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[bookmark: _Hlk168688437][bookmark: _Hlk168686245]S1. Unitary transformation for mode independent and time evolution modulations
The unitary transformation model involves the mode independent and time evolution modulations. The former one can be derived by the sequential element-wise products operation of multiple phase-only modulated matrices and diffraction matrix, while the later one is achieved by diffraction operator with a fixed transmission distance. Fig. S1 illustrates the schematic diagram of the optical implementation of time evolution unitary transformation, involving forward propagation, gradient backpropagation, and gradient update procedures. For the mode-independent modulation, the coherent incident light beams illuminate diffractive layers after free-space propagation, where the diffractive layers are composed by a meshed diffractive unit with phase-only modulation. Following to the Huygens’ scalar diffraction principle, the output light fields of each layer after phase-only modulation are then considered as the secondary sources and shaped directly by multiple beams interference. To simplify this calculation, the optical response can be paraxial approximated using Fresnel diffraction theory in frequency domain:

		(S1)


where H represents the diffraction matrix in frequency domain, (fx, fy) describes the spatial frequency domains of (x,y),  is the working wavelength, , d represents the lateral distance between layers. The complex distributions of secondary waves are then determined by the element-wise product operation of input waves and phase-modulated matrices:

		(S2)

		(S3)
where F and F-1 represent the fourier transformation and inverse transformation, respectively. For the time-evolution modulation, the output light fields at different time-sequence are simply modulated by the evolution matrix (i.e., diffraction matrix), and the conversion relationship between two time sequences are described by:

		(S4)


where  and  are the output light field at two different time sequences. 
[image: ]
Fig. S1. Schematic diagram of the optical implementation of unitary transformation.
[bookmark: _Hlk168688409]Once the time-evolution unitary transformation model is constructed, we can establish specific mapping relationships for the deep routing modulation of light fields, where the phase parameters inside the diffractive layers are calculated through gradient descent algorithms. Fig. S2 illustrates the flowchart of resolving phase parameters in time-evolution unitary transformation. The ideal input-output mode and time vectors are selected and inputted into the time-evolution unitary transformation model, where the input vectors undergo the Fresnel propagation operation and phase matrices element-wise product modulation to create the output field (Time-1 and Time-2) and the outputs are the quantitative meretrices that evaluating the model performance. It is worth noting that the output fields at two time-sequence are achieved by deep evolution mentioned in Eq. (S4). This model will compute the error metric during iterations and then backpropagating the total gradient value for updating the phase parameters [1]. In this work, we select the complex-value mean square error as the loss function to evaluate the model performance:

		(S5)


		(S6)		(S7)
where I(x,y,t) and P(x,y,t) represent the ideal and predicted complex-value light-fields at time-sequence of t, respectively. The gradient values are determined by the partial deviation of loss function and phase parameters:

		(S8)

		(S9)
where Pn(x,y) signifies the phase distribution at n-th layer. The phase distributions will automatically update flowing by the total gradient value of g1+g2 at each iteration, and once the iteration counts reach 2000, we can derive the algebraic solution that satisfying the transformation relationship between input and output mode and time vectors. The architecture of time-evolution unitary transformation is constructed based on a standard fully connected neural network. We configure the phase distributions as trainable parameters within the neural network and replacing the conventional neuron connection laws with the Fresnel diffraction principle (refer to Eq. (S1)–(S4)). The phase distributions are confined at [0, 2] segment by a sigmoid function. We employ the stochastic gradient descent algorithm with Adam optimizer to backpropagate all gradient parameters and modify phase parameters by minimizing the loss function. 
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Fig. S2. Flowchart of resolving phase parameters in time-evolution unitary transformation using gradient descent algorithms.

[bookmark: _Hlk169094308][bookmark: _Hlk168686285]We implemented a tri-layer unitary transformation architecture using a deep evolution strategy with a lateral distance of 300 mm between layers. The phase diffractive neurons were optically implemented using three reflective spatial light modulators (SLM, Holoeye PLUTO-2.1 with 19201080 resolution and 8 μm pixel size). Additionally, we measured the insertion loss of this SLM. Using a laser and a power meter, we found that the power of the incident laser is 1.58 mW, while the power of the output beams after reflection is 1.24 mW. The calculated reflectivity is 78.48%, closely matching the designed specifications provided by Holoeye Photonics AG. The optical setup is shown in Fig. S3. To better concentrate the energy and achieve higher diffraction efficiency, the incident and output waist radii were set to 0.45 mm and 0.20 mm, respectively. Additionally, we simulated with a larger 30003000 pixel area (24 mm  24 mm) to prevent out-of-boundary issues during layer-to-layer propagation and smooth the phase distributions. For the optical implementation, we clipped the central 10801080 area and loaded it onto the SLM. The unitary transformation model was developed using Python 3.6.0 and TensorFlow 2.6.0 on a workstation with an Intel Core i9-10900X CPU @ 3.70GHz, 256 GB RAM, and an NVIDIA GeForce RTX 3080 Ti GPU running Windows 10. With a base learning rate of 0.001, the model trained for approximately 1.4 hours over 2000 iterations.
[image: ]
Fig. S3. Experimental setups for generation of multiplexing OAM modes and the optical implementation of deep-evolution unitary transformation using three reflective spatial light modulators. SLM: spatial light modulator. Col.: Collimator; HWP: Half wave plate; Pol.: Polarizer; QWP: quarter-wave plate. 
[bookmark: _Hlk168652485]S2. Time-evolution analysis of mode deep routing

Fig. S4 shows the phase distributions for OAM mode deep routing (a) without and (b) with light path reallocations. These distributions are computed by gradient descent algorithms embedded in the unitary transformation model after 2000 iterations. Since the beam waist radius of the input and output beams are identical, their information covers roughly the same area. The difference lies in the detailed phase distribution for imposing the selective lens modulation functions to control the light path allocations at the second imaging plane. To better visualize the deep evolution process of OAM modes, we measured the intensity distributions during propagation at intervals of 100 mm. Four OAM modes were selected as examples: 𝑙=−2 and 𝑙=−1 for routing without light paths exchange, and 𝑙=+1 and 𝑙=+2 for routing with light paths exchange. For the scenario of mode routing without light paths exchange (refer to Fig. S4(c-i)), the OAM modes tend to be slightly focused and shifted to another position during forward propagation, with the intensity spot converging best at both 300 mm and 600 mm. For the scenario of mode routing with light paths exchange (refer to Fig. S4(c-ii)), the initial evolution planes exhibited similar behavior to the former scenario. However, due to the large displacement of the OAM mode routing position from 0.6 mm to 1.8 mm in the interlayer evolution, the model optimization tends towards multifocal beams. This leads to a relatively low diffraction efficiency in the measurements for the mode path exchange scenario. Additionally, the Gaussian beams will continue diverging after the second imaging planes due to the absence of supervision in deep evolution unitary transformation model.
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Fig. S4. Calculated phase distributions of OAM mode deep routing (a) without light paths exchange and (b) with light paths exchange. Intensity distributions during deep evolution of (c-i) without light paths exchange and (c-ii) with light paths exchange.

[bookmark: _Hlk169015379][bookmark: _Hlk168580424]S3. Experimental demonstration of OAM mode deep routing with larger topological charge

To verify the experimental scalability of this OAM mode deep routing communication system, we utilized OAM modes with larger topological charges as inputs and demonstrated deep routing using the time-evolution unitary transformation model. Fig. S5 shows the experimental results of OAM mode deep routing. In this scenario, we selected six OAM modes with topological charges of -4, -2, -1, +1, +2, and +4, with the output Gaussian beams arranged in a hexagonal distribution (refer to Fig. S5(a)). The displacements of these Gaussian beams were 0.6 mm and 1.2 mm at time sequences of 1.0 ns and 2.0 ns, respectively. These results indicate that all OAM modes can be accurately routed to the target spatial locations and continue their routing during forward propagation. The average diffraction efficiency measured was 77.04 ± 8.92% at the time sequence of 1.0 ns and 78.87 ± 7.41% at the time sequence of 2.0 ns (refer to Fig. S5(b)). 
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Fig. S5. Experimental results of time-evolution unitary transformation for OAM modes deep routing with larger topological charges. (a) Intensity distributions of inputs OAM modes and output Gaussian spots at time-sequences of 1.0 ns and 2.0 ns respectively. (b) Measured diffraction efficiency at two different time sequences. 
To better showcase the versatility of time-evolution unitary transformation model, we select 6 Laguerre Gaussian (LG) beams with different azimuthal and radical indices. For simplification of LG modes, we utilize LG(l,r) to express the azimuthal index and radical index respectively, where the l represents the OAM modes and r represents the number of concentric ring. In this section, 6 LG beams indices of (1,1), (1,2), (1,3), (1,1), (1,2), and (1,3) are selected as the input vectors, and the corresponding Gaussian intensity distribution with angle of 180, 120, 60,0, 60,and 120 are selected as the output vectors. Similarly, two time-sequences with displacement of 0.6 mm and 1.2 mm are implemented for mode deep routing. The phase distributions of tri-layered unitary transformation model are shown in Fig. S6(a), and the output intensity distributions are shown in Fig. S6(b). These results show that all LG beams are successfully converted back to Gaussian beams at the first time-sequence, then undergo deep routing to a displacement of 1.2 mm during forward propagation. The spatial location and conversion accuracy are highly consistent with the designed mode vectors. For the practical implementation of LG beams with both radical and azimuthal indices in mode deep routing communication, the primary challenge is overcoming generation and multiplexing issues. OAM beams can be easily generated by the passive optical element, such as helical phase plate, and multiplexed through cascading beam splitter for coupling. However, generating LG beams with radical indices requires independent hologram and usually achieved through by SLM, which necessitates more complicated optical system for generation and multiplexing. Therefore, due to the simplicity in the generation and multiplexing of OAM modes, they represent a promising candidate for facilitating practical applications in mode deep routing communication.
[image: ]
Fig. S6. Numerical results of mode deep routing using radical LG beams. (a) Calculated phase distributions for mode deep routing. (b) Input and output intensity distributions of radical Laguerre Gaussian beams. LG(l,r) indicates the azimuthal and radical indices, respectively. 

[bookmark: _Hlk168488647][bookmark: _Hlk178178421]S4. Robustness assessment of tri-layered phase modulation architecture
[bookmark: _Hlk168498824]The tri-layered phase modulation architecture is experimentally demonstrated using a multiple-plane light conversion system comprising three reflective SLMs. The mismatching of optical parameters and the spatial misalignment of the SLMs are two key factors contributing to modulation errors in OAM mode deep routing. The optical parameters of the OAM beam primarily consist of two factors: the beam waist radius and the initial phase of the beam. As the beam waist radius increases and an initial phase shift occurs during transmission, it results in discrepancies with the dataset trained in the unitary transformation model and further introduces the modulation errors for OAM mode deep routing. Therefore, we analyze the mode conversion results of the tri-layered unitary transformation using the optical light fields with mismatching optical parameters and analyze the robustness of this model. To better quantify the converted light field results, we introduce the metric of intensity difference, defined as the difference in the absolute value of the intensity of each pixel, as follows:

		(S10)

		(S11)
For the scenario involving the beam waist radius, we select 20 light fields with fixed OAM modes of l=−2, but with different waist radius ranging from 0.05 mm to 1.0 mm (in intervals of 0.05 mm) to simulate the mismatching circumstances during the experiment. The numerically measured intensity differences and light field distributions for the selected radii are shown in Fig. S7(a). The ideal incident waist radius for this model is 0.45 mm, and the intensity difference increases as the waist radius deviates from this central value. For radius smaller than the central waist radius, the converted light fields after tri-layered modulation exhibit more speckles, and the Gaussian spots cannot be detected, leading to an intensity difference increase up to 0.95. This occurs because a smaller beam waist radius leads to incomplete coverage of the first phase modulation plane by the helical phase information. As errors accumulate through interlayer transmission and subsequent phase modulation, this results in a scattered distribution of the output optical field. In contrast, for larger waist radius, since most of the helical information is included, the output Gaussian spot can still be detected even when the waist radius increases to 1.0 mm (more than twice the ideal situation). However, this results in diffusion in the output light fields and a decrease in diffraction efficiency. For analysis of incident OAM modes with different incident initial phase, we select 20 incident beams with fixed OAM modes of l=-2 but varying initial phase ranging from 18 to 360 (with an interval of 18). The numerical measured intensity difference value and intensity distributions are shown in Fig. S7(b). Results show that the converted output fields are almost identical, and the intensity difference do not vibrate as the increase of initial phase values, indicating that this model can well tolerate the disturbance of initial phase differences. 
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Fig. S7. Numerical measured intensity difference of output beams with fixed OAM modes (l=-2) but different (a) incident waist radius and (b) initial phase value. 

[bookmark: _Hlk169027656]On the other hand, modulation capabilities, waist spatially misalignment, and generation/multiplexing technologies are three key challenges for implementing OAM mode deep routing in large-scale optical communication systems. Firstly, the requirement to manipulate more OAM modes within this tri-layered phase modulation reduces the modulation accuracy when using the time-evolution unitary transformation model. Secondly, since the topological charge is proportional to the beam waist radius, a larger beam waist radius is more prone to introducing spatial misalignment, which in turn reduces overall modulation accuracy and diffraction efficiency. Finally, the generation of coaxially multiplexed OAM modes with large topological charges is also necessary for mode deep routing, requiring the generation of OAM modes with high efficiency and accuracy.
Due to the presence of triple reflections and modulation in this system, the initial alignment and fine-tuning of the SLMs are particularly necessary to address device spatial misalignment. We address this problem through phase-optimized design and by reducing the number of controllable variables in the optical devices. In the phase optimization process, we set the simulation area larger than the target SLM boundary to prevent the model from crossing the boundary during interlayer transmission. Additionally, a larger simulation region allows for smoother calculated phases and reduces the issue of stray light diffraction caused by phase jumps between pixels. To minimize spatial misalignment, we reduce the number of controllable variables in the device. Specifically, before loading the mode deep routing phases, we load the helical phase for each SLM separately and align the center of the SLM with a Gaussian beam. Subsequently, the spatial positions of the first and second SLMs are fixed, and the phase distributions obtained from training are loaded. Then, we observe the spot structure and intensity of the target region by adjusting the six-dimensional moving platform of the third SLM. 

[bookmark: _Hlk169014998][bookmark: _Hlk168583505]S5. OAM mode channel deep routing communication system
[bookmark: _Hlk168583530]The schematic diagram of optical communication prototype system for deep routing of OAM mode multiplexed channels is shown in Fig. S8, involving transmitter, multiplexer, mode routing, and receiver modules. At the transmitter terminal, Gaussian beams with different wavelengths and delayers were emitted by lasers and then multiplexed by a dense wavelength division multiplexer (DWDM). These multiplexed beams were then separated into two sub-beams by an optical coupler (OC1, 10%:90%), where 10 % of beam are employed for local oscillators to implement the coherent detection, while the remaining 90% of beams are modulated by IQ modulators using 225Gbit/s quadrate phase shift keying (QPSK) signals created by programmed pulse generator. The second optical coupler (OC2, 25 %:25 %:25 %:25 %) is employed for dividing the multiplexed beams into four sub-beams, which are amplified using erbium-doped fiber amplifiers (EDFAs). In the beam multiplexing module, each beam is coupled by an optical collimator and propagates for free-space light field manipulation. Then, a half wavelength plate (HWP), a polarizer, and a quarter wavelength plate (QWP) are cascaded positioned for controlling the polarization states and generate the left-handed or right-handed light beams through adjusting the relative angles between wave plates. The q-plate with different polarization orders enable the generation of cylindrical vector beams, which can further select the proper polarization states to generate OAM modes. In this system, we utilized four q-plate (two q=0.5 and two q=1) to generate OAM modes ranging from 2 to +2 and then coupled by beam splitters (BS) for the coaxial multiplexing. Later, another QWP is placed after BS to convert the polarization state to x-axis that matching the optical response of spatial light modulator (SLM). To compensate the diffusion of waist radius during propagation, we employed an optical 4f-system comprising focal lengths of 450 mm (L1) and 150 mm (L2). In the OAM mode routing module, three reflective SLM architecture is implemented for the mode-independent unitary transformation, where phase distributions with different functions are loaded onto SLM respectively. It is worth noting that the incident angle was set to be approximately 2, and the distance between each SLM is 300 mm. After the unitary transformation, the OAM modes are converted back to Gaussian beams and captured at the output planes (300 mm or 600 mm for two time-sequences), which is then filtered by an iris and coupled into a collimator for demodulation. In the receiver terminal, another DWDM was employed for the wavelength demultiplexing and followed by the signal amplification using the EDFA. To control the received power and polarization states of output signals, a polarizer and programable optical attenuator (OA) are placed after amplification. Finally, the received signal and local beam are interfered in the integrated coherent receiver (ICR) for coherent detection, where the sampled signals were subsequently recovered after digital signal processing (DSP). We experimentally measured channel to channel crosstalk of OAM mode deep routing communication. Fig. S9 illustrates the communication crosstalk matrix for OAM mode deep routing measured at two time-sequences planes. The main diagonal of the matrix represents the signal channel, while the other positions depict the crosstalk values for different channels at the signal channel. For example, in Fig. S9(a), the (1, 1) position of the matrix represents the current signal channel is 𝑙=−2, and the (1, 2) to (1, 4) positions represent the crosstalk values for the 𝑙=−1, 𝑙=+1, and 𝑙=+2 channels, respectively. The results show that the average channel crosstalk value measured at the first time-sequence (1.0 ns) is -21.01 dB, while the average channel crosstalk value at the second time-sequence (2.0 ns) is -20.28 dB. These findings validate the feasibility of OAM mode deep routing for application in communication systems.
[bookmark: _Hlk168574205][image: 图示
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Fig. S8. Schematic diagram of optical communication system for deep routing of OAM mode multiplexed channels. PC: polarization controller; DWDM: dense wavelength demultiplexer; LO: local oscillator; OC: optical coupler; IQ Mod.: in-phase (I) and quadrature (Q) modulator; AWG: arbitrary waveform generator; EDFA: erbium-doped fiber amplifier; Col.: collimator; HWP: half-wave plate; Pol.: polarizer; QWP: quarter-wave plate; BS: beam splitter; L1 and L2: lens with 450 mm and 150 mm focal lengths. ICR: integrated coherent receiver; DSP: digital signal processing.
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Fig. S9. The experimental measured channels to channel crosstalk values for (a) 1.0 ns and (b) 2.0 ns in the OAM mode deep routing without light paths exchange scenarios.
[bookmark: _Hlk169094870]Additionally, we measured the optical spectrum bandwidth of this OAM mode deep routing communication system with three reflective SLMs embedded. A wide-band light source was used as the input laser to measure the optical bandwidth of this system, with wavelengths located in the C-band (from 1529 nm to 1567 nm) to ensure compatibility with commercial WDM systems. The measured insertion loss at different wavelengths is shown in Fig. S10. The results reveal that there is no significant variation in the working wavelength range of the C-band, and the system's average insertion loss is less than -11.5 dB. These findings indicate that the measured transmittance of the system does not experience significant fluctuations within the C-band, and the measured optical operating bandwidth exceeds 4.75 THz.
[bookmark: _Hlk169014848][image: 图表
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Fig. S10. Measured intersection loss of the overall optical communication system for OAM mode deep routing. 
Since the time-evolution modulation that utilizes the Fresnel diffraction matrix for deep routing corresponds to the wavelength factor during forwarding propagation (refer to Eq. (S1)), exploring the compatibility to WDM technologies is worthwhile. In this work, we select 24 wavelengths multiplexed channels ranging from 1541.32 nm to 1559.78 nm, with an interval of 0.8 nm, for deep mode channel routing. The optical spectrum before and after free space optical transmission and transformation are shown in Fig. S11. The overall communication capacity is 4.69 Tbit/s with 96 multiplexed channels. We analyzed the bit-error-rate (BER) of all channels at different received power levels and selected 10 target channels as depicted in Fig. S12. Results demonstrate that as the received power increases to -19.0 dBm, the BER values of all channels reach 10-6, regarded as zero error rate. 
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Fig. S11. Spectrum waveforms of 24 wavelengths (a) before and (b) after deep routing (with digital signal modulation).
[image: 图表, 散点图
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Fig. S12. Measured communication results of OAM mode deep routing using wavelength-division multiplexing technology. (a) BER curves of ten selected wavelength and OAM channels; (b) constellation of communication results. (b-i) l=2; (b-ii) l=1; (b-iii) l=+1; (b-iv) l=+2.
S6. Comparison of time evolution unitary transformation with Dammann vortex gratings

[bookmark: _Hlk169028031]Dammann vortex gratings are extensively utilized in OAM multiplexing, demultiplexing, adding/dropping multiplexing, and routing communications due to their ability to uniformly distribute energy across diffraction orders and their abundant modulation capabilities. The fundamental principle involves diffracting the input beam into distinct diffraction orders while superimposing a spiral phase correlated with each order. Fig. S13(a) depicts a schematic of OAM mode routing using a 2D Dammann grating, where a 5×5 Dammann vortex grating with topological charge values of 1 along both the x and y directions is employed [2,3]. As illustrated in the diffraction array, the input OAM modes are uniformly diffracted into a 2D array with the corresponding OAM modes modulated. For instance, we select four diffraction orders with different topological modulated, which converted the target channels back to Gaussian modes while the remaining channels superimposed around as crosstalk (refer to Fig. S13(a-ii)). However, the energy utilization efficiency of this method is inversely proportional to the number of diffraction orders. Current grating configuration achieves only a theoretical diffraction efficiency of 4%. Additionally, the spatial routing location is contingent on both the OAM mode of the incident beam and the diffraction order of the grating, which constrains the flexibility of spatial routing. In contrast, our proposed time-evolution unitary transformation enables independent mode conversion and selective shifting of OAM modes. Fig. S13(b-i) shows that OAM modes are selectively routed to different direction with fixed displacement of 0.6 mm at the first time-sequence of 1.0ns. Then, all Gaussian beams continue routing to different direction and spatial location. In this scenario, Gaussian beams rotated by 45 during the deep evolution. This method can achieve theoretical diffraction efficiencies exceeding 80% due to the elimination of redundant diffraction stages. Furthermore, it offers extensive modulation freedom, obviating the requirement for additional modulation equipment to alter spatial position during transmission, and facilitates independent manipulation of the mode, spatial position, and light paths degrees of freedom of the OAM modes.
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Fig. S13. Comparison of time evolution unitary transformation with fork-shaped gratings for OAM mode routing. (a-i) Schematic diagram of fork-shaped gratings for OAM mode routing. (a-ii) Intensity distributions of four selected diffraction orders. (b-i) Schematic diagram of time-evolution unitary transformation for OAM mode routing. (b-ii) Intensity distributions of four OAM modes after routing. Mod. Tp: topological charge.

[bookmark: _Hlk168686582][bookmark: _Hlk168507077]S7. Modulation capability of deep routing using time evolution
[bookmark: _Hlk152597561]The modulation capabilities of the self-modulated diffraction operator in deep-evolutional unitary transformation are worth exploring. This modulation capability can be leveraged to enhance the functionalities by utilizing time and mode degrees of freedom. Consequently, we increased the number of modulated time-sequences while maintaining a fixed OAM mode range (l=±1, l=±2), and the numerical results of the intensity distributions are presented in Fig. S14. In this setup, the deep evolution interval is set at 150 mm for each time-sequence, with a 0.6 mm spatial shift per spatial depth. The numerical results reveal that in the scenario of a single time-sequence, mode routing relies solely on the unitary transformation, achieving maximal diffraction efficiency. However, as the number of time-sequences increases, the self-modulated diffraction operator becomes a crucial modulation operator for mode routing. It is worth noting that diffraction speckles become more prominent as the time-sequence reaches four, indicating a trade-off between modulation function and diffraction efficiency. Furthermore, we examined the modulation capabilities of OAM mode routing with a fixed time-sequence of two using tri-layered unitary transformation. We select 10 OAM modes ranging from -5 to +5 as the input, with corresponding Gaussian beams at 36° angle intervals as output (see Fig. S15). Compared to previous results, the output Gaussian beam exhibited more speckles in the first time-sequence (150 mm) due to the increased number of modes required within the same modulation capability. However, the intensity distributions in the second time-sequence (300 mm) were primarily controlled by the diffraction matrix, resulting in minimal impact on spot quality and diffraction efficiency. This phenomenon can be attributed to the limited modulation function in the tri-layered deep-evolutional unitary transformation, which could potentially be improved by increasing the number of phase layers.
[image: ]
Fig. S14. Numerical analysis of time-evolution unitary transformation for deep routing with different evolution time-sequences. 
[image: ]
Fig. S15. Numerical analysis of time-evolution unitary transformation for deep routing with different numbers of OAM mode channels. 
[bookmark: _Hlk168511031]Furthermore, to explore the relationship between deep routing channels and modulation capability of the model in the time-evolution unitary transformation, we evaluated its performance on the same depth routing task by varying the number of phase modulation planes. Four OAM modes, specifically 2, 1, +1, and +2, were selected as input vectors, with the output modes consistent with the OAM mode routing (without light paths exchange) described in this paper. We trained the model for each configuration, ranging from two to five phase diffraction layers, over 2000 iterations. The curves of the loss function versus the number of iterations are shown in Fig. S16(a). As the number of phase diffraction layers increased, the loss function decreased from 0.36 to 0.15. The output light fields of the selected OAM modes after phase modulation are shown in Fig. 16(b). Except for the 2-layer phase modulation scenario that exhibits scattering noise, the deep routing of the OAM modes performs well in all scenarios. This demonstrates that the three-layer phase modulation is an optimal solution, balancing modulation capability and experimental feasibility for the applications of OAM mode deep routing.
[image: 图片包含 日历
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Fig. S16. Numerical analysis of time-evolution unitary transformation for deep routing with different number of phase-modulated layers. (a) Loss values measured during iteration and (b) intensity distributions of two selected OAM modes channels. 
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