0e,1() 90, (Cpyp) OF,; (0.(9))

Fei(6:(©) d0,(c) 90.:() dmi(c)
do.(¢)  00.,(¢) om;(¢) aZT.(g)

=24i(©) + ka0 Fai (04©) ZLOF,, (0.(6)) Y,

Fei(oe 20,,() .
where 0,(6) = 7, ,0,:(¢), F.,;(0.(0) = %, L= #’((g is a
constant matrix, k,; is the actor NNs learning rate. From Egs. (44) and
(47), they employed a fully connected structure with three layers for the
problem scale, and the number of nodes in the hidden layer needs to be
set according to the problem size. The update of the weights of the two
NNs in Egs. (45) and (48) depends only on the current and historical
system data, making it more suitable for practical applications.

(49)

Algorithm 4 The DCIADP Algorithm based on actor-critic NNs.

Initialization: Initialize the weights of the actor and critic NNs, Z T and V4 T‘,
with random values for each element ranging from 0 to 1. Set a small and
positive value e. The learning rates k. ; and k,,;, the positive definite matrices
M,; and N Calculate C;(0) by 50(0) and 5;(0). Initialize x and y.
Output

Step 1. Let ¢ =0,/ =0.

Step 2. Compute p, via Eq. (43) and #,(C;(¢)) via Eq. (47).

Step 3. According to sy(¢ + 1) and s;(¢ + 1), compute C,;(¢ + 1) by Eq. (4).
Step 4. Compute the value function O, (Ci(¢), 1) via Eq. (44).

Step 5. Update two weights ZAC/fl by Eq. (46) and ZAL*II by Eq. (49).

Step 6. Let ¢ =¢+1,/=1+ LU Y, |z -2 | <
Otherwise, back to step 2.

Step 7. return 7#;(C;(¢)).

then turn to step 7.

Fig. 3 illustrates in detail the framework of the DCIADP algorithm
using actor-critic NNs as a basis. The actor network of agent i collects its
own state s;(¢ — 1) and the states {s (3= 1)} of neighboring agents, then
outputs action z; from the policy network. The action and correspond-
ing state pass through the state transition function in the environment to
generate the current s,(¢). Sensors gather these environmental informa-
tion to calculate the current reward c;, which is ultimately stored in the
ER. The critic network samples historical records from the ER to evalu-
ate the current control policy while enhancing the prediction capability
of the actor policy network.

Remark 5. It is important to note that while the DCIADP algorithm
boasts a faster convergence rate and eliminates the need for an initial
allowable control strategy, addressing the limitations of VI and P, it is
not without its drawbacks. On one hand, Eq. (43) does not represent an
optimal design and relies heavily on prior experience. Therefore, alter-
native approaches for formulating Eq. (43) can be explored.

Remark 6. In this paper, we address the challenge of balancing VI and
PI in controller design for discrete-time NMASs. It is important to com-
pare the proposed DCIADP algorithm with existing PI methods, such as
[34]1, and VI methods, such as [43]. On the one hand, one major limi-
tation of the PI method is that it requires an initially admissible control
policy and strict initial conditions, which limit its practical application
in the real world. On the other hand, the convergence is usually slow
for VI methods. Compared with the above two methods, the DCIADP al-
gorithm loosens the initial conditions, eliminates the need for an initial
admissible control policy, and accelerates the convergence speed. The
simulation results in Section 5 demonstrate that the DCIADP algorithm
exhibits faster convergence compared to traditional VI methods.
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Fig. 3. Flowchart of the data-based model-free DCIADP method.
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7,(c-1)

leader

Fig. 4. Communication topology graph.

5. Simulation results

In this section, Algorithm 4 is utilized to address the challenge of
optimal consensus control in discrete-time NMASs with unknown dy-
namics. One simulation example will be presented to demonstrate the ef-
ficiency of our proposed method. Given the mesh single-leader directed
communication network illustrated in Fig. 4, which satisfies Assump-
tion 1 and includes a leader node (node 0) and three follower nodes. It
is worth noting that the number of nodes in the communication topology
has no impact on the verification results but can increase the computa-
tion time. To convenience the simulation, we used a four-node system.
Let s = col(s),5 i = col(s;y,5;1) € R? and #; € R. The parameters of
system (1) and (2) are as follows

| 08546 0.2547] ~ [0.6580
—0.2547 0.8546 1.4957
[09899] [ 09630
2= [1.2941] a [—1.1721]
. T .
For i =1,2. F,,(¢)= tanh([CM(g) Cia©) m(©) ) For i = 3,

F..(c) = tanh ([c,.,l(g) Ci2(€) m(©) ;rj(g)]T). For i = 1,2.3, Fy() =
[C“(g) Ci’2(g)]. Letting the pinning gain b; = b, =1 and b3 =0, the
edge weight a3, = 1. From the definition of local performance index,
¢ (Ci(€). 1i(©)) is set My = My = Mz = Iy, Njj = Ny = N33 =

Ny = N3 = N, = N3 = N3, =0. In the adaptive adjust-
ment rule, we take the constants x = 1.2592 and y = 0.2196. The learning
rates are given as k. ; = k,; =0.03,i = 1,2,3, and the discount factor as
7 = 0.95. The element values of the weight matrix of critic NNs and
actor NNs are set in [0, 1].

The results from Fig. 5 reveal that the local neighborhood tracking
error asymptotes to zero, namely, the control inputs {z;}, 5 of all fol-
lowers asymptotically converge to zero from Fig. 6, while their state
values {s;}, 3 synchronize with those of the leader by Fig. 7. This
means that the DCIADP algorithm is effective in discrete-time NMASs.
Fig. 8 shows that as iteration / increases p; slowly becomes more sig-
nificant from an initially relatively small value. In Eq. (22), the closer
p; is to 0, the more pronounced the effect of Qﬁ‘l(-) becomes, and as
p; approaches 1, the greater the effect of Qﬁ(-). Under this setting, VI

N32=1,
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Fig. 5. Norms of the local tracking errors {C,,C,,C;}.
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Fig. 6. Evolution of control inputs {7, 7,,75}.
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-0.5

02 — 50
81 Iteration Steps

Fig. 7. Evolution of states {s,s;,5,,53}.

is utilized to rapidly narrow down the solution space during the early
iteration stage. As the dynamic parameter tuning p, increases, it gradu-
ally switches to PI for strategy optimization to enhance the convergence
stability. Deploying a hybrid iteration framework that dynamically se-
lects between VI’s single-step updates and PI's multi-step evaluations
using adaptive factors. Such hybrid methods significantly enhance the
DCIADP algorithmic robustness in complex control tasks, achieving fast
initial convergence and feasible long-term policies, particularly in sce-
narios demanding strict requirements for real-time performance, control
precision, and uncertainty adaptability. Fig. 9 illustrates that the DCI-
ADP algorithm converges significantly faster than the VI algorithm,
while the need for an admissible initial control policy is eliminated.
Specifically speaking, as shown in Fig. 9(a), we compare the temporal
evolution of total control inputs between the VI and DCIADP algorithms.
The results indicate that the DCIADP algorithm achieves tracking con-
trol for NMASs with substantially reduced control energy expenditure
compared to VI algorithm. However, Fig. 9(b) demonstrates that this al-
gorithm attains a faster convergence rate than VI. Some studies [33,41]
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Fig. 9. Comparison of VI and DCIADP algorithms.

exclusively focus on single-agent control using VI or PI algorithms. In
contrast, our work, along with the study presented in [55], addresses
the challenging task of achieving consensus control of NMASs. Our pro-
posed DCIADP approach achieves optimal consensus control without the
need for an initially admissible control policy and converges faster than
the VI algorithm, making it a promising solution for multi-agent control
problems.

6. Conclusion
In this paper, an off-policy DCIADP algorithm is proposed for the

optimal consensus problem of NMASs. By synergizing VI and PI frame-
works through a dynamic factor p;, DCIADP leverages real-time signal
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processing capability of digital communication to achieve faster conver-
gence than VI while eliminating PI's dependency on initial admissible
policies. Theoretical guarantees of stability and convergence are rigor-
ously established.

To enhance computational efficiency, DSP-driven experience reply
is employed for training data prioritized sampling, enabling actor-critic
NNs to exploit spatiotemporal correlations in high-dimensional signals.
Numerical simulations validate the algorithm’s superior performance in
NMASs scenarios with time-varying channel conditions. Finally, several
simulations are given to illustrate the effectiveness and advantages of
the DCIADP method.

In future studies, our work can extend DCIADP to NMASs with mixed
signal modalities (e.g., continuous-time signals and discrete event-
triggered communications), utilizing DSP techniques like adaptive fil-
tering for cross-domain feature alignment. In addition, from an algo-
rithmic standpoint, efforts can concentrate on optimizing the adaptive
adjustment rule and dynamic factor, aiming for enhanced efficiency and
effectiveness.
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