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ABSTRACT

Through analytic derivation within the nonequilibrium Green’s function
(NEGF) formalism, we present a comprehensive study of a quantum-
coherent single-electron emitter. This emitter is based on a quantum RC
circuit driven by periodic square-wave potentials with temporal period T
and angular frequency w = 27 /7. Our theoretical results reveal three key
characteristics of the single-electron emitter: (i) the characteristic time « of
the exponentially decaying current J(¢)(cc e */*) matches the intrinsic ®
coherence time 7 of the quantum dot; (ii) the Fourier spectrum of the
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current J(mw) carries information of both external driving amplitude U 77
s
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and internal energy levels ¢, of the quantum dot; (iii) the quantization of
fundamental Fourier component |J;|=2ef (f =1/T) accompanies the
half-quantized relaxation resistance R, = h/(2¢?), featuring quantized
dynamics in AC transport through the single-electron emitter. These find-
ings offers new perspectives into the dynamic properties of quantum-
coherent AC transport.
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1 Introduction

The quantum hierarchy in electrical transport manifests
through three cardinal quantization paradigms:
(i) Conductance quantization, emerging from discrete
electronic states in ballistic channels [1, 2], forming the
basis of Landauer—Biittiker formalism. (ii) Flux quanti-
zation [3], such as fluxoid ® = h/e in Aharonov-Bohm
effect or superconducting fluxoid & = h/(2e). (iil) Quantum
Hall hierarchy, exhibiting v-quantized plateaus through
Landau levels filling in two-dimensional electron gases
(2DEGs) [4, 5], establishing the von Klitzing constant
Rg = h/e* as resistance metrology’s cornerstone [6-8].
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While traditional DC transport regimes have unveiled
foundational quantum phenomena, the exploration of
time-resolved quantum transport reveals novel pheno-
mena absent in DC regimes as well. A striking example
is the half-quantized relaxation resistance R, = h/(2¢?)
which is originated from the frequency-dependent admit-
tance [9] and confirmed through single-electron capaci-
tance spectroscopy [10]. It establishes fundamental
constraints on frequency-dependent impedance parame-
ters (capacitance C, resistance R and inductance L)
[11]. On the other hand, if frequency and amplitude are
sufficiently high, coherent control of single electrons [12]
can also be achieved. This can be realized through single-
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electron pumps [13-17] or single-electron sources [18-20].
The single-electron pump have significantly advanced
the development of quantum current standards [21-26],
achieving uncertainties of less than 1 ppm.

Single-electron source enables on-demand electron
emission with temporal precision comparable to photon
manipulation in optical systems. This capability forms
the foundation for emerging quantum technologies
including quantum sensing [27, 28|, electron motion
capture [29], solid-state flying qubit control [30], electron
control in quantum optics [31-33]. Four primary
methodologies have been developed for single-electron
source: (i) Tunable-barriers pumps through utilizing
time-dependent gate voltages [16, 34-36]; (ii) Single-elec-
tron transfer through Coulomb interaction [37, 38];
(iii) Ttinerant quantum dots obtained using surface
acoustic waves caused by piezoelectric effect [39-42];
(iv) Leviton generation, i.e., the creation of minimal-
excitation wave packets through Lorentzian voltage
pulses [43-46]. These sources have been demonstrated
across diverse material systems, including two-dimensional
graphene [47], molecular junctions [48], and silicon-based
nanostructures [14, 29]. For quantum information appli-
cations, given the critical importance of temporal precision
in electron emission, the paradigmatic single-electron
source employs alternating current [10, 18, 49], where
radio-frequency voltage drives induce single-electron
emission/absorption during alternating half-cycles of the
capacitive charging/discharging sequence. Several theo-
retical approaches have been employed to solve the
dynamic response of quantum system. For harmonic
driving sources, the Floquet scattering matrix formalism
[45, 50-52] provides a non-perturbed description of time-
periodic transport phenomena in low frequency. The
quantum master equation approach [16] is effective for
modeling dissipative dynamics in weakly coupled
systems. The nonequilibrium Green’s function (NEGF)
techniques [563-62] and the scattering matrix [63-65] also
provide various perturbative treatment of dynamic
response in energy representation.

In this work, we present a theoretical investigation for
a quantum-coherent single-electron emitter using the
NEGF formalism. Based on a quantum RC circuit setup
[66] featuring a single-electron reservoir [67] driven by
periodic square-wave potentials, we reproduce the existing
experimental findings [18], i.e., the coherent emission-
absorption cycles and the quantized alternating current.
Remarkably, our results achieve superior current quanti-
zation precision beyond existing benchmarks [20, 68],
exhibiting enhanced operational robustness in open
quantum environments. It demonstrates that square-
wave signals can also effectively drive single-electron
emission, providing an alternative to established
approaches based on smooth AC driving potentials [20,
59] or transient square waves [19, 69]. Employing NEGF
techniques, we systematically derive the time-resolved

spectral function A(t,¢), thereby enabling rigorous char-
acterization of the non-stationary AC current J(t).
Frequency-domain analysis through Fourier decomposition
yields essential harmonic coefficients J(mw), providing
information into the dynamic response of the quantum
system. These findings include: (i) the characteristic
time o« of the exponentially decaying
J(t)(ex e=¥*) matches the intrinsic coherence time 7 of
the quantum dot; (ii) the decaying current oscillates
with a frequency proportional to the external driving
amplitude U, which is also supported by the Fourier
component of the current J(Q) occurring precisely at
Q=U,; (iii) quantized fundamental Fourier component
|J1| = 2ef is directly related to the half-quantized relaxa-
tion resistance R, =h/(2¢?), revealing the quantum
dynamics of AC transport through this single-electron
emitter. These theoretical results derived from the quan-
tum RC circuit provide new insights for understanding
AC transport phenomena.

The rest of this paper is organized as follows: Section
2 introduces the system Hamiltonian and establishes the
theoretical framework for analyzing alternating current
under periodic square wave voltage signals. In Section 3,
we perform numerical calculations and discuss the physical
interpretations of the obtained results. Section 4 extends
our analysis beyond the conventional wideband regime,
exploring more generalized operational conditions.
Finally, a comprehensive summary is shown in Section

o.

current

2 Theoretical formalism

Our analysis begins with the quantum RC circuit config-
uration illustrated in Fig. 1(a). The system comprises a
semi-infinite lead and a quantum dot with gate-tunable
energy levels ¢;. The quantum dot is electrically coupled
to a semi-infinite lead through quantum point contact
technology [10, 18]. This setup employs a single-lead
design as documented in Refs. [19, 55, 67], where the
lead is subjected to a time-periodic external potential
U(t)=U(t+T). The quantum dot’s energy spectrum can
be precisely controlled via gate voltage V, modulation,
following established methodologies in Refs. [70-72]. The
periodic square wave

T
U, 0<t§§

U(t) = T
-U, §<t§T

is selected as the driving potential. The configuration of
U(t) is shown in Fig. 1(b). The abrupt transition edges
provide optimal temporal resolution for investigating AC
response dynamics. Within each oscillation cycle, two
distinct operational phases emerge. During the first half-
period, electron injection occurs from the external terminal
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Fig. 1 (a) Schematic representation of the mesoscopic
quantum RC architecture featuring a gate-defined quantum
dot tunnel-coupled to a macroscopic reservoir. (b) Chrono-
logically synchronized driving protocol U(t) with period T'.
(¢) Coherent charge shuttling dynamics demonstrating non-
adiabatic electron transfer between the dot and lead under
square-wave excitation. (d) Time-resolved current trace over
two half-periods.

into the quantum dot, while retrieval processes dominate
the latter half-period [Figs. 1(c) and (d)]. This bidirec-
tional charge transfer mechanism manifests as
alternating-polarity current pulses in the temporal
domain, thereby giving rise to temporally resolved
current signatures.

The total Hamiltonian is constituted from three
components: the Hamiltonian of the isolated quantum
dot Hy, the Hamiltonian of the isolated semi-infinite
lead H;, and their coupling term H;. It is expressed as
H = H, + H; + H, where

Hy=>_eandfdn,

Hy = [ex + U(t)]ckex,
k

Hy = tycld, + hec..
k,n

Here, d, (df,) represents particle annihilation (creation)
operator for n-th quantum level of quantum dot. The
intrinsic quantum energy levels of the central quantum
dot, denoted by ¢, ,,, can be adjusted through gate voltage
V,. ¢ (c}) is the annihilation (creation) operator for
electrons with momentum state k in the semi-infinite
lead. The quantum dot is coupled to an external Fermi
reservoir through semi-infinite lead. The Fermi level of
Fermi reservior is modulated by the external excitation
U(t). Performing a unitary transformation [73]

P(t) = exp lzk: h/o dTU(T)CLCk] ;

H; becomes time independent, which is convenient for

current calculation. Finally, the transformed Hamiltonian
becomes

H=Y acler + endlidy + |ta(t)cld, + h.c.} ,
k,n

where the time dependence of H; is effectively transferred
to the coupling terms H, with t,(t) = txe’ Jo 47U().

The system’s configuration employs a single-electron
reservoir setup inherently eliminating conventional
conduction current pathways. Within this framework,
our analysis focuses exclusively on the displacement
current component. Adopting the rigorous NEGF
formalism, the displacement current flowing through the
semi-infinite lead is formulated as

J(t) = %Rez |GrE< 4+ Gox. (1)

Here, we have introduced the integral abbreviation

t
|G/ <s</e| = /

— 00

dty [ G/ < (6, 0) =</ (11, 8)]

where GI/< is retarded or less Green’s function originated
from n-th energy level of central quantum dot, and £</¢
is self energy from the semi-infinite lead. In the presence
of time-dependent external excitation U(t), self energy is

)

where v=ra,< and X2° is the self energy when
U(t) = 0, which are expressed as

V() = el [ ATU@ET0 (g, — ¢y,

i de g —
zr/e0(ty —t) =$§/%e (=01 (e),

d .
2900 - t) =i [ Jre O fOr (o),
27
where we have introduced the linewidth function

T(e) =21y d(e — ex)|tr|* = 2mp(e)|t(e) |2
k

and the Fermi distribution f(e). In the wide-band limit
(WBL), p(¢) and t(e) are energy independent, and
I' = 2np[t|?, which is also energy independent. Then
xr/a0(t; —t) = £16(t; — t)I'. For notational simplicity, we
henceforth set the elementary charge e and the reduced
Planck constant A to unity, i.e., e = h = 1. Subsequently,
by introducing the spectral function [74]

t
An (tv 6) = / dth;; (t, tl)eis(t_tl)ei fttl U(r)dr (4)

and considering the WBL, Eq. (1) becomes

J(t) :FZ [—Im/(i:f(e)An(t,e) +iGy (L, t) (5)
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with
t
G (t,t) = / dt1dta Gl (t, 1) X< (t1, t2) G% (ta, t)
. de 9
=il %fa(e)\An(t, e)|°.

The first and second term in Eq. (5) are corresponding
to the current flowing into and out of quantum dot,
respectively. Once the spectral function A(t,e€) is ready,
the calculation of the current J(¢) is straightforward.

Now, we proceed to solve the spectral function A(te).
Given that $/®0(t; —¢t) = F36(t; — t)I', from Eq. (2) we
have ¥7/¢ = ¥7/%0 This implies that the external excitation
U(t) exerts no effect on the Green’s function G7,. Conse-
quently, we have

dE
Grt—t) = [ 5

with G7(FE)=1/(E —¢,). Here, the complex-valued
energy ¢, = eq, —il'/2 represents the broadened energy
level of the quantum dot system. The parameter I'
quantitatively describes the spectral width of this broad-
ened state. Substituting Eq. (6) into Eq. (4), we have

e B G (B) (©)

! e . i(e—E)(t—t1) .i [/ U(T)dr
Ayt e) = dty an(E)e Vel .

Integrating over time ¢;, we have

. [dE . 1
Ay (t,e) :l/an(E) [B:EU

i(B+U)t
2U el )t (1 . ei(BzFU)T/Z)] (7)

(B-U)(B+U)

with B=¢— E+i0". In the WBL, the parameter I' is
energy independent. So the retarded Green’s function
G" (E) possesses a single pole at ¢,, with an associated
residue of unity 1. This analytical structure enables
explicit evaluation of the integral in Eq. (7) through
systematic application of the Residue Theorem. Through
the semi-infinite lead, electrons can escape from quantum
dot to the Fermi sea, and the life time of the energy
level of quantum dot is 7~ 1/I'. Under radio-frequency
driving conditions, where the period T is much greater
than the relaxation time 7 (T > 7). It means I'T > 1, so
the exponential phase factor el(c—ce.ntil'/2FU)T/2 exhibits
asymptotic decay to zero. This temporal hierarchy
ensures the vanishing of non-stationary contributions in
the long-time limit. Consequently, the spectral function
is simplified to

1 2Uei(€—€n:|:U)f
e—€, U (e—¢€,—-U)e—¢€,+U)

An(tve) = ) (8)

where “4” denote the first and second half cycle and # is
the time duration within each half-period. While Eq. (8)
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Fig. 2 Theoretically calculated (black solid lines) and
numerically fitted results (red dashed lines) of the first-half
temporal evolution of charge current .J(¢t) driven by square
wave U(t) with different excitation strength U, maintaining
fixed quantum dot energy level ¢; = 0 and coupling strength
'=0.2, T =2r/w with w = 0.05.

is formulated within WBL and does not fully account for
realistic spectral constraints, it captures essential physical
mechanisms governing the system’s nonequilibrium
dynamics.

3 Results and discussion

In our calculations, all quantities are expressed in
dimensionless arbitrary units. The Fermi level of the free
electron reservoir serves as our reference zero energy,
with all other energy values measured relative to this
baseline. The system is driven by a periodic square wave
potential U(t) with radio-frequency w applied to the
single lead. Unlike conventional harmonic excitations,
this abruptly switching square wave not only probes the
intrinsic response speed of nanoscale devices, but also
enables precise characterization of transient current
decay dynamics. Within the single-terminal RC circuit
configuration under square wave excitation, coherent
electrons shuttle between the lead and quantum dot.
This charge transfer manifests as a distinct positive
current pulse during the rising edge of the square wave,
followed by a negative pulse during the falling edge.
Figure 2 specifically illustrates the transient current J(¢)
profile during the first half-period excitation. While the
external drive U(t) theoretically induces an instantaneous
Fermi level shift, practical device limitations prevent
abrupt Fermi surface modifications. Consequently, the
current cannot instantaneously achieve the maximum
due to finite temporal response. The switching dynamics
exhibit a strong dependence on the U/T ratio. Increasing
this parameter enhances switching speed through
enhanced field-effect dominance. Figure 2(a) reveals
three distinct temporal regimes: (i) rapid current ascent

035203-4

Jingjing Cheng, et al., Front. Phys. 21(3), 035203 (2026)



RESEARCH ARTICLE

FRONTIERS OF PHYSICS f P

Fig. 3 Fourier spectral component J(2) of the periodic
current J(¢t) versus  for different excitation strength U
(fixed parameters: T'=0.2, w=0.05). Here Q=mw is the
response frequency and w is the driving frequency.

from baseline to maximum amplitude, (ii) peak current,
and (iii) exponential relaxation to equilibrium. For suffi-
ciently large U values [Figs. 2(b)—(d)], the charging
process becomes nearly instantaneous, and region (i) is
invisible. After reaching maximum quickly, the current
begins to decay slowly. The decaying dynamics are
governed by quantum dot energy level broadening
effects, enabling electrons/holes escape into electron
reservoir from the quantum dot. It results in the decay
of the J(t) with characteristic time constant «.

The transient current J(¢) can be effectively modeled
through analogy with classical RC circuit behavior,
where the exponential relaxation process follows

1 _t

JRc(t) = iae_a

©)

for respective half-periods. The characteristic decay time
a corresponds to the 1/e reduction timescale of the
maximum current. Figure 2 juxtaposes our theoretical
predictions for J(t) (black solid curves) with numerically
fitted RC-model simulations Jyc(t) (red dotted curves).
The normalization condition [ |Jrc(t)|dt =1 per half-
period ensures consistent comparison across pulse
events. Our results reveal complete current relaxation
J(t) — 0 within ¢ ~ 30, demonstrating o« < T where T is
the driving period. This temporal scaling justifies our
truncated visualization (¢ < 40) in Fig. 2 and subsequent
analyses. Systematic fitting procedures yield the U-
dependence of «, revealing a saturation phenomenon:
For U > 3, o converges to 5.2. This converged value 5.2
reveals the timescale of the current decay for quantum
RC circuit. It is shown the current decaying time is
governed by the quantum dot’s intrinsic state lifetime 7
that is derived from energy level broadening I' through
7=h/T. With T =0.2 in our calculations, we obtain
7 =5, matching the saturated o value within numerical
precision. The equivalence o ~ 7 demonstrates that the
quantum RC circuit’s relaxation timescale is fundamentally

e=0.5 U=1.5

M)

W)

W)

W)

T2 3 4 1 2 3 4 5
Q Q

Fig. 4 Zoomed view of the high-frequency regime in Fig. 3,
comparing quantum-dot systems with distinct single-particle
energy levels: e; =0 (left panels) vs. ¢; = 0.5 (right panels).
All other parameters remain fixed as I' = 0.2, w = 0.05.

dictated by the lifetime of the particles in quantum dot.
It implies that the current response .J(t) encapsulates
crucial quantum information of quantum RC circuit.

Upon comparing the RC current profile shown in
Fig. 2, we observe the following fundamental departure
from the basic exponential decay predicted by Eq. (9):
The current displays persistent decaying oscillations
following its maximum peak, with the oscillation
frequency showing direct proportionality to the external
excitation amplitude U. To systematically investigate
these coherent quantum phenomena, we perform spectral
decomposition of the alternating current component
through Fourier analysis with the following spectral
components

J() = / R (10)

0
The quasi-continuous frequency spectrum = mw with
finite small radio-frequency (w < T'). The distinct traces
correspond to different combinations of excitation
strength U and quantum dot energy level ¢;. Our spectral
analysis reveals two distinct regimes. (i) Low-frequency
regime (2 < U): the Fourier components exhibit universal
behavior independent of both intrinsic (¢;) and extrinsic
(U) parameters, with all curves collapsing into a single
rapidly decaying profile. (ii) High-frequency regime
(2> U): The spectral response shows Q! scaling with
superimposed parameter-dependent features. In this
regime, both quantum dot energy ¢4 and driving amplitude
U significantly influence the spectral characteristics.
Detailed examination of the high-frequency regime
(Fig. 4) reveals following striking signatures. (i) Resonant
case (¢q =0, left panels): Spectral discontinuous higher-
order derivatives of J(Q) occurs precisely at the funda-

Jingjing Cheng, et al., Front. Phys. 21(3), 035203 (2026)

035203-5



Fe > FRONTIERS OF PHYSICS

RESEARCH ARTICLE

(@

1.0+

Im(J,,)

eSS
,,,,,

()

Wl

o 15 20
Re(J,)

00 05

Fig. 5 The first, third, fifth and seventh Fourier harmonic
components J; 357 as the single energy level ¢; sweeps from
-2 to 2. (a) The modulus vs. real part for J,. (b) The
Nyquist representation for J,,. All other parameters (I = 0.2,
w = 0.05) are same as Fig. 3.

mental quantum resonance condition Q = U, manifested
as a predictable dip in |9oJ(Q)|. (ii) Detuned case
(eq # 0, right panels): The single derivative discontinuity
splits symmetrically into dual resonances at Q = U % ¢4,
reflecting modified quantum interference conditions
under energy detuning. These discontinuous higher-order
derivatives represent fundamental quantum phenomena
with no classical counterparts in RC circuit analogs,
serving as unambiguous fingerprints of coherent charge
transfer dynamics. This dual-regime behavior offers
powerful diagnostic tools for characterizing both intrinsic
quantum dot properties (e4) and external driving param-
eters (U) through spectral measurements, establishing
Fourier analysis as an essential technique for probing
quantum coherence in masoscopic charge transport.
After analyzing the Fourier spectrum in the high-
frequency range, let us now turn our attention to the
low-frequency range. Given the discrete nature of the
frequency spectrum € =mw, we adopt the notation
J(Q) = J,, for simplicity. Numerical simulations reveal
that the current magnitudes during successive half-
cycles are nearly identical in amplitude but opposite in
polarity. This symmetry suppresses even-order Fourier
components, rendering them negligible. Consequently,
our analysis focuses exclusively on the odd-order Fourier
components (m =1, 3, 5,---), which dominates the spec-
tral response. Figure 5 highlights the maxima of .J,, for
the first four odd Fourier components (Ji357).
Figure 5(a) plots modulus |J,,| against the real compo-
nents Re(J,,), while Fig. 5(b) presents a Nyquist

diagram, where Im(J,,) is plotted against Re(J,,). In
contrast to DC transport, the AC impedance Z = R+ iX
inherently possesses a complex character. Here, the real
part R quantifies energy dissipation, whereas the imaginary
part X reflects energy storage during periodic charging
and discharging processes. The Fourier components .J,,
display a clear correlation with the AC impedance prop-
erties: The real part Re(.J,,) corresponds to the dissipative
resistance, while the imaginary part Im(J,,) reflects the
non-dissipative storage. Figure 5 reveals a significant
trend: Higher-order Fourier components show a
pronounced dominance of imaginary components, with
reactance increasing monotonically as m increases. This
hierarchy implies the dissipative effects predominantly
reside in low-order harmonics, while reactive behavior,
governed by periodic energy redistribution, emerges
strongly in higher-order modes. Such presentation of the
Fourier spectrum demonstrates the dissipative-storage
nature of AC quantum transport, inaccessible to conven-
tional DC measurements.

Figure 5 systematically maps the data of Fourier
harmonics J,, when quantum dot energy levels ¢4
sweeps from —2 to 2. Distinct symbols mark three excitation
strengths: U = 0.5 (black squares), 1.0 (red circles), and
3.0 (blue rhombus). There are two distinct spectral hier-
archy: (i) Strong driving regime (U =3.0): When
U > (|eq| +T), the broadened quantum dot level (|eq| +T)
lies entirely within the reservoir’s Fermi window [-U, U].
This full spectral overlap enables maximum electron
tunneling efficiency, causing all .J,, values to converge to
a universal amplitude independent of e; (overlapping
blue symbols). Notably, |J,| decays linearly with
harmonic order m [Fig. 5(a), blue]. (ii) Moderate driving
regime (U =0.5, 1.0): For |eg| > U, the quantum dot’s
spectral broadening (Jes| +T') exceeds the Fermi window,
resulting in partial tunneling and sub-maximal currents.
The |J,,| becomes ¢;-dependent, approaching its peak
only when ¢; — 0 (black/red curves). In this regime, the
relative contribution of the resistive (Re(J,,)) and reactive
(Im(J,,)) also exhibit two distinct trends: (i) for funda-
mental mode (m = 1), resistive and reactive components
vary synchronously with ¢;, producing a linear correlation
between |J;| and Re(J;) [Fig. 5(a), black/red]; (ii) for
higher harmonics (m > 1), reactance progressively domi-
nates, culminating in Re(J;) ~ 0 with near-pure reactive
response at m = 7 [Fig. 5(b)]. The distinct Fourier spectrum
Jm reveals the dual role of AC impedance dynamics:
Lower harmonics mediate irreversible dissipation while
higher harmonics govern reversible quantum capacitance
effects, a character absent in DC regimes.

We now analyze the dominant fundamental harmonic
component J;, where resistive behavior prevails.
Figure 6 contrasts two configurations: single-level quan-
tum dot (eq=0) in panels (a) and (b) and multi-level
quantum dot (eg = +1) in panels (c¢) and (d). For both
cases, Im(J;) and |(J1)| are plotted against Re(J;) across
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Re(J) Re(J)

Fig. 6 Evolution of the fundamental Fourier component J;
with coupling strength T' (varies from 0.05 to 1). Different
symbols are corresponding to different U(0.5, 1.0, 3.0). (a,
b) Nyquist representation and modulus evolution for a single-
particle energy level e; = 0. (¢, d) Corresponding analysis for
a multi-level quantum-dot configuration e; = —1,1. Fixed
parameters are retained from Fig. 3, ensuring consistency
across comparisons.

excitation strengths U = 0.5, 1.0, 3.0. Data points trace
trajectories  parameterized by coupling strength
I €[0.05,1], with the starting point of ' = 0.05 indicated
by cyan triangle. For single-level dynamics [Figs. 6(a)
and (b)], with the increasing of T, resistance is continuously
suppressed. Specifically, Im(.J;) decreases monotonically,
reflecting diminished quantum phase storage. While
Re(Jy) initially rises with T' and peaks near T =0.7.
Beyond this critical coupling, Re(J;) declines, signaling a
crossover from quantum-coherent transport to classical
resistive dominance. When I' >> U, strong hybridization
suppresses quantum interference effects, leaving only
Ohmic dissipation. In the multi-level system with e; = 1
and —1, three distinct curves emerge for different U. For
U =05 (black symbols), the energy levels ¢; =41 lie
outside the effective bias window [-U,U]. As a result,
the cyclic energy storage and release processes is inac-
tive. Then, the imaginary component Im(.J;), representing
reactive current storage, approaches zero, while the
resistive component Re(.J;) exhibits a linear dependence
on tunneling strength T'. When U exceeds 1.0, the
eq = *1 states begin entering the bias window, establishing
a complete AC response mechanism. Both reactive
[Im(J;)] and resistive [Re(.J;)] components demonstrate T'-
dependence in this regime. At U > 2.0, the ¢; = £1 levels
fully reside within the bias window U(t), enabling periodic
storage and release of two quantum charges. This config-
uration produces nearly doubled current magnitudes
compared to lower U values, as evidenced by the U =3
case in Fig. 6(d) where |J;| reaches maximum amplitudes
of 4. This contrasts markedly with single-level systems
[Fig. 6(b)], where maximum current amplitudes remain
below 2 due to single-charge cycling limitations. The

enhanced current capacity in the two-level system
directly reflects the doubled quantum charge participation
in the storage-release cycle.

Under the condition o< T, electrons achieve
complete occupation/depletion in the quantum dot
during each half-period, manifesting quantized current
transport. As derived from Eq. (9), the m-th Fourier
component is given by

2

0) = iQt —
JRC( ) /0 dt e JRc(t) FEEPYeR

where = mw. For fundamental frequency, Q = w, and
(ow =~ Tw) <1, the quantized approaches
|J1| =~ 2(ef), reflecting two mutually inverse processes
across half-periods. Furthermore, for the single-lead RC
circuit, the electrochemical capacitance is [11]

— Cu
- 1—-iwC,R,’

current

Cu (w)

-1
where C, = (c%, + %) is static electrochemical capaci-

tance [75]. If the geometric capacitance Cj is not taken
into account, C, =e?/(sT), then with the aid of half-
quantized relaxation resistance R, = h/(2¢?), we obtain

e? 1
7l .
1 - jw—
iw

Cu(w) =

Comparing with fundamental Fourier dynamic current
J(w) =2ef/(1 —iaw) where a=hr/T', we can find C,(w)
and J(w) share the same frequency dependence. It means
the even-quantized current |J;| ~ 2ef in low frequency is
precisely originated from the half-quantized relaxation
resistance R, = h/(2¢?) [10], they are both the universal
features of quantum AC circuits, and together form the
two sides of the dual nature of the AC transport. The
quantum RC circuit driven by a periodic square wave
perfectly illustrates this correspondence between half-
integer quantum relaxation resistance and even-integer
quantum current, providing new insights and perspectives
for understanding AC transport.

Numerical verification of this quantization is
performed using Egs. (5) and (10). Figure 7 displays the
fundamental Fourier component |J;| versus excitation
strength U for linearly spaced quantum energy levels
€in =V, +[-3.0, —1.0, 1.0, 3.0] [Fig. 7(a)] and non-
linearly spaced levels ¢4, =V, +[-3.0, —1.5, 1.2, 3.0]
[Fig. 7(b)] with parameters w =0.01 and T'=0.1 which
satisfies 7 < T. Energy level positions are globally tuned
via gate voltage V,. The following conclusions hold
universally, regardless of the distribution of the energy
levels in quantum dots. (i) Plateau formation: The
current |J;| displays distinct step-like plateaus at values
of 2, 4, and 6 as U varies. The step-like progression
reflects sequential activation of quantum dot levels,
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Fig. 7 The modulus of fundamental Fourier component J;
versus excitation strength U. Different curves are corresponding
to different gate voltage V, = 0.0, 0.3, 0.5, 0.7, 1.0. (a) €qn =
V, +[=3.0, —1.0, 1.0, 3.0] which is linearly spaced. (b) esn =
Vg +[-3.0, —1.5, 1.2, 3.0] which is not linearly spaced. Fixed
parameters: coupling I' = 0.1, and driving frequency w = 0.01.

where n active levels produce |J;| ~ 2nef. This contrasts
with single-level systems limited to |J;| < 2, demonstrating
how multi-level configurations amplify quantized current
through additive state participation. (ii) Multi-level
resolution: When level broadening I' remains smaller
than inter level spacing Aey, discrete quantization
emerges. Each energy level entering the excitation
window U(t) contributes a 2-unit current increment. (iii)
Transition points: Multi-levels result in step-like quantized
current plateaus. At transition points, the quantized
current plateau transitions from n—1 to n+1. The
invariance of quantization at these points represents
their robustness to gate-induced energy shifts.

By comparing Figs. 7(a) and (b), it is also evident
that the evolution of quantized plateaus depend critically
on energy level alignment. As shown in Fig. 7(a), the
linearly spaced ¢4, enter the
U(t) € [-U,U] sequentially with equal intervals. This
results in linearly spaced transition points (U =1, 2,---).
If €4, is randomly arranged, with the increasing of U,
ean enter the excitation window U(¢) randomly. It
means the arrangement of the quantized current directly
reflects the distribution of the quantum energy levels, as
shown in Fig. 7(b). For the convenience of physical anal-
ysis, we have inset the schematic diagram illustrating
the positional relationship between the excitation
window U(t) (depicted as gray region with U =1, 2, 3, 4
in insets) and the quantum dot energy level ¢4, (color
lines in insets). Different colors and line types in insets

excitation window

correspond to the parameters of the curves with matching
colors and line types.

For linearly spaced ¢4, [Fig. 7(a)], V, =1 (red solid
lines) corresponds to e; = —2, 0, 2,---. In this case, the
excitation window U(t) fully encompasses the e; =0
level as long as U >T, producing a distinct 2-unit
plateau at interval of U e[, 2—-T]. As U increases,
higher-energy  states, i.e., states with energies
+2, +4,---, are sequentially activated. This process leads

to the formation of plateaus of 6, 10,--- at
Uc2+T,4-T], 4+T, 617, ---, respectively. On the
other  hand, for V,=0 (black lines), with
€an =[—-3, -1, 1, 3], pairs of symmetric levels

(41, 43,---) enter the U(¢t) window as soon as U exceeds
I'+1,3,---, yielding quantized plateaus of 4, 8,---
surrounding U =2, 4,---. Intermediate gate voltages
(e.g.,V, = 0.5, black red lines) shift the energy levels as
€dn = [—2.5, —0.5, 1.5,---], causing sequential stepwise
plateaus of 2, 4, 6,--- at U =1, 2, 3,---. At the transition
points, i.e., U=1, 2, 3,---, quantization is maintained
regardless of any energy shift of ¢;,, representing the
robustness against the gate-induced energy shifts. These
transition points satisfy the condition U =nA/2, where
A = |egiy1 — €a;| = 2 defines the fixed level spacing.

As a contrast, the randomly spaced e;, lead random
arrangement of the quantized current. Taking V, =1.0
as an example [the first inset of Fig. 7(b)],
€an =[—2, —0.5, 2.2,---]. When U <2, the excitation
window U(¢t) can only encompasses the single level
e€q = —0.5. As U passes the value of 2, the two quantum
dot levels ¢;,, = —2 and 2.2 successively enter the excitation
window U (t). Consequently, the current .J; briefly stabilizes
at the plateau of |J;| = 4, then rapidly transitions to the
plateau of |J;|=6. For V, =0 and 0.3 [the third and
second inset of Fig. 7(b)], the energy levels are
€am =[-3.0, —1.5, 1.2, 3.0] and ¢z, = [-2.7, 1.2, 1.5, 3.3],
respectively. In this case, the corresponding two current
curves merge before the third energy level enters the
excitation window, i.e., when U < 2.5. This occurs
because the first lowest energy level |es;| = 1.2 and the
second lowest energy level |e;2] =1.5 enter excitation
window U(t) simultaneously. Similar to the case of
linearly spaced quantum dot energy levels, discrete multi-
level causes step-like quantized current plateaus
Ji=2,4,6,---. Moreover, the transition points of the
quantum plateaus remain at U = A/2. Here A = |¢; — €]
defines the distance from any energy level ¢ within
[-U,U] to energy level ¢ that is closest to the Fermi
level. For the first and second transition points,
A=]-15-12| and |-3.0-1.2|, corresponding to
U = 1.35 and 2.1, respectively. Therefore, the distribution
of the quantum dot energy levels can also be determined
by examining the distribution of the step-like currents as
a function of U.

In Fig. 8, we present the fundamental Fourier compo-
nent |J;| as a function of gate voltage V, for varying
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Fig. 8 The modulus of fundamental Fourier component J;
as a function of gate voltage V, for different external excita-
tion: U = 0.25, 0.75, 1.00, 1.25, 1.75, 2.00, 2.25, 2.75, 3.00.
The other parameters are same as Fig. 7.

excitation strengths U. For the convenience of physical
analysis, we only consider the linear spaced energy
levels. From Fig. 8, it is evident that the remarkable
stability of quantized J; persists across wide V, ranges
at the transition points U =1, 2, 3 (solid curves). This
highlights the robustness of quantum current against V-
induced shifts in energy levels. The weaker the external
field U is, the fewer the quantum plateaus are, but the
stronger their robustness is. At transition points
U =nA/2 (solid lines with n =1, 2, 3), n energy levels
remain continuously within the bias window regardless
of V,, contributing stable quantized plateaus with maxi-
mum quantized value 2n. The quantized value is deter-
mined by the number of broadened discrete levels fully
contained within the excitation window [-U,U]. As V,
sweeps, quantum dot levels sequentially pass through
the transport window. The number of broadened energy

levels within [-U, U] increases successively from 1 to 3,
and then decreases back to 1. As a result, quantized
value of J; exhibits a step-like pattern in the shape of 2,
4, 6, 4, 2 for U =3 (thick red solid curve). Deviating
from transition point, i.e., U # nA/2 (dashed and dotted
lines), the broadened quantum energy levels cannot be
fully included in the excitation window, and the current
cannot be quantized. This behavior highlights the delicate
balance required between excitation strength U and
particle level spacing A for achieving robust quantized
current.

Figure 9 presents the modulus of the m-th Fourier
component, |J,,|, plotted as a function of gate voltage V;
for odd indices m =1, 3,5, - - - , 119, in a multi-level quantum
dot system. Each panel corresponds to a distinct excitation
strength U, with all Fourier components J; to Jig
systematically ordered by descending amplitude.
Discrete current peaks and plateaus emerge as V, varies,
signifying the sequential entry of quantum energy levels
into the excitation window [-U, U]. For U values ranging
from 0.1 to 1.0 [Figs. 9(a)—(d)], the initial sharp peaks
progressively broaden into quantized plateaus. These
plateaus exhibit continuous expansion until they
coalesce into a unified platform at U = 1.0. This behavior
confirms U = A/2 as a stability threshold, where current
quantization persists robustly against V,-induced shifts
in energy levels. When U exceeds 1.0 [Figs. 9(e)—(h)], a
second quantum level enters the [~U,U] energy window.
Consequently, J,, transitions from discontinuous spikes
to discrete plateaus, ultimately forming a dominant
quantized plateau with magnitude 4 at the stable point
U = 2.0. Prior to the inclusion of the second energy level,
a distinct first plateau with magnitude 2 is observed,
consistent with the analysis in Fig. 8. The red dashed
lines in Figs. 9(e)—(h) demarcate the position of this
initial plateau with magnitude 2.

ol

Wl

Fig. 9 Discrete Fourier components |J,| (odd harmonics for m =1, 3, 5,--- ,119) as a function of gate voltage V,. The

other parameters are the same as those in Fig. 7.
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4 Beyond the wide-band limit

The preceding analysis within WBL provides an intuitive
elucidation of quantum current generation mechanisms
under periodic pulse excitation. Building upon this foun-
dation, we now proceed to systematically investigate the
generalized self-energy effects that transcend WBL. The
linewidth function, defined as T'(e) = 2np(e)[t(€)|?, adopts
a Lorentzian parametrization [76]

W2

F(E) = mr,

where T represents the linewidth magnitude and W
characterizes the bandwidth. In the asymptotic limit
W — oo, the energy dependence vanishes and T'(e) — T,
recovering the conventional WBL. The analytic structure
of this function reveals two first-order poles in the
complex plane at e = iV, with corresponding residues
r

Resy [I'(E)] = iEW.
The spectral representation of the self-energies ¥7/¢(E)
is fundamentally embodied by the linewidth function.
This relationship enables the derivation of the
retarded/advanced self-energy components through the
integral representation

de T'(e) r w
srra(p) = [ 4 _rw
(E) /27TE—6:|:i0+ 2 E+iW

The energy-dependent linewidth function I'(e) exhibits
smooth spectral variations, ensuring that X7/e0(t; —¢)
maintains dominant contributions from the time-localized
region t; ~t. This temporal localization justifies the
approximate relationship: |G| ~ AT(0)Gr (¢, 1)
Considering the energy dependence of line width function
I'(¢), the current pulse formulation becomes

J(t) = Z/;—;P(e) [iGs(t,t) — 2f(e)ImA, (¢, €)] ,
(11)

where
G (t,t) = ;—;fa(e)if(e)mn(t, e)|2.

Next, we solve the spectral function A,(t.) through
Eq. (7). The energy-dependent nature of the self-energy
¥r(E) manifests in modifications to the retarded Green’s
function G7(F) under external perturbations. For the
single-terminal RC circuit configuration, the application
of driving potential U at the lead electrode induces an
equivalent energy shift —U at the quantum dot through
electrostatic coupling. This leads to time-periodic shift of
the quantum level €, = ¢4, F U, where the upper (lower)
sign corresponds to the first (second) half-period. Conse-

quently, the retarded Green’s function acquires the
modified form

1 E+ i

B = F e —w )~ e )

with two poles

& —iWE (6 +iW)2 +2TW

€5 = 5

The corresponding residues of G7(E) are given by

& +iW

Resy [G(E)] =+ —
€4 ~ €q

The contour integration in Eq. (7) can be analytically
evaluated through residue theorem by enclosing the two
poles residing in the lower half complex plane. Impor-
tantly, while the Fermi-Dirac distribution in Eq. (11)
corresponds to equilibrium conditions (U = 0), the spectral
function requires energy-axis adjustment to account for
nonequilibrium driving. This is implemented through the
variable substitution E — E FU applied respectively to
the first and second half-period components. Conse-
quently, the generalized spectral function beyond WBL
takes the form

An(t,€) = ) Resy [G(E)] B (t,e) (12)
+

with

1 2Uei(67€(ji:)t7

BE(t,e) = +
nh) = TE T TaE e E W)

for the first half cycle and

1 2Uei(e—€f)f

e—ér  (e—eh)(e—ér +20)

By (t,e) =

for the second half cycle.

By implementing the modified spectral function from
Eq. (12) within the current formulation of Eq. (5), we
numerically evaluate the pulse current characteristics
beyond the WBL. Figures 10(a) and (b) present the
time-resolved current profiles J(t) during the first and
second half-periods, respectively. Various curves corre-
spond to distinct bandwidth parameters . The cyan
dashed curves demonstrate perfect current antisymmetry
between half-periods under WBL (W — oc). However,
finite bandwidth effects induce significant current
magnitude disparities between the first and the second
half-periods, particularly pronounced when W is small.
This departure from perfect antisymmetry manifests as
deviations in quantization precision of |.J;], as quantified
in the inset displaying |J;(;)| dependencies for different
W. The parametric study reveals a systematic improve-
ment in quantization fidelity with the increasing of
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